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Preface

The influenceof the theory of linear evolution equations upon developments
in other branches of mathematics, as well as physical sciences, would be
hard to exaggerate. The theory has a rich interplay with other subjects in
functional analysis, stochastic analysis and mathematical physics. Of par-
ticular interest are evolution equations associated with second-order elliptic
operators in divergence form. Such equations arise in many models of phys-
ical phenomena; the classical heat equation is a prototype example. They
are also of interest for nonlinear analysis; the proof of existence of local
solutions to many nonlinear partial differential equations uses linear theory.

The theory for self-adjoint second-order elliptic operators is well docu-
mented, and there is an increasing interest in the non-self-adjoint case. It is
one of the aims of the present book to give a systematic study ofLp theory
of evolution equations associated with non-self-adjoint operators
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We consider operators with bounded measurable coefficients on arbitrary
domains of Euclidean space. The sesquilinear form technique provides the
right tool to define such operators, and associates them with analytic semi-
groups onL2. We are interested in obtaining contractivity properties of these
semigroups as well as Gaussian upper bounds on their associated heat ker-
nels. Gaussian upper bounds are then used to prove several results in the
Lp-spectral theory.

A special feature of the present book is that several important properties
of semigroups are characterized in terms of verifiable inequalities concern-
ing their sesquilinear forms. The operators under consideration are subject
to various boundary conditions and do not need to be self-adjoint. We also
consider second-order elliptic operators with possibly complex-valued co-
efficients. Such operators have attracted attention in recent years as their
associated heat kernels do not have the same properties as those of their
analogues with real-valued coefficients. This book is also motivated by new
developments and applications of Gaussian upper bounds to spectral theory.
A large number of the results given here have been proved during the last
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decade.
Theapproach using sesquilinear form techniques avoids heavy use of so-

phisticated results from the theory of partial differential equations or Sobolev
embedding properties for which smoothness of the boundary is required. On
the other hand, as we consider heat equations on arbitrary domains, we shall
not address regularity properties (with respect to the space variable) of their
solutions.

This book is for researchers and graduate students who require an in-
troductory text to sesquilinear form technique, semigroups generated by
second-order elliptic operators in divergence form, heat kernel bounds, and
their applications. It should also be of value for mathematical physicists.
We tried to keep the text self-contained and most of the material needed is
introduced here. A few standard results are stated without proofs, but we
provide the reader with several references.

We now give an outline of the content of each chapter. Chapter 1 is de-
voted to sesquilinear forms and their associated operators and semigroups.
It provides the necessary background from functional analysis and evolu-
tion equations. Most of the material on sesquilinear forms is known, but our
presentation differs from that in other books on this topic. We give a sys-
tematic account on the interplay between forms, operators, and semigroups.
Chapter 2 is devoted to contractivity properties of semigroups associated
with sesquilinear forms. We give criteria in terms of forms for positivity,
irreducibility, L∞-contractivity, and domination of semigroups. These cri-
teria are obtained as simple consequences of a result on invariance of closed
convex sets under the action of the semigroup (see Theorems 2.2 and 2.3).
We also include a section on semigroups acting on vector-valued functions.
All the results in this chapter are in the spirit of the famous Beurling-Deny
criteria for sub-Markovian semigroups. Chapter 3 contains Kato type in-
equalities for generators of sub-Markovian semigroups. For symmetric sub-
Markovian semigroups, a partial description of the domain of the corre-
sponding generator inLp is given. Chapter 4 is devoted to uniformly elliptic
operators of typeA as above. We discuss some examples of boundary con-
ditions and apply the criteria of Chapter 2 to describe precisely, in terms of
the boundary conditions and the coefficients, when the semigroup generated
by −A is positive, irreducible, orLp-contractive. Chapter 2 also gives the
right tools to compare (in the pointwise sense) semigroups associated with
two different divergence form operators. Some results are extended in Chap-
ter 5 to the case of degenerate-elliptic operators. Gaussian upper bounds for
heat kernels of uniformly elliptic operators are proved in Chapter 6. We
prove sharp bounds for operators with real-valued symmetric principal co-
efficientsakj . Gaussian upper bounds are derived fromLp-contractivity re-
sults together with a well-known perturbation argument due to E.B. Davies.
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We also derive bounds for the time derivatives as well as weighted gradient
estimates for heat kernels. In Chapter 7, we use Gaussian upper bounds to
prove several spectral properties. This includesLp-analyticity of the semi-
group,p-independence of the spectrum,Lp-estimates for Schrödinger and
wave type equations. Although the book is devoted to uniformly elliptic op-
erators on domains of Euclidean space, this chapter is written in a general
setting of abstract operators on domains of metric spaces. The framework
includes uniformly elliptic operators on domains of Euclidean space or more
general Riemannian manifolds, sub-Laplacians on Lie groups, or Laplacians
on fractals. In the last chapter we review the Kato square root problem for
uniformly elliptic operators. We include at the end of each chapter a section
of notes where the reader can find references to the literature and supple-
mentary information.

Acknowledgments:I wish to express my hearty thanks to the many col-
leagues and friends who have contributed to my understanding of the sub-
ject of this book. I want to thank Wolfgang Arendt, Pascal Auscher, Sonke
Blunck, Thierry Coulhon, Brian Davies, Xuan Thinh Duong, Alan McIn-
tosh, and Rainer Nagel for their help and encouragement. I’m grateful to
Philippe Depouilly for his unstinting help with the many tasks involved in
typing the manuscript.



Notation

Cc(Ω): The spaceof continuous functions with compact support inΩ.

C∞
c (Ω): The space ofC∞-functions with compact support inΩ.

(C∞
c (Ω))′: The space of distributions onΩ.

supp(u): The support of the functionu.

Σ(ψ) := {z ∈ C, z 6= 0, | arg z| < ψ}, C+ := Σ(π
2 ).

u+ := sup(u, 0) thepositive part ofu, u− := sup(−u, 0) the negative part.

f ∧ g := inf(f, g), f ∨ g := sup(f, g).

sign u(x) =

{

u(x)
|u(x)| if u(x) 6= 0,

0 if u(x) = 0.

< : Real part,=: Imaginary part.

χΩ: Characteristic function ofΩ.

Lp(X,µ,K): The classical Lebesgue spaces of functions with values inK.

‖.‖p: The norm ofLp(X, µ,K).

dx: Lebesgue measure.

W s,p: Sobolev spaces.

H1(Ω) := W 1,2(Ω), H1
0 (Ω) is the closure ofC∞

c (Ω) in H1(Ω).

Di := ∂
∂xi

and∆ = ∂2

∂x2
1

+ · · ·+ ∂2

∂x2
d

is theLaplacian.

L(E, F ): The space of bounded linear operators fromE into F. L(E) :=
L(E, E).

‖T‖L(E,F ) : The operator norm ofT in L(E, F ).

ρ(A): Resolvent set of the operatorA. σ(A): Spectrum ofA.



Chapter One

SESQUILINEAR FORMS, ASSOCIATED

OPERATORS, AND SEMIGROUPS

1.1 BOUNDED SESQUILINEAR FORMS

Let H be a Hilbert space overK = C or R. We denote by(.; .) the inner
product ofH and by‖.‖ the corresponding norm. Leta be a sesquilinear
form onH, i.e.,a is an application fromH ×H intoK such that for every
α ∈ K andu, v, h ∈ H :

a(αu+ v, h) = αa(u, h)+ a(v, h) and a(u, αv +h) = αa(u, v)+ a(u, h).
(1.1)

Hereα denotes the conjugate number ofα. Of course,α = α if K = R and
in this casethe forma is then bilinear. For simplicity, we will not distinguish
the two casesK = R andK = C. We will use the sesquilinear term in both
cases and also write conjugate, real part, imaginary part, and so forth of
elements inK as if we hadK = C. These quantities have their obvious
meaning ifK = R.

DEFINITION 1.1 A sesquilinear forma : H × H → K is continuous if
there exists a constantM such that

|a(u, v)| ≤ M‖u‖‖v‖ for all u, v ∈ H.

Every continuous form can be represented by a unique bounded linear op-
erator. More precisely,

PROPOSITION 1.2 Assume thata : H×H → K is a continuous sesquilin-
ear form. There exists a unique bounded linear operatorT acting onH
such that

a(u, v) = (Tu; v) for all u, v ∈ H.

Proof. Fix u ∈ H and consider the linear continuous functional

φ(v) := a(u, v), v ∈ H.
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By theRiesz representation theorem, there exists a unique vectorTu ∈ H,
such that

φ(v) = (v; Tu) for all v ∈ H.

The fact thatT is a linear and continuous operator onH follows easily from
the linearity and continuity of the forma. The uniqueness ofT is obvious.
2

The bounded operatorT is the operator associated with the forma. One
can study the invertibility ofT (or its adjointT ∗) using the form. More
precisely, the following basic result holds.

L EMMA 1.3 (Lax-Milgram) Leta be a continuous sesquilinear form onH.
Assume thata is coercive, that is, there exists a constantδ > 0 such that

<a(u, u) ≥ δ‖u‖2 for all u ∈ H.

Let φ be a continuous linear functional onH. Then there exists a unique
v ∈ H such that

φ(u) = a(u, v) for all u ∈ H.

Proof. It suffices to prove that the adjoint operatorT ∗ is invertible onH.
Indeed, by the Riesz representation theorem, there exists a uniqueg ∈ H
such that

φ(u) = (u; g) for all u ∈ H,

and hence by writingg = T ∗v for somev ∈ H, it follows that

φ(u) = (u; T ∗v) = (Tu; v) = a(u, v) for all u ∈ H.

Now we prove thatT ∗ is invertible. Letv ∈ H be such thatT ∗v = 0. Thus,

0 = (v; T ∗v) = (Tv; v) = <a(v, v) ≥ δ‖v‖2.

Hencev = 0 and soT ∗ is injective.
It remains to show thatT ∗ has rangeR(T ∗) = H. We first prove that

R(T ∗) is dense. Ifu ∈ H is such that

(u;T ∗v) = 0 for all v ∈ H,

then by takingv = u and using again the coercivity assumption, we obtain
u = 0. Finally, we prove thatR(T ∗) is closed. For this, letvk = T ∗uk be a
sequence which converges tov in H. We have

δ‖uk − uj‖2≤<a(uk − uj , uk − uj)
≤ |(uk − uj ;T ∗uk − T ∗uj)|
≤ ‖uk − uj‖‖vk − vj‖.
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From this, it follows that(uk)k is a Cauchy sequence and hence it converges
in H. If u denotes the limit, thenv = T ∗u by continuity ofT ∗. This proves
thatR(T ∗) is closed. 2

1.2 UNBOUNDED SESQUILINEAR FORMS AND THEIR ASSOCIATED

OPERATORS

1.2.1 Closed and closable forms

In this section, we consider sesquilinear forms which do not act on the whole
spaceH, but only on subspaces ofH. These forms are unbounded sesquilin-
ear forms. They play an important role in the study of elliptic or parabolic
equations (cf. Chapters 4 and 5). We will say, for simplicity, sesquilinear
forms rather than “unbounded sesquilinear forms.”

Let H be as in the previous section and consider a sesquilinear forma
defined on a linear subspaceD(a) of H, called the domain ofa. That is,

a : D(a)×D(a) → K

is a map which satisfies (1.1) foru, v, h ∈ D(a).

DEFINITION 1.4 Let a : D(a) × D(a) → K be a sesquilinear form. We
say that:
1) a is densely defined if

D(a) is dense in H. (1.2)

2) a is accretive if

<a(u, u) ≥ 0 for all u ∈ D(a). (1.3)

3) a is continuous if there exists a non-negative constantM such that

|a(u, v)| ≤ M‖u‖a‖v‖a for all u, v ∈ D(a) (1.4)

where‖u‖a :=
√

<a(u, u) + ‖u‖2.
4) a is closed if

(D(a), ‖.‖a) is a complete space. (1.5)

If a satisfies (1.2)−(1.5), one checks easily that‖.‖a is a norm onD(a).
It is called the norm associated with the forma.

DEFINITION 1.5 Let a be a sesquilinear form onH. The adjoint form ofa
is the sesquilinear forma∗ defined by:

a∗(u, v) := a(v, u) with domain D(a∗) = D(a).
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The symmetricpart ofa is defined by

b :=
1
2
(a + a∗), D(b) = D(a).

We say thata is a symmetric form ifa∗ = a, that is,

a(u, v) = a(v, u) for all u, v ∈ D(a).

Let a be a sesquilinear form which satisfies (1.2)−(1.5). ThenD(a) is a
Hilbert space. The inner product is given by

(u; v)a :=
1
2
[a(u, v) + a∗(u, v)] + (u; v) for all u, v ∈ D(a).

The norm‖.‖a is the same as‖.‖b, whereb is the symmetric part ofa.
On a complex Hilbert spaceH, every sesquilinear forma can be written

in terms of symmetric formsb andc as follows:

a = b + ic, D(a) = D(b) = D(c). (1.6)

It suffices indeed to takeb := 1
2(a+a∗) andc := 1

2i(a−a∗). In this way, the
symmetric partb is seen as the real part of the forma andc as the imaginary
part.

In the present chapter we will consider only accretive forms (i.e., forms
that satisfy (1.3)). We could instead consider forms that are merely bounded
from below, that is,

<a(u, u) ≥ −γ(u;u) for all u ∈ D(a)

for some positive constantγ. The general theory of such forms does not
differ much from that of accretive ones. A simple perturbation argument
(which consists of considering the forma + γ, defined by(a + γ)(u, v) :=
a(u, v) + γ(u; v) for u, v ∈ D(a)) allows us to consider only accretive
forms. According to Section 1.2.3 below, ifB denotes the operator asso-
ciated with the accretive forma + γ, thenA = B − γI is the operator
associated witha. HereI denotes the identity operator onH.

If a is a symmetric form, the accretivity property (1.3) means thata is
non-negative, that is,

a(u, u) ≥ 0 for all u ∈ D(a).

Thus, for symmetric forms, we use both terms non-negative or accretive to
refer to the property (1.3).

The condition (1.4) means that the sesquilinear forma is continuous on
the space(D(a), ‖.‖a). The smallest possible constantM for which (1.4)
holds is of some interest (see, e.g., Theorem 1.52).
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PROPOSITION 1.6 Leta : H ×H → K be a closed accretive sesquilinear
form. Then the norms‖.‖ and‖.‖a are equivalent onH.

Proof. We have for everyu ∈ H

‖u‖ ≤ ‖u‖a = [‖u‖2 + <a(u, u)]1/2.

In other words, the identity operatorI : (H, ‖.‖a) → H is continuous.
SinceI is bijective, its inverseI−1 = I is continuous by the closed graph
theorem. Hence, there exists a non-negative constantC such that

‖u‖a ≤ C‖u‖ for all u ∈ H.

This shows that the two norms are equivalent. 2

A stronger assumption than continuity is sectoriality, which we introduce
in the following definition.

DEFINITION 1.7 A sesquilinear forma : D(a) ×D(a) → C, acting on a
complex Hilbert spaceH, is called sectorial if there exists a non-negative
constantC, such that

|=a(u, u)| ≤ C<a(u, u) for all u ∈ D(a). (1.7)

The numerical range ofa is the set

N (a) := {a(u, u), u ∈ D(a) with ‖u‖ = 1}. (1.8)

Clearly,a satisfies (1.7) if and only if the numerical rangeN (a) is contained
in the closed sector{z ∈ C, | arg z| ≤ arctanC}.

PROPOSITION 1.8 Every sectorial form acting on a complex Hilbert space
H is continuous. More precisely, if

|=a(u, u)| ≤ C<a(u, u) for all u ∈ D(a),

whereC ≥ 0 is a constant, then

|a(u, v)| ≤ (1 + C)(<a(u, u))1/2(<a(v, v))1/2 for all u, v ∈ D(a).

Proof. By (1.6) we havea = b+ ic, whereb andc are symmetric forms and
b is non-negative. By the Cauchy-Schwarz inequality,

|b(u, v)| ≤ b(u, u)1/2b(v, v)1/2.

It remains to estimate|c(u, v)|. Changingv into eiψv for someψ, we may
assume without loss of generality thatc(u, v) is real. In this case, we have

c(u, v) =
1
4
[c(u + v, u + v)− c(u− v, u− v)].
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The sectorialityassumption gives

|c(u, v)| ≤ C
4

[b(u + v, u + v) + b(u− v, u− v)]

=
C
2

[b(u, u) + b(v, v)].

Replacingu by
√

εu in the lastestimate gives

|c(u, v)| ≤ C
2

[√
εb(u, u) +

1√
ε

b(v, v)
]

.

If b(u, u) 6= 0, we chooseε = b(v,v)
b(u,u) and obtain

|c(u, v)| ≤ Cb(u, u)1/2b(v, v)1/2 = C(<a(u, u))1/2(<a(v, v))1/2.

If b(u, u) = 0, then c(u, v) ≤ C
2 b(v, v). Replacingv by λv for λ > 0

and lettingλ → 0, one obtainsc(u, v) = 0, which gives again the desired
conclusion. 2

A converse to Proposition 1.8 is given by the following simple lemma.

L EMMA 1.9 If a is an accretive and continuous sesquilinear form on a
complex Hilbert spaceH, then1 + a is sectorial. More precisely, ifa satis-
fies (1.4) with some constantM , then

|=[(u;u) + a(u, u)]| ≤ M<[(u; u) + a(u, u)] for all u ∈ D(a)

Proof. The lemma follows immediately from

|=[(u;u) + a(u, u)]| = |=a(u, u)| ≤ |a(u, u)|

and the continuity assumption (1.4). 2

Note that the continuity assumption of the forma is sometimes written in
the following way:

|a(u, v)| ≤ M ′[<a(u, u) + w‖u‖2]1/2[<a(v, v) + w‖v‖2]1/2

for some constantsw andM ′. It is clear that the norms[<a(u, u)+w‖u‖2]1/2

and[<a(u, u)+ ‖u‖2]1/2 are equivalent. For this reason, we have chosen to
write (1.4) and‖.‖a without the extra constantw.

It may happen in some problems that the starting forma satisfies the prop-
erties (1.2)−(1.4) but not (1.5). In this case, one tries to find an extension of
a which is a closed form and acts on a subspace ofH.

DEFINITION 1.10 A densely defined accretive sesquilinear forma is called
closable if there exists a closed accretive formc, acting on a subspaceD(c)
of H, such thatD(a) ⊆ D(c) anda(u, v) = c(u, v) for all u, v ∈ D(a).



SESQUILINEAR FORMS, ASSOCIATED OPERATORS, AND SEMIGROUPS 7

A closed extension, when it exists, is not unique in general.1 Nevertheless,
in that case, one can define the smallest closed extensiona. It is tempting to
definea as follows:

D(a) := {u ∈ H s.t. ∃un ∈ D(a) : un → u (in H) and
a(un − um, un − um) → 0 as n,m →∞}

and

a(u, v) := lim
n→∞

a(un, vn) (1.9)

for u, v ∈ D(a), where(un)n and(vn)n areany sequences of elements of
D(a) which converge respectively tou andv (with respect to the norm of
H) and satisfya(un − um, un − um) → 0 anda(vn − vm, vn − vm) → 0
asn,m →∞.

PROPOSITION 1.11 Let a be a densely defined, accretive, and continu-
ous sesquilinear form. Ifa is closable, thena is well definedand satisfies
(1.2)−(1.5). In addition, every closed extension ofa is also an extension of
a.

Proof. Fix two sequences(un)n and (vn)n of elements ofD(a) which
converge for the norm ofH and satisfya(un − um, un − um) → 0 and
a(vn−vm, vn−vm) → 0 asn,m →∞. In order to see thatlim

n→∞
a(un, vn)

exists, we write using the continuity assumption (1.4):

|a(un, vn)− a(um, vm)|= |a(un − um, vn) + a(um, vn − vm)|
≤M‖un − um‖a‖vn‖a + M‖vn − vm‖a‖um‖a.

Since‖un − um‖a and‖vn − vm‖a → 0 asn,m → ∞, the sequences
(‖un‖a)n and(‖vn‖a)n are bounded. It follows from the previous inequality
thata(un, vn) is a Cauchy sequence, thus it is convergent.

The fact thatlim
n→∞

a(un, vn) is independent of the chosen sequences(un)n

and(vn)n follows by a similar argument. Indeed, if(u′n)n and(v′n)n satisfy
the same properties as(un)n and(vn)n, then

|a(un, vn)− a(u′n, v′n)|= |a(un − u′n, vn) + a(u′n, vn − v′n)|
≤M‖un − u′n‖a‖vn‖a + M‖vn − v′n‖a‖u′n‖a.

Now, if a1 is a closed extension ofa then‖un − u′n‖a = ‖un − u′n‖a1 → 0
asn →∞, since(un)n and(u′n)n converge to the same limit in the Hilbert

1A simple example is given by the forma(u, v) =
R
(0,1)

d
dxu d

dxvdx, D(a) = C∞c (0, 1).
The same expression with domains the Sobolev spacesH1

0 (0, 1) andH1(0, 1) gives two
different closed extensions. See Chapter 4 for more examples.
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space(D(a1), ‖.‖a1). Applying the same argument to‖vn−v′n‖a, we obtain
|a(un, vn)− a(u′n, v′n)| → 0 asn →∞.

By construction,D(a) is dense in(D(a), ‖.‖a) and hence (1.2)−(1.4)
hold for the forma. This density shows also that every closed extension of
a is an extension ofa.

Finally, we show thata is closed. Let(un)n ∈ D(a) be a Cauchy se-
quence for the norm ofa. It converges with respect to the norm ofH to
someu ∈ H. It follows from the definition ofa thatu ∈ D(a). In addition,

a(un − u, un − u) = lim
m

a(un − um, un − um).

Thus,

lim
n

a(un − u, un − u) = 0,

which means that the sequence(un)n is convergent in(D(a), ‖.‖a). This
together with thedensity ofD(a) in (D(a), ‖.‖a) show thata is a closed
form. 2

DEFINITION 1.12 If the form a is closable, thena defined by (1.9)with
domainD(a) is called theclosure of the forma.

Remark. 1) The proof of Proposition 1.11 shows that ifa is any sesquilin-
ear form satisfying (1.2)−(1.4) and(un)n, (vn)n are convergent sequences
in H, such thata(un − um, un − um) anda(vn − vm, vn − vm) → 0 as
n,m →∞, then the limit in the right-hand side of (1.9) exists. In addition,
if a is closed then this limit isa(u, v), whereu andv are the limits inH of
(un)n and(vn)n, respectively.

2) It follows also from the same proof that ifa is a sesquilinear form
satisfying (1.2)−(1.4), then the forma is closed whenever it is well defined
(i.e., the limit in the right-hand side of (1.9) does not depend on the chosen
sequences(un)n and(vn)n).

PROPOSITION 1.13 Let a be a densely defined, accretive, and continuous
sesquilinear form. Thena is closable if and only if it satisfies the following
property:
If (un)n ∈ D(a), un → 0 in H anda(un−um, un−um) → 0 (as n, m →
∞), thena(un, un) → 0 asn →∞.

Proof. Assume thata is closable and leta1 be a closed extension. Ifun →
0 in H and a(un − um, un − um) → 0, then (un)n converges to0 in
(D(a1), ‖.‖a1). The above proposition (or the above Remark 1)) implies
thata(un, un) = a1(un, un) → 0.
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Now we prove the converse. We construct a closed extension by taking
the completion ofD(a) with respect to the norm‖.‖a. That is, we prove that
the forma givenby (1.9) with domainD(a) is well defined(by Remark 2)
above,a will be aclosed extension ofa). As mentioned in Remark 1) above,
the limit in the right-hand side of (1.9) exists. It remains to prove that the
limit is independent of the chosen sequences(un)n and(vn)n. Let (u′n)n
and (v′n)n be two other sequences satisfyingu′n → u, v′n → v in H and
‖u′n − u′m‖a, ‖v′n − v′m‖a → 0 asn,m →∞. We write again

|a(un, vn)− a(u′n, v′n)|= |a(un − u′n, vn) + a(u′n, vn − v′n)|
≤M‖un − u′n‖a‖vn‖a + M‖vn − v′n‖a‖u′n‖a.

The sequencewn := un − u′n satisfieswn → 0 in H and

‖wn − wm‖a ≤ ‖un − um‖a + ‖u′n − u′m‖a → 0 as n, m →∞.

By assumption, this impliesa(wn, wn) → 0 asn →∞. The same argument
applies tovn − v′n. Hence,|a(un, vn)− a(u′n, v′n)| → 0 asn →∞. 2

Lemma 1.29 below guarantees the closability for a class of sesquilinear
forms. There are several examples of sesquilinear forms which are not clos-
able.

Example 1.2.1 Consider onL2(R) (endowed with the Lebesgue measure
dx) the symmetric form

a(u, v) = u(0)v(0), D(a) = Cc(R), (1.10)

whereCc(R) is the space of continuous and compactly supported functions
onR. Thena is densely defined, symmetric, and non-negative but not clos-
able. Indeed, choose a sequence(un)n ∈ Cc(R) such thatun(0) = 1 for
all n and such thatun → 0 in L2(R). Thus,a(un − um, un − um) = 0 and
un → 0 in L2(R) but a(un, un) = 1 for all n. Proposition 1.13 shows that
a is not closable.

Example 1.2.2 Consider now on the real spaceL2(R) (endowed again
with the Lebesgue measuredx) the form

a(u, v) =
∫

R

du
dx

(x)v(x)dx, D(a) = H1(R). (1.11)

The forma is not closable. Otherwise, the fact thata(u, u) = 0 for all u ∈
H1(R) implies thatD(a) = L2(R) and onededuces from Proposition 1.2
that there exists a bounded linear operatorT onL2(R) such thata(u, v) =
(Tu; v) for all u, v ∈ H1(R). This is not possible sinceTu = du

dx for u ∈
H1(R) andT cannot be extended to a bounded operator onL2(R).
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Example 1.2.2shows also that the conclusion of Proposition 1.13 cannot
hold if the form is not continuous.

DEFINITION 1.14 Let a be a densely defined accretive sesquilinear form
on H. A linear subspaceD of D(a) is called a core ofa if D is dense in
D(a) endowed with the norm‖.‖a.

Let D be a linear subspace ofD(a). The restriction ofa to D is the form
a|D, defined by

a|D(u, v) = a(u, v), D(a|D) = D.

A relationship between closability and the notion of core is given by the
following.

PROPOSITION 1.15 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form. Denote byD a linear subspace ofD(a). ThenD
is a core ofa if and only if the closure ofa|D is a, i.e.,a|D = a.

Proof. Theform a is a closed extension ofa|D, hence it is an extension of
a|D.

Assume thatD is acore ofa and letu ∈ D(a). There exists a sequence
(un) ∈ D such that‖un − u‖a → 0 asn → ∞. Hence,(un) converges
to u in H anda(un − um, un − um) → 0 asn,m → ∞. This shows that
u ∈ D(a|D). Thereforea|D = a.

Conversely, assume thata|D = a and letu ∈ D(a) = D(a|D). It follows
from the definition of the closure that there exists a sequence(un) in D
which converges inH to u and such thata|D(un − um, un − um) → 0 as
n,m → ∞. This means that(un) converges tou with respect to the norm
‖.‖a, which shows thatD is a core ofa. 2

1.2.2 Perturbation of sesquilinear forms

In this section, we study perturbations of forms. The main questions concern
closability and continuity of the sum of two sesquilinear forms.

The suma + b of two sesquilinear formsa andb onH is defined by

[a + b](u, v) := a(u, v) + b(u, v), D(a + b) = D(a) ∩D(b).

THEOREM 1.16 Let a and b be two accretive sesquilinear forms onH.
Then the suma + b is accretive. In addition,
1) If a andb are continuous, then so isa + b.
2) If a andb are closed, then so isa + b.
3) If a andb are closable, then so isa + b.
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Proof. The accretivity of the sum as well as assertion 1) are obvious. As-
sume thata and b are closed. Let(un)n ∈ D(a) ∩ D(b) be a Cauchy
sequence for the norm‖.‖a+b. The inequalities‖.‖a ≤ ‖.‖a+b and‖.‖b ≤
‖.‖a+b imply that (un)n is a Cauchy sequence for the norms‖.‖a and for
‖.‖b. It follows that(un)n converges both in(D(a), ‖.‖a) and(D(b), ‖.‖b).
The limit in both spaces is the same since the convergence in each space
implies the convergence inH. The limit belongs then toD(a) ∩D(b). The
inequality‖.‖a+b ≤ ‖.‖a + ‖.‖b implies that(un)n converges with respect
to the norm‖.‖a+b. Hence,a + b is closed.

If both formsa andb are closable, then the sum of their closuresa + b is
a closed formby assertion 2). Thus,a + b is a closedextension ofa + b.
The latter is then a closable form, its closurea + b is a restrictionof a + b.
2

DEFIN ITION 1.17 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form onH. A sesquilinear forma′ with domainD(a′) is
a-form bounded ifD(a) ⊆ D(a′) and there exist non-negative constantsα
andβ such that

|a′(u, u)| ≤ α|a(u, u)|+ β‖u‖2 for all u ∈ D(a). (1.12)

The infimum of all possible constantsα for which the inequality holds is
called thea-bound ofa′.

Under closability assumptions on the forms,a′ is a-bounded as soon as
D(a) ⊆ D(a′). More precisely,

PROPOSITION 1.18 Let a and a′ be accretive and continuous forms. As-
sume thata is closed,a′ is closable, andD(a) ⊆ D(a′). Thena′ is a-
bounded.

Proof. Since the forma′ is closable, its restriction toD(a), a′|D(a) : D(a)×
D(a) → K is also closable. Thus,a′|D(a) is a closable form acting on the
Hilbert space(D(a), ‖.‖a). Its closure (as a form on(D(a), ‖.‖a)) is itself.
By Proposition 1.6, there exists a non-negative constantM such that for all
u ∈ D(a)

|a′(u, u)| ≤ M‖u‖2
a = M [‖u‖2 + <a(u, u)].

This proves thata′ is a-bounded. 2

Assume thata is an accretive and continuous sesquilinear form. Denote
by b := 1

2 [a + a∗] the symmetric partof a. Recall thatb(u, u) = <a(u, u)
for all u ∈ D(a). Using the continuity ofa, we have for allu ∈ D(a)

b(u, u) ≤ |a(u, u)| ≤ M‖u‖2
a = M [‖u‖2 + b(u, u)].
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It follows from this that a forma′ is a-bounded if and only if it isb-bounded.
The next theorem shows that continuity and closability properties carry

over from a forma to a + a′ provided the forma′ is a-bounded with small
bound.

THEOREM 1.19 Leta be an accretive and continuous sesquilinear form on
a complex Hilbert spaceH. Assume thata′ is a sesquilinear form such that
D(a) ⊆ D(a′) and

|a′(u, u)| ≤ α<a(u, u) + β‖u‖2 for all u ∈ D(a), (1.13)

whereα, β are non-negative constants withα < 1. Then the form sumt :=
a+a′+β with domainD(t) = D(a) is accretive and continuous. Moreover,
1) t is closed if and only ifa is closed.
2) t is closable if and only ifa is closable.

Proof. The domain oft is D(a), sinceD(a) ⊆ D(a′). By (1.13) and the
fact thatα < 1, we have foru ∈ D(a),

<t(u, u) = <a(u, u) + <a′(u, u) + β‖u‖2 ≥ (1− α)<a(u, u) ≥ 0.

Thus,t is accretive.
Using the continuity ofa, we obtain by Lemma 1.9 and (1.13)

|=t(u, u)| ≤ |=a(u, u)|+ |=a′(u, u)|
≤α<a(u, u) + β‖u‖2 + M [<a(u, u) + ‖u‖2]

≤ M + α
1− α

<t(u, u) + (M + β)‖u‖2

≤C<[t(u, u) + ‖u‖2]

for some non-negative constantC. Hence, the formt+1 is sectorial. Propo-
sition 1.8 implies thatt is continuous.

The inequalities

<t(u, u) ≥ (1− α)<a(u, u) and <t(u, u) ≤ (1 + α)<a(u, u) + 2β‖u‖2

show that the norms‖.‖a and‖.‖t are equivalent onD(a). From this, as-
sertion 1) follows immediately. To prove assertion 2), let us assume that
a is closable and let(un) ∈ D(a) such thatun → 0 in H and t(un −
um, un − um) → 0 asm,n → ∞. Then,<a(un − um, un − um) → 0 as
m,n → ∞, since the norms‖.‖a and‖.‖t are equivalent. By continuity of
a, it follows thata(un − um, un − um) → 0. Proposition 1.13 asserts that
a(un, un) → 0 asn →∞. As previously, we obtain from this and continu-
ity of t, thatt(un, un) → 0 asn →∞ and we conclude by Proposition 1.13
thatt is closable. The converse holds for the same reasons. 2

The following proposition is extracted from the previous proof.
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PROPOSITION 1.20 Leta anda′ be two accretive and continuous sesquilin-
ear forms on a Hilbert spaceH. Assume thatD(a) = D(a′) and the norms
‖.‖a and‖.‖a′ are equivalent. Then
1) a is closed if and only ifa′ is closed.
2) a is closable if and only ifa′ is closable.

1.2.3 Associated operator

Let a be a densely defined, accretive, continuous, and closed sesquilinear
form onH. One can define in terms ofa an unbounded operatorA, defined
on a linear subspaceD(A) of H as follows:

u ∈ D(a) is in the domainD(A) of A, if and only if there existsv ∈ H
such that the equalitya(u, φ) = (v; φ) holds for allφ ∈ D(a). We then set
Au := v.

We rewrite this as

D(A) = {u ∈ H s.t. ∃v ∈ H : a(u, φ) = (v; φ) ∀φ ∈ D(a)}, Au := v.

Observe also thatD(A) is the set of vectorsu ∈ D(a) for which the map-
pingφ 7→ a(u, φ) is continuous onD(a) with respect to the norm ofH.

DEFINITION 1.21 The linear operatorA, defined above, is called the op-
erator associated with the forma.

There are several important properties of operators which are associated
with sesquilinear forms. We start with the following result.

PROPOSITION 1.22 Denote byA the operator associated with a densely
defined, accretive, continuous, and closed sesquilinear forma. ThenA is
densely defined and for everyλ > 0, the operatorλI +A is invertible (from
D(A) into H) and its inverse(λI +A)−1 is a bounded operator onH (here
I is the identity operator). In addition,

‖λ(λI + A)−1f‖ ≤ ‖f‖ for all λ > 0, f ∈ H.

Proof. Fix λ > 0 and put

‖u‖λ :=
√

<a(u, u) + λ‖u‖2, u ∈ D(a).

The norm‖.‖λ is equivalent to the norm‖.‖a and henceV := (D(a), ‖.‖λ)
is a Hilbert space. It follows from (1.4) that the formλ + a∗ (defined by
(λ + a∗)(u, v) = λ(u; v) + a∗(u, v)) is bounded onV. It is in addition
coercive onV.
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Let f ∈ H and define

φ(v) := (v; f), v ∈ V.

Clearly,φ is a linear continuous functional onV. Thus by Lemma 1.3, there
exists a uniqueu ∈ V such that

φ(v) = a∗(v, u) + λ(v; u) = a(u, v) + λ(v; u) for all v ∈ V.

It follows from this and the definition ofA thatu ∈ D(A) and(λI +A)u =
f. Thus,λI + A has rangeR(λI + A) = H. The accretivity assumption
(1.3) implies easily thatλI + A is injective and hence invertible.

Let nowf ∈ H and letu ∈ D(A) be such that(λI + A)u = f. Taking
the inner product withu, and using

<(Au; u) = <a(u, u) ≥ 0,

it follows that

<(f ;u) ≥ λ‖u‖2.

This implies thatλ‖u‖ ≤ ‖f‖. That is,

‖λ(λI + A)−1f‖ ≤ ‖f‖.

Finally, we show thatD(A) is dense inH. Let v ∈ H be such that

(v;u) = 0 for all u ∈ D(A).

SinceI + A is invertible, there existsψ ∈ D(A) such thatv = (I + A)ψ.
Applying the above equality withu = ψ, we obtain

0 = (v; ψ) = ((I + A)ψ;ψ) = ‖ψ‖2 + (Aψ;ψ).

This together with the fact that<(Aψ; ψ) = <a(ψ,ψ) ≥ 0 implies that
ψ = 0 and hencev = 0. 2

Note that if the sesquilinear forma satisfies (1.2)−(1.5), then the adjoint
form a∗ satisfies the same conditions. One then associates an operator with
a∗. It turns out that this operator is the adjointA∗ of A. Let us recall the
definition of the adjoint for unbounded operators.

DEFINITION 1.23 Let B be a densely defined operator acting inH. The
adjoint ofB is the operatorB∗ defined by

D(B∗) = {u ∈ H s.t. ∃v ∈ H : (Bφ;u) = (φ; v) for all φ ∈ D(B)},
B∗u := v.
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A symmetric operatorB is an operator such thatD(B) ⊆ D(B∗) and
Bu = B∗u for all u ∈ D(B).

The operatorB is self-adjoint ifB∗ = B. This means thatD(B) =
D(B∗) andBu = B∗u for all u ∈ D(B).

PROPOSITION 1.24 The operator associated witha∗ is A∗. In particular,
if a is symmetric thenA is self-adjoint.

Proof. Denote byB the operator associated witha∗ and letu ∈ D(B). By
definition,

a∗(u, φ) = (Bu; φ) for all φ ∈ D(a∗) = D(a).

Hence

(Bu; φ) = a∗(u, φ) = a(φ, u) = (Aφ;u) for all φ ∈ D(A).

This shows thatu ∈ D(A∗) and A∗u = Bu. It remains to prove that
D(A∗) ⊆ D(B). For this, fixv ∈ D(A∗). By Proposition 1.22, there exists
ψ ∈ D(B) such that(I+A∗)v = (I+B)ψ. Hence(I+A∗)v = (I+A∗)ψ.
Thus,

(v − ψ; (I + A)u) = ((I + A∗)(v − ψ); u) = 0 for all u ∈ D(A).

SinceI + A is invertible, this implies thatv = ψ ∈ D(B). 2

We have seen in Proposition 1.22 that the operatorA associated witha
is densely defined inH. It is also densely defined inD(a), endowed with
the norm‖.‖a. This is formulated in the following lemma whose proof is
postponed to Section 1.4.2.

L EMMA 1.25 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form and denote byA its associated operator. ThenD(A) is a
core ofa.

Using this lemma and Proposition 1.15 one concludes that the forma coin-
cides with the closure of the restriction ofa to D(A), that is,a = a|D(A).

DEFIN ITION 1.26 1) An operatorB : D(B) ⊆ H → H is called sectorial
if there exists a non-negative constantC, such that

|=(Bu;u)| ≤ C<(Bu;u) for all u ∈ D(B). (1.14)

2) The numerical range of an operatorB onH is the set

N (B) := {(Bu; u), u ∈ D(B) with ‖u‖ = 1}.
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Clearly,B satisfies(1.14) if and only if its numerical rangeN (B) is con-
tained in the sector{z ∈ C, | arg z| ≤ arctan C}.

It is also clear that the operator associated with a sectorial form is a sec-
torial operator. The converse is also true. We formulate this in the following
proposition.

PROPOSITION 1.27 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form acting on a complex Hilbert spaceH. Denote by
A the operator associated witha. The following assertions are equivalent:
1) a is a sectorial form.
2) A is a sectorial operator.

The proposition is an immediate consequence of the following lemma.

L EMMA 1.28 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form acting on a complex Hilbert spaceH and denote byA its
associated operator. Then, the numerical rangeN (A) of A is dense in the
numerical rangeN (a) of a.

Proof. Apply Lemma 1.25. 2

L EMMA 1.29 Let A be a densely defined operator on a Hilbert spaceH
such that<(Au; u) ≥ 0 for all u ∈ D(A). Assume that either:
1) H is complex and there exists a constantα ≥ 0, such that the operator
αI + A is sectorial,
or
2) A is a symmetric operator (hereH may be real).
Then the form defined by

a(u, v) := (Au; v) with domain D(a) = D(A)

is closable.

Proof. Assume that 1) is satisfied. Write

a(u, v) = ((αI + A)u; v)− α(u; v).

By Proposition 1.8, the sectorial form(u, v) → ((αI+A)u; v) is continuous
and hencea is continuous, too.

If 2) is satisfied, thena is continuous. This follows from the Cauchy-
Schwarz inequality.

In order to prove thata is closable, we apply Proposition 1.13. Assume
that(un) ∈ D(A) is such thatun → 0 in H anda(un − um, un − um) →
0 (as n,m →∞). By continuity of the form, we have

|a(un, un)| ≤ |a(un − um, un)|+ |a(um, un)|
≤M‖un − um‖a‖un‖a + |(Aum; un)|.
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By assumption,‖un−um‖a → 0 asm,n →∞ and thus‖un‖a is a bounded
sequence. In addition, for eachm, |(Aum; un)| → 0 asn → ∞. These
properties imply thata(un, un) → 0 as n → ∞. This proves thata is
closable. 2

The role of assumptions 1) and 2) in Lemma 1.29 is to guarantee the
continuity of the form

a(u, v) := (Au; v), D(a) = D(A). (1.15)

The proof shows that this form is closable whenever it is continuous. The
assumption of continuity cannot be removed. Also, on a real Hilbert space,
the single assumption that(Au, u) ≥ 0 for all u ∈ D(A), is not enough to
guarantee the closability of the forma. All this can be seen from Example
1.2.2.

When the form defined by (1.15) is closable, the operator associated with
its closure is clearly an extension ofA.

DEFINITION 1.30 The operator associated with the closurea of the form
a definedby (1.15) is called the Friedrichs extension ofA.

PROPOSITION 1.31 Let B : D(B) ⊆ H → H be a closed operator (see
Definition 1.33 below) with dense domainD(B). ThenB∗B defined by

D(B∗B) = {u ∈ D(B), Bu ∈ D(B∗)}, B∗Bu = B∗(Bu)

is a densely defined self-adjoint operator.

Proof. Define the symmetric form

a(u, v) = (Bu; Bv), D(a) = D(B).

SinceB is a closed operator,a is a closed form. Thus, there exists a self-
adjoint (and densely defined) operatorA associated witha. By definition,

D(A) = {u ∈ D(a), ∃v ∈ H : a(u, φ) = (v;φ) ∀φ ∈ D(a)}, Au = v.

Thus,

D(A)= {u ∈ D(B), ∃v ∈ H : (Bu; Bφ) = (v; φ) ∀φ ∈ D(B)}
= {u ∈ D(B), Bu ∈ D(B∗)},

andAu = B∗(Bu). This shows thatA = B∗B and proves the proposition.
2

We finish this section with the following lemma, which is related to the re-
sults of the previous section. Its proof requires certain results of the present
section.
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L EM MA 1.32 Leta be a densely defined, accretive, continuous, and closed
form on a Hilbert spaceH. Assume that(un)n is a bounded sequence in
(D(a), ‖.‖a) which converges inH to u. Thenu ∈ D(a) and we have
<a(u, u) ≤ lim inf

n
<a(un, un).

Proof. The sequence(un)n is bounded in the Hilbert space(D(a), ‖.‖a),
thus it has a weakly convergent subsequence. Let(unk) be this subsequence
andφ ∈ D(a) be its weak limit. For everyv ∈ D(a),

(unk ; v) + b(unk , v) → (φ; v) + b(φ, v) as nk →∞, (1.16)

whereb denotes the symmetric part ofa. Denote byB the self-adjoint op-
erator associated withb. The above convergence holds forv ∈ D(B) and
hence

(unk ; (I + B)v) → (φ; (I + B)v).

Now the fact thatunk converges tou in H implies that

(u; (I + B)v) = (φ; (I + B)v) for all v ∈ D(B).

By Proposition 1.22,I + B is invertible and henceu = φ ∈ D(a).
Taking v = u in (1.16), yieldsb(u, u) = limk b(unk , u). This and the

Cauchy-Schwarz inequality implyb(u, u) ≤ lim inf b(unk , unk). It follows
that b(u, u) ≤ lim inf b(un, un) since we can replace(un)n in the above
arguments by any subsequence. 2

Remark. We have used in the proof only that some subsequence of(un)
converges weakly tou. Therefore, the conclusion of the lemma holds un-
der the weaker assumption that(un) is a bounded sequence in(D(a), ‖.‖a)
which converges weakly inH to u.

1.3 SEMIGROUPS AND UNBOUNDED OPERATORS

1.3.1 Closed and closable operators

Throughout this section,E denotes a Banach space (overK = R orC) with
norm‖.‖. By L(E), we denote the space of all bounded linear operators on
E.

DEFINITION 1.33 An operatorB : D(B) ⊆ E → E is called a closed
operator if the graph

G(B) := {(u; Bu), u ∈ D(B)}

is closed inE × E.
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This definition can be rephrased as follows:

If (xn)n ∈ D(B) is such thatxn → x andBxn → y in E (asn → ∞),
thenx ∈ D(B) andy = Bx.

Note also thatB is a closed operator if and only ifD(B) endowed with the
graph norm‖.‖+ ‖B.‖ is a complete space.

DEFINITION 1.34 LetB : D(B) ⊆ E → E be an operator onE. A scalar
λ ∈ K is in the resolvent set ofB if λI − B is invertible (fromD(B) into
E) and its inverse(λI −B)−1 is a bounded operator onE. For suchλ, the
operator(λI −B)−1 is the resolvent ofB at λ.
The set

ρ(B) := {λ ∈ K, λI −B is invertible and (λI −B)−1 ∈ L(E)}

is called the resolvent set ofB.
The complement ofρ(B) in K

σ(B) := K \ ρ(B)

is called the spectrum ofB.

PROPOSITION 1.35 1) Assume thatB is a closed operator on a Banach
spaceE. Then a scalarλ is in ρ(B) if and only ifλI−B is invertible (from
D(B) into E).
2) If the resolvent setρ(B) is not empty, thenB is a closed operator.

Proof. In order to prove the first assertion we have to prove that(λI−B)−1

is a continuous operator for everyλ such thatλI − B is invertible. Let
(yn)n be a sequence inE which converges toy and such that(λI−B)−1yn
converges toz. Setxn := (λI − B)−1yn. We havexn ∈ D(B) for eachn
and(λI−B)xn converges toy. SinceB is a closed operator, it follows that
z ∈ D(B) andy = (λI − B)z, that is,z = (λI − B)−1y. We conclude
now by the closed graph theorem that(λI −B)−1 is continuous onE.

Assume thatλ ∈ ρ(B) for someλ. Let (xn) be a sequence inD(B)
such thatxn → x andBxn → y in E. Thus,(λI − B)xn → λx − y and
by continuity of(λI − B)−1, we havexn → (λI − B)−1(λx − y). Thus,
x = (λI − B)−1(λx − y). This implies thatx ∈ D(B) andBx = y. This
shows thatB is a closed operator. 2

DEFINITION 1.36 An operatorB on a Banach spaceE is closable if there
exists a closed operatorC : D(C) ⊆ E → E such thatD(B) ⊆ D(C) and
Bu = Cu for all u ∈ D(B). In other words,B has a closed extensionC.
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Assume thatB is a closable operator on a Banach spaceE. One can
define the smallest closed extensionB of B as follows:

D(B) = {u ∈ E s.t. ∃un ∈ D(B) : lim
n

un = u, lim
n,m

[Bun −Bum] = 0},
(1.17)

and ifu and(un)n are as in (1.17) we set

Bu := lim
n

Bun, (1.18)

where the limits are taken with respect to the norm ofE.
One shows easily thatB is a closedoperator and every closed extension

of B is also an extension ofB.
If B is an operator such thatB, defined by(1.17) and (1.18), is well

defined (i.e.,Bu = limn Bun does not depend on the choice of the sequence
(un)), thenB is a closedextension ofB. Consequently,B is closable if and
only if B is a welldefined operator.

Let nowu ∈ D(B) and letun ∈ D(B), vn ∈ D(B) be two sequences
which converge tou and such thatBun −Bum → 0 andBvn −Bvm → 0
asn,m →∞. Thus,Bun andBvn converge to somew andw′ in E. Now,
B is well definedif and only if w = w′. Thus, we have proved the following
characterization of closable operators.

PROPOSITION 1.37 A linear operatorB on E is closable if and only if it
satisfies the following property:
if (un) ∈ D(B) is any sequence such thatun → 0 andBun → v (in E),
thenv = 0.

DEFINITION 1.38 Assume thatB is a closable operator on a Banach space
E. The operatorB defined by (1.17)and (1.18) is called the closure ofB.

DEFINITION 1.39 Let B be an operator with domainD(B) on a Banach
spaceE. A linear subspace ofD(B) is called a core ofB if it is dense in
D(B), endowed with the graph norm‖.‖+ ‖B.‖.

Let B act on a Banach spaceE andD a linear subspace ofD(B). The
restriction ofB to D is the operator

B|Du := Bu for u ∈ D = D(B|D).

The next result follows easily from the previous definitions.

PROPOSITION 1.40 LetB be a closed operator on a Banach spaceE and
D a linear subspace ofD(B). Then,D is a core ofB if and only if the
closure ofB|D is B, i.e.,B|D = B.
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1.3.2 A rapid course on semigroup theory

In this subsection, we give some definitions and recall several important re-
sults and properties of semigroups. Semigroup theory is a well documented
subject and we shall not give a detailed study. For more details and proofs of
the classical results given below see, e.g., Arendt et al. [ABHN01], Davies
[Dav80], Goldstein [Gol85], Engel and Nagel [EnNa99], Kato [Kat80],
Nagel et al. [Nag86], Pazy [Paz83], Yosida [Yos65].

DEFINITION 1.41 1) A semigroup on a Banach spaceE is a family of
bounded linear operators(T (t))t≥0 acting onE such that

T (0) = I and T (t + s) = T (t)T (s) for all t, s ≥ 0.

2) A semigroup(T (t))t≥0 is called a contraction semigroup (or a contrac-
tive semigroup) ifT (t) is a contraction operator onE for eacht ≥ 0.
3) We say that a semigroup(T (t))t≥0 is strongly continuous if for every
u ∈ E, we have

lim
t↓0

T (t)u = u.

Note that the property in 3) is precisely the strong continuity att0 = 0.
From this and the semigroup property it follows that(T (t))t≥0 is strongly
continuous at eacht0 ∈ [0,∞).

DEFINITION 1.42 Let(T (t))t≥0 be a strongly continuous semigroup onE.
The generator of(T (t))t≥0 is the operatorB defined by

D(B) := {u ∈ E, lim
t↓0

1
t
(T (t)u− u) exists},

Bu := lim
t↓0

1
t
(T (t)u− u) for all u ∈ D(B).

The theory of strongly continuous semigroups was developed in order to
study existence and uniqueness of solutions to the evolution equations (or
the Cauchy problem)

(CP )
{

d
dtu(t) = Bu(t), t ≥ 0,
u(0) = f,

whereu : [0,∞) → E satisfiesu(t) ∈ D(B) for all t > 0 is the searched
for solution.

If B is the generator of the strongly continuous semigroup(T (t))t≥0,
then for everyf ∈ D(B), (CP) has a unique solution. The latter is given by
u(t) = T (t)f.

The following is a central theorem in semigroup theory.
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THEOREM 1.43 (Hille-Yosida) LetB be a densely defined operator onE.
The following assertions are equivalent:
i) B is the generator of a strongly continuous semigroup.
ii) There exists a constantw such that(w,∞) ⊆ ρ(B) and

sup
λ>w,n∈N

‖(λ− w)n(λI −B)−n‖L(E) < ∞.

If the operatorB is bounded onE, then it generates a strongly continuous
semigroup. In addition, this semigroup is given by

etB =
∑

k≥0

tkBk

k!
.

By analogy tothis case, we will denote by(etB)t≥0 the strongly continuous
semigroup generated by the operatorB, even whenB is not bounded.2

The resolvent of the generatorB coincides with the Laplace transform of
the semigroup, that is,

(λI −B)−1 =
∫ ∞

0
e−λtetBdt for all λ > w.

Conversely, the semigroup can be written in terms of the resolvent. This is
given by the exponential formula

etBu = lim
n

(I − t
n

B)−nu for all u ∈ E.

DEFINITION 1.44 Letψ ∈ (0, π
2 ] and denote byΣ(ψ) theopen sector

Σ(ψ) := {z ∈ C, z 6= 0 and| arg z| < ψ}.

A strongly continuous semigroup(T (t))t≥0 acting onE is called a bounded
holomorphic semigroup on the sectorΣ(ψ) if (T (t))t≥0 admits a holomor-
phic extension(T (z))z∈Σ(ψ) such that for eachθ ∈ (0, ψ), (T (z))z∈Σ(θ) is
uniformly bounded and strongly continuous at0.

If the boundedness assumption on smaller sectors is not required, we say
that (T (t))t≥0 is a holomorphic semigroup onΣ(ψ). Finally, by a holomor-
phic semigroup we mean a semigroup that is holomorphic on some sector
of angle> 0.

Note that a holomorphic semigroup on the sectorΣ(ψ) satisfies

T (z + z′) = T (z)T (z′) for all z, z′ ∈ Σ(ψ).

2This notation makes sense for self-adjoint operators by the functional calculus.
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This is a consequence of holomorphy and the corresponding property forz
andz′ ≥ 0.

Holomorphic semigroups play an important role in the theory of evolution
equations and functional calculi. In particular, if the semigroup generated
by B is holomorphic, then

(CP )
{

d
dtu(t) = Bu(t), t > 0,
u(0) = f

have a unique solution for every initial dataf ∈ E.
The following theorem characterizes generators of bounded holomorphic

semigroups (for a proof see, e.g., [ABHN01], Theorem 3.7.11, [Nag86],
Theorem 1.12 Chap. A II, or [EnNa99], Theorem 4.5 Chap. II).

THEOREM 1.45 LetB be a densely defined operator on a complex Banach
spaceE. ThenB generates a semigroup which is bounded holomorphic on
Σ(ψ) if and only ifΣ(ψ + π

2 ) ⊆ ρ(B) and for everyθ ∈ (0, ψ), one has

sup
λ∈Σ(θ+π

2 )
‖λ(λI −B)−1‖L(E) < ∞.

Assume thatB generates asemigroup(T (t))t≥0 which is bounded holo-
morphic onΣ(ψ) for someψ > 0. An application of the Cauchy formula
shows that there exists a constantM such that

‖BT (t)u‖ ≤ M
t
‖u‖ for all u ∈ E and t > 0. (1.19)

Theholomorphy of the semigroup(T (t))t≥0 on the sectorΣ(ψ) also implies
that for everyθ ∈ (−ψ,ψ), (T (eiθt))t≥0 is a strongly continuous semigroup
onE whose generator iseiθB. These results and more information on holo-
morphic semigroups can be found in the books mentioned at the beginning
of this section.

1.3.3 Accretive operators on Hilbert spaces

Denote again byH a Hilbert space with inner product(.; .) and norm‖.‖.
Let A be an operator onH, with domainD(A).

DEFINITION 1.46 We say thatA is an accretive operator if

<(Au;u) ≥ 0 for all u ∈ D(A).

An operatorA is m-accretive (or maximal accretive) if it is accretive and
1 ∈ ρ(−A).
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It is clear that the operator associated with an accretive form is an accretive
operator. If the sesquilinear form is densely defined, accretive, continu-
ous, and closed, then its associated operator is m-accretive (see Proposition
1.22).

Note also that ifA is an accretive operator that satisfies the assumptions of
Lemma 1.29, its Friedrichs extension is an m-accretive operator. In particu-
lar, every densely defined symmetric accretive operator has an m-accretive
symmetric extension. Therefore, every densely defined symmetric accretive
operator has a self-adjoint extension.

L EMMA 1.47 Let A be a densely defined accretive operator onH. Then
A is closable, its closureA is accretive, and for everyλ ∈ K, the range
R(λI + A) is dense inR(λI + A).

Proof. Let (un)n ∈ D(A) be a sequence such thatun converges to0 and
Aun converges tov in H. Takew ∈ D(A) and apply the accretivity as-
sumption to obtain

0≤<(A(un + w); un + w)
=<(Aun; un) + <(Aun; w) + <(Aw; un) + <(Aw; w).

Letting n → ∞, we obtain<(v; w) + <(Aw;w) ≥ 0. We apply this with
λw in place ofw for λ > 0 and letλ → 0 to obtain<(v;w) ≥ 0. The
same inequality applied to−w allows us to conclude that<(v; w) = 0 and
hence(v; w) = 0. Since this holds for allw ∈ D(A), which is dense inH,
it follows thatv = 0. We conclude by Proposition 1.37 thatA is closable.

The accretivity ofA as well asthe density ofR(λ + A) in R(λ + A)
follows easilyfrom the definition ofA and simple approximationarguments.
2

L EMMA 1.48 LetA be a densely defined operator onH.
1) Assume thatA is closed and accretive. ThenI + A is injective and has
closed range. In particular,A is m-accretive if and only ifI + A has dense
range.
2) If A is m-accretive, then(0,∞) ⊆ ρ(−A) andλ(λI + A)−1 is a con-
traction operator onH for everyλ > 0.
3) Assume thatA is accretive and denote byA its closure(cf. Lemma 1.47).
ThenA is m-accretiveif and only if there existsλ > 0 such thatλI + A has
dense range.

Proof. 1) Let u ∈ D(A) be such thatu + Au = 0. The accretivity ofA
implies that

(u;u) ≤ <(u + Au; u) = 0



SESQUILINEAR FORMS, ASSOCIATED OPERATORS, AND SEMIGROUPS 25

and henceu = 0. This shows thatI + A is injective.
In order to show thatI + A has closed range, we let(un)n ∈ D(A) be

such that the sequenceun + Aun converges tov ∈ H. Since(un;un) ≤
<(un + Aun; un) it follows thatun is a bounded sequence. Writing

(un − um; un − um)≤<(un − um; un − um + Aun −Aum)
≤‖un − um‖‖un + Aun − um −Aum‖,

we see that(un)n is a Cauchy sequence. Ifu denotes the limit of(un)n, then
Aun converges tov − u. The fact thatA is closed implies thatu ∈ D(A)
andv = u + Au ∈ R(I + A).

By Proposition 1.35,1 ∈ ρ(−A) if and only if I +A is invertible. Hence,
A is m-accretive if and only ifI + A has dense range.

2) Assume thatA is m-accretive and letλ > 0. By Proposition 1.35,A is
a closed operator. Thus, by the same proposition,λ ∈ ρ(−A) if and only if
λI + A is invertible. Applying assertion 1) to the accretive operatorλ−1A,
we see that it is enough to prove thatλI + A has dense range. Letf ∈ H
be such that

(f ; λu + Au) = 0 for all u ∈ D(A).

SinceA is m-accretive we can findv ∈ D(A) such thatf = v + Av.
Applying the previous equality withu = v, givesv = 0 and hencef = 0.
Thus,R(λI + A) is dense.

Now fix f ∈ H and letu ∈ D(A) be such thatf = λu + Au. We write

‖f‖2 =<(λu + Au; λu + Au)
≥λ2‖u‖2 + 2λ<(Au; u)
≥λ2‖u‖2.

This implies thatλ(λI + A)−1 is a contraction operator onH.
3) By assertion 2), ifA is m-accretive thenλI +A is invertible forλ > 0.

By Lemma 1.47, the rangeR(λ + A) is dense inR(λI + A) = H.
Conversely, assume thatλI + A has dense range for someλ > 0. This

implies thatI + λ−1A has dense range. Thus, by 1),λ−1A is m-accretive.
Assertion 2) implies now thatαI + λ−1A is invertible for allα > 0. This
implies in particular thatI + A is invertible and henceA is m-accretive. 2

The following result is a particular case of the well-known Lumer-Phillips
theorem for generators of contraction semigroups.

THEOREM 1.49 Let A be a densely defined operator onH. The following
assertions are equivalent:
1) The operatorA is closable and−A is the generator of a strongly contin-
uous contraction semigroup onH.
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2) A is m-accretive.
3) A is accretive and there existsλ > 0 such thatλI + A has dense range.

Proof. The fact that 2) and 3) are equivalent is already stated in Lemma
1.48.

Assume now that 2) holds. By Lemma 1.48,(0,∞) ⊆ ρ(−A) andλ(λI+
A)−1 is a contractionoperator onH. The Hille-Yosida theorem implies that
−A generates a strongly continuous semigroup(e−tA)t≥0 onH. Moreover,
for everyu ∈ D(A), we have

d
dt
‖e−tAu‖2 = −2<(Ae−tAu; e−tAu) ≤ 0.

Hence,‖e−tAu‖2 ≤ ‖u‖2 for all t ≥ 0. From this and the density ofD(A),
it follows that e−tA is a contractionoperator onH for everyt ≥ 0. This
shows assertion 1).

Conversely, assume thatA is closable and−A generates a stronglycon-
tinuous contraction semigroup(e−tA)t≥0. Hence, fort ≥ 0

<(u− e−tAu;u) ≥ 0 for all u ∈ H.

Applying this tou ∈ D(A) yields

<(Au; u) = lim
t↓0

1
t
<(u− e−tAu;u) ≥ 0,

which showsthat A is accretive. Since−A is the generatorof a strongly
continuous contraction semigroup,(0,∞) ⊆ ρ(−A). ThusA is m-accretive.
2

Let A be a densely defined accretive operator onH and denote byA its
closure. The operatorA is accretive, too. The next theorem gives a sufficient
condition under which the operatorA is m-accretive.

THEOREM 1.50 LetA be an accretive operator onH. Assume thatS is an
m-accretive operator satisfying the following two conditions:
1) D(S) ⊆ D(A).
2) There exists a constanta ∈ R such that

<(Au;Su) ≥ −a(u;Su) for all u ∈ D(S).

Then the closureA of A is m-accretiveandD(S) is a core ofA.

Proof. Of course, we can assumea ≥ 0. Considering nowA + aI instead
of A and applying assertion 3) of Lemma 1.48, we see that we can assume
a = 0.
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Let Bn := A(I + 1
nS)−1 for n ≥ 1. For eachn, the operatorBn is

bounded onH (apply assumption 1) and the closed graph theorem). In
addition,

<
(

Au;
(

I +
1
n

S
)

u
)

= <(Au; u)+
1
n
<(Au; Su) ≥ 0 for all u ∈ D(S).

This implies thatBn is accretive. On the other hand, the resolvent set of the
bounded operatorBn is not empty; thus by assertion 3) of Lemma 1.48 we
can conclude thatBn is m-accretive. From the formula

I + A +
1
n

S = (I + Bn)
(

I +
1
n

S
)

it follows that the operatorI + A + 1
nS with domainD(S) is invertible.

Hence for everyf ∈ H and everyn, there existsun ∈ D(S) such that

un + Aun +
1
n

Sun = f. (1.20)

We claim that

‖un‖ ≤ ‖f‖ and
∥

∥

∥

∥

1
n

Sun

∥

∥

∥

∥

≤ 2‖f‖. (1.21)

The first inequality follows form the accretivity ofA + 1
nS, since

(un; un)≤<
(

un + Aun +
1
n

Sun; un

)

=<(f ; un)
≤‖f‖‖un‖.

The second inequality follows from the first one and the following estimates

‖ 1
n

Sun‖2≤<
(

Aun +
1
n

Sun;
1
n

Sun

)

=<
(

f − un;
1
n

Sun

)

≤ (‖f‖+ ‖un‖)
∥

∥

∥

∥

1
n

Sun

∥

∥

∥

∥

.

Now we prove thatA is m-accretive. By Lemma 1.48, it suffices to prove
thatI + A has dense range.Actually, we will show that the operatorI + A
with domainD(S) has dense range. Letf ∈ H be such that

(f ; u + Au) = 0 for all u ∈ D(S). (1.22)
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Let (un)n ∈ D(S) bea sequence satisfying (1.20). By (1.22) we have

(f ; f) =
(

un + Aun +
1
n

Sun; f
)

=
(

1
n

Sun; f
)

. (1.23)

On theother hand, sinceS is m-accretive, it follows that the adjoint oper-
ator S∗ is densely defined.3 Consider a sequence(fk)k ∈ D(S∗) which
converges tof in H. We have

∣

∣

∣

∣

(

1
n

Sun; f
)

−
(

1
n

Sun; fk

)∣

∣

∣

∣

≤
∥

∥

∥

∥

1
n

Sun

∥

∥

∥

∥

‖f − fk‖

≤ 2‖f‖‖f − fk‖.

It follows that |( 1
nSun; f) − ( 1

nSun; fk)| converges to0 ask → ∞, uni-
formly with respect ton. Thus, using the fact that

∣

∣

∣

∣

(

1
n

Sun; fk

)∣

∣

∣

∣

=
1
n
|(un; S∗fk)| ≤

1
n
‖f‖‖S∗fk‖

(which followsfrom (1.21)), we obtain
(

1
n

Sun; f
)

→ 0 as n →∞.

We conclude from (1.23) thatf = 0. Thus, we have proved that the closure
B of the restriction ofA to D(S) is m-accretive. SinceI +A is an extension
of I + B, it follows that(I + A)D(A) = H. Thus,A is m-accretive.

Finally, it remains to prove the equalityB = A and conclude thatD(S)
is a core ofA. If u ∈ D(A), there existsv ∈ D(B) suchthat

u + Au = v + Bv = v + Av.

It follows from the fact thatI + A is injective thatu = v ∈ D(B). 2

Remark. Let S andA be two operators acting in a Banach spaceX, with
norm‖.‖. We assume thatS is closed,A is closable andD(S) ⊆ D(A).
Then there exist two constantsa andb such that

‖Au‖ ≤ a‖Su‖+ b‖u‖ for all u ∈ D(S).

In order to prove this, we first observe thatD(S), endowed with the graph
norm ‖.‖ + ‖S.‖, is a Banach space and the restrictionAS of A to D(S)

3It is easilyseen thatI + S∗ is invertible with inverse(I + S∗)−1 = ((I + S)−1)∗.
Now, if u ∈ H is such that(u; v) = 0 for all v ∈ D(S∗), we writeu = (I + S)φ for
someφ ∈ D(S) and obtain(φ; (I + S∗)v) = 0. Since this is true for allv ∈ D(S∗) and
R(I + S∗) = H, we obtainφ = 0 and thenu = 0.
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can be seen as an operator defined fromD(S) into X. Let (xn, ASxn) be a
sequence in the graphG(AS) of AS . Assume that(xn, ASxn) converges in
the Banach spaceD(S)×X to (x, y) (hereD(S) is endowed with its graph
norm). If A denotes the closureof A, thenx ∈ D(A) andy = Ax. But x ∈
D(S) and hencey = ASx. Consequently, G(AS) is closed inD(S) × X.
We conclude by the closed graph theorem thatAS is a continuous operator
from (D(S), ‖.‖+ ‖S.‖) into X, and this implies the desired inequality.

On the basis of this remark, we can add to the conclusions of Theorem
1.50 that every core ofS is a core ofA.

1.4 SEMIGROUPSASSOCIATED WITH SESQUILINEAR FORMS

1.4.1 The semigroup on the Hilbert spaceH.

In this section we use the same notation as in Section 1.2. Leta be a densely
defined, accretive, continuous, and closed sesquilinear form on a Hilbert
spaceH (see (1.2)−(1.5)). Denote byA the operator associated witha.
Clearly,A is an accretive operator sincea is an accretive form. As a conse-
quence of Proposition 1.22 and Theorem 1.49, we have

PROPOSITION 1.51 The operator−A is the generator of a strongly con-
tinuous contraction semigroup onH.

In the next result, we show that the semigroup generated by−A is holo-
morphic. More precisely,

THEOREM 1.52 Suppose thatH is a complex Hilbert space. Denote by
(e−tA)t≥0 the semigroup generated by−A onH. Then(e−tA)t≥0 is a holo-
morphic semigroup on the sectorΣ(π

2 − arctanM) whereM is thecon-
stant in the continuity assumption (1.4). In addition, for everyε ∈ (0, 1],
e−εze−zA is a contraction operator onH for all z ∈ Σ(π

2 − arctan M
ε ) =

Σ(arctan ε
M ).

Proof. Thecontinuity assumption (1.4) implies that for everyε ∈ (0, 1]

|=(Au;u)| ≤M [<(Au;u) + (u; u)]

≤ M
ε

[<(Au;u) + ε(u; u)] for all u ∈ D(A).

Thus, if we setB := εI + A, the above inequality shows thatB is sectorial
and

|=(Bu;u)| ≤ M
ε
<(Bu;u) for all u ∈ D(B).
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By Theorem1.53 or Theorem 1.54 below, we conclude that−B is the gen-
erator of a semigroup which is holomorphic on the sectorΣ(π

2−arctan M
ε ).

In addition,e−zB is a contraction operator forz ∈ Σ(π
2 −arctan M

ε ). Since
e−tB = e−εte−tA for t > 0, we obtain the theorem. 2

Observe that if one could write (1.4) as

|a(u, v)| ≤ M ′[<a(u, u) + w‖u‖2]1/2[<a(v, v) + w‖v‖2]1/2

with a constantM ′ < M (at the cost of enlarging the constantw), then it fol-
lows that(e−tA)t≥0 is holomorphic on the larger sectorΣ(π

2 − arctanM ′).
In addition,e−wze−zA is a contraction operator onH for everyz in that
sector.

Recall that every densely defined accretive operatorB is closable (see
Lemma 1.47). We denote byB its closure.

THEOREM 1.53 LetB be a densely defined operator on a complex Hilbert
spaceH. Assume that bothB and B∗ are sectorial, that is, there exists a
non-negative constantC such that for everyu ∈ D(B) andv ∈ D(B∗),

|=(Bu; u)| ≤ C<(Bu;u) and |=(B∗v; v)| ≤ C<(B∗v; v). (1.24)

Then−B generatesa strongly continuous semigroup(e−tB)t≥0 onH. This

semigroupis holomorphic on the sectorΣ(π
2 − arctan C) and e−zB is a

contractionoperator onH for everyz ∈ Σ(π
2 − arctanC).

Proof. Using the definition ofB, we seethat the first inequality in (1.24)
extends to allu ∈ D(B). On the otherhand, it follows from the definition
of the adjoint operator thatB∗ is an extension of(B)∗. Thus, (1.24) holds
for all v ∈ D((B)∗).

Now let u ∈ D(B) be such that‖u‖ = 1 and letλ ∈ C. Denote by dist
the usual distance inC. We have

‖(λI −B)u‖≥ |(λu−Bu; u)|
= |λ− (Bu; u)|
≥ dist(λ, Σ(arctanC)).

Hence,we have

‖(λI −B)u‖ ≥ dist(λ,Σ(arctan C))‖u‖ for all u ∈ D(B). (1.25)

It follows that for λ /∈ Σ(arctan C) (where the latterdenotes the closed
sector), the operatorλI−B is injective. Moreover,λI−B has closed range
R(λI −B) for all λ /∈ Σ(arctan C). To see this, letvk = λuk −Buk be a
convergent sequence with limitv ∈ H and apply (1.25) to obtain that(uk)k
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is a Cauchy sequence. Letu be the limit of(uk)k. The fact that the operator
B is closed impliesthatu ∈ D(B) andv = (λI −B)u ∈ R(λI −B).

Let us show thatR(λI − B) is dense forλ /∈ Σ(arctanC). If g ∈ H is
such that

(g;λu−Bu) = 0 for all u ∈ D(B),

theng ∈ D((B)∗) andλg − (B)∗g = 0. But λ and the adjoint(B)∗ satisfy
the same propertiesasλ andB. In particular, λI − (B)∗ is injective. This
implies thatg = 0 and thusR(λI −B) is dense. Itfollows that(λI −B) is
invertiblefor all λ /∈ Σ(arctanC). In addition, (1.25)gives

‖(λI −B)−1u‖ ≤ 1
dist(λ,Σ(arctan C))

‖u‖ for all u ∈ H. (1.26)

Fix nowθ ∈ (arctanC, π). We have for everyλ /∈ Σ(θ),

sin(θ − arctan C) ≤ dist(λ,Σ(arctanC))
|λ|

.

It follows from this and (1.26) that for allu ∈ H andλ /∈ Σ(θ),

‖λ(λI −B)−1u‖ ≤ 1
sin(θ − arctanC)

‖u‖.

Theorem 1.45 allows us to conclude that−B generates a boundedholomor-
phic semigroup on the sectorΣ(π

2 − arctanC).
It remains toshow thate−zB is a contractionoperator for everyz ∈

Σ(π
2 − arctan C). Fix θ ∈ (0, π

2 − arctanC) and consider thesemigroup

(e−teiθB)t≥0. For everyu ∈ H andt > 0

d
dt
‖e−teiθBu‖2

=−2<(eiθBe−teiθBu; e−teiθBu)

=−[<(Be−teiθBu; e−teiθBu) cos θ −=(Be−teiθBu; e−teiθBu) sin θ]

≤−
(

cos θ
C

− sin θ
)

|=(Be−teiθBu; e−teiθBu)|.

Sinceθ ∈ (0, π
2 − arctan C), it follows that cos θ

C − sin θ ≥ 0. This shows

that‖e−teiθBu‖2 is non-increasing (as a function oft). Thus,

‖e−teiθBu‖ ≤ ‖u‖ for all t > 0

and this finishes the proof. 2
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The sectorialityassumption of the adjoint operatorB∗ was only used to
prove thatλI−B has dense range.If we assume that there existsλ0 ∈ ρ(B)
with dist(λ0, Σ(arctanC)) > 0, then thetheorem holds without assum-
ing sectoriality ofB∗. In order to prove this, we only have to show that
λ ∈ ρ(B) for all λ such thatdist(λ, Σ(arctan C)) > 0 and argue as in the
previous proof. Fix nowλ such that dist(λ, Σ(arctanC)) > 0 and write

λI −B =λ0I −B + λI − λ0I
=(λ0I −B)[I + (λ− λ0)(λ0I −B)−1].

Using (1.26) forλ0, we see thatλI − B is invertible for all λ such that
|λ − λ0| < dist(λ0, Σ(arctan C)). Repeating this procedure, we obtain
λ ∈ ρ(B) for all λ such thatdist(λ,Σ(arctan C)) > 0. The estimate (1.26)
holds for suchλ since it is only based on the sectoriality ofB. Finally, recall
thatB is a closed operator whenever its resolvent setρ(B) is not empty (see
Proposition 1.35). Thus, we have proved the following

THEOREM 1.54 LetB be a densely defined operator on a complex Hilbert
spaceH. Assume thatB is sectorial, that is,

|=(Bu;u)| ≤ C<(Bu;u) for all u ∈ D(B), (1.27)

whereC ≥ 0 is a constant. Assume also that there existsλ0 ∈ ρ(B)
with dist(λ0, Σ(arctanC)) > 0. Then−B generates a strongly continuous
semigroup which is holomorphic on the sectorΣ(π

2 − arctanC) and such
thate−zB is a contraction operator onH for everyz ∈ Σ(π

2 − arctanC).

Remark. The study ofthe holomorphy of the semigroup associated with a
form a requires that the Hilbert spaceH is complex. In the case whereH is
real, one uses the following complexification procedure.

Let HC := H + iH and define the form

ã(u + iv, g + ih) := a(u, g) + a(v, h) + i[a(v, g)− a(u, h)] (1.28)

for all u, v, g, h ∈ D(a). The domain of the form̃a is given byD(a) +
iD(a).

One checks easily that the assumptions (1.2)−(1.5) carry over froma to
ã. The semigroup associated withã is given by

T (t)(u + iv) := e−tAu + ie−tAv.

This is the complexification of the semigroup(e−tA)t≥0. The semigroup
(T (t))t≥0 is holomorphic onHC. From this, one obtains several interesting
consequences for the semigroup(e−tA)t≥0 on H. In particular,e−tAH ⊆
D(A) ⊆ D(a) for all t > 0.
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1.4.2 Extrapolation to the (anti-) dual spaceD(a)′

As previously, we denote bya a densely defined, accretive, continuous, and
closed sesquilinear form on a Hilbert spaceH and byA the operator asso-
ciated witha. The semigroup(e−tA)t≥0 is defined onH and enjoys several
interesting properties. In this section, we extend this semigroup to a larger
space and prove similar properties for the extension. Our interest in do-
ing this lies in the fact that it is sometimes more flexible to work with the
semigroup on the larger space. For example, the functiont → e−tAu has a
derivative inH at t = 0 only whenu ∈ D(A), whereas in the larger space
the derivative may exist foru /∈ D(A). This gives a new point of view on
the semigroup(e−tA)t≥0 itself, and will allow us to prove other properties
of this semigroup and its generator.

Denote byD(a)′ the anti-dual space ofD(a), that is, the space of contin-
uous functionalsφ such that

φ(u + v) = φ(u) + φ(v), φ(αu) = αφ(u) for all α ∈ K, u, v ∈ D(a).

WhenH is real,D(a)′ is of course the dual space ofD(a).
IdentifyingH ′ with H yields

D(a) ⊂ H ⊂ D(a)′ (1.29)

with continuous and dense imbedding. The dualization betweenD(a)′ and
D(a) is denoted by< ., . > (i.e.,< φ, u > denotes the value ofφ at u for
u ∈ D(a) andφ ∈ D(a)′). We note that ifφ ∈ H andu ∈ D(a), then
< φ, u >= (φ; u), the inner product inH.

Fix u ∈ D(a) and consider the functional

φ(v) := a(u, v), v ∈ D(a).

It follows from the continuity assumption (1.4) thatφ is continuous onD(a),
and henceφ ∈ D(a)′. Thus, it can be represented asφ(v) = < Au, v >,
whereAu ∈ D(a)′ depends onu. Using the fact thata is sesquilinear, we
see thatA is a linear operator which mapsD(a) into D(a)′. In addition,
using again the continuity assumption (1.4), we have

‖Au‖D(a)′ = sup
‖v‖a≤1

| < Au, v > |

= sup
‖v‖a≤1

|a(u, v)|

≤M‖u‖a.

Thus,A is a continuous operator fromD(a) (endowed with the norm‖.‖a)
into D(a)′. The operatorA can also be seen as an unbounded operator on
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D(a)′, with domainD(A) = D(a), and such that

a(u, v) = < Au, v > for all u, v ∈ D(a). (1.30)

Now let A be the operator associated witha (defined in Section 1.2.3).
Using the fact thatD(a) is dense inH and the definition ofA, we see that
A is precisely the part ofA in H. That is,

D(A) = {u ∈ D(A);Au ∈ H} and Au = Au for u ∈ D(A).

The following result shows that(e−tA)t≥0 extends fromH to the larger
spaceD(a)′.

THEOREM 1.55 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form on a Hilbert spaceH. Then the operator−A,
with domainD(A) = D(a), generates a strongly continuous semigroup
(e−tA)t≥0 onD(a)′. Moreover,

e−tAf = e−tAf for every f ∈ H and t ≥ 0. (1.31)

If H is complex, the semigroup(e−tA)t≥0 is holomorphic (onD(a)′) on the
sectorΣ(π

2 − arctanM), whereM is theconstant in (1.4).

Proof. We first assume that the Hilbert spaceH is complex. Givenu ∈
D(a), let φ = (λ + 1 +A)u. Clearly,

< φ, u > =λ(u; u) + (u; u)+ < Au, u >
=λ(u; u) + (u; u) + a(u, u).

Hence,

‖u‖2
a ≤ ‖φ‖D(a)′‖u‖a + |λ|‖u‖2. (1.32)

On the other hand, by Lemma 1.9 we have for everyu ∈ D(a) with u 6= 0,

a
(

u
‖u‖

,
u
‖u‖

)

+
(

u
‖u‖

;
u
‖u‖

)

∈ Σ(arctanM).

Thus,

‖u‖a‖φ‖D(a)′ = ‖u‖a‖(λ + 1 +A)u‖D(a)′

≥ | < (I + λI +A)u, u > |

= |λ + a
(

u
‖u‖

,
u
‖u‖

)

+
(

u
‖u‖

;
u
‖u‖

)

|‖u‖2

≥ dist(λ,−Σ(arctan M))‖u‖2.
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We have proved that

‖u‖a‖φ‖D(a)′ ≥ dist(λ,−Σ(arctan M))‖u‖2. (1.33)

Fix θ ∈ (arctan M, π). We have, as in the proof of Theorem 1.53,

dist(λ,−Σ(arctan M)) ≥ |λ| sin(θ − arctanM)

for all λ /∈ −Σ(θ). Inserting this in (1.33) gives

‖u‖a‖φ‖D(a)′ ≥ c|λ|‖u‖2 for all λ /∈ −Σ(θ), (1.34)

wherec is a positive constant. The last estimate together with (1.32) gives
for all λ /∈ −Σ(θ)

‖u‖a ≤
(

1 +
1
c

)

‖φ‖D(a)′ = C‖(λI + I +A)u‖D(a)′ . (1.35)

The estimate (1.35)shows thatλI + I + A is invertible onD(a)′ for all
λ /∈ −Σ(θ). Indeed, it is clear thatλI + I + A is injective. It has dense
range becauseH is dense inD(a)′ and

(λI + I +A)D(a) ⊇ (λI + I + A)D(A) = H,

where the last equality follows from the fact thatλ ∈ ρ(−A) (see Theorems
1.52 and 1.45). Finally, if(λI + I + A)un is a convergent sequence in
D(a)′, then we obtain from (1.35) that(un) is a Cauchy sequence inD(a).
It is then convergent inD(a). From the continuity ofA, as an operator from
D(a) into D(a)′, we obtain that thatλI + I + A has closed range. Thus
λI + I +A is invertible inD(a)′ for λ /∈ −Σ(θ).

Now letv ∈ D(a). We have

|λ|| < u, v > |= | < φ, v > −(u; v)− a(u, v)|
≤ ‖φ‖D(a)′‖v‖a + (M + 1)‖u‖a‖v‖a.

Taking the supremum over‖v‖a ≤ 1 and using (1.35), we obtain

|λ|‖u‖D(a)′ ≤‖φ‖D(a)′ + (M + 1)‖u‖a

≤‖φ‖D(a)′ + (M + 1)C‖φ‖D(a)′

= C ′‖(λI + I +A)u‖D(a)′ .

We have proved thatλI + I +A is invertible onD(a)′ for λ /∈ −Σ(θ) and

sup
λ/∈−Σ(θ)

‖λ(λI + I +A)−1‖L(D(a)′) < ∞.
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Theorem 1.45ensures that−(A + I) generates onD(a)′ a semigroup
which is bounded holomorphic on the sectorΣ(π

2 − arctanM).
Now weprove (1.31). Letf ∈ H andu(t) := e−tAf − e−tAf. From the

embeddingH ⊂ D(a)′, it follows that d
dte

−tAf exists (ateacht > 0) in
D(a)′ and equals−Ae−tAf = −Ae−tAf. This gives

d
dt

u(t) = −Au(t), t > 0.

Thus,u(t) = e−tAu(0) = 0 and the desired equality holds.
We have proved the theorem in the case whereH is complex. Now, if

H is real, we use the complexification argument described in the Remark at
the end of the previous section. One obtains then a holomorphic semigroup
(T (t))t≥0 on (D(a) + iD(a))′ whose generator is (minus) the operator as-
sociated with the form defined in (1.28)). Ifφ ∈ D(a)′, then it can be
written as the limit (inD(a)′) of a sequence(un) ∈ H and henceT (t)φ
is the limit of T (t)un = e−tAun ∈ H. Consequently,T (t)φ ∈ D(a)′ for
everyt ≥ 0. Therefore,T (t)D(a)′ ⊆ D(a)′ for all t ≥ 0. Thus, the restric-
tion of (T (t))t≥0 to D(a)′ is then a strongly continuous semigroup whose
generator is−A. 2

It is shown in this proof that ifH is complex, the semigroup satisfies

sup
z∈Σ(ψ)

‖e−ze−zA‖L(D(a)′) < ∞

for all 0 ≤ ψ < π
2 − arctanM. For the same reasons as in Theorem 1.52,

we have

sup
z∈Σ(ψ)

‖e−εze−zA‖L(D(a)′) < ∞

for all 0 ≤ ψ < π
2 − arctan M

ε and allε ∈ (0, 1].
If the forma is sectorial, i.e.,

|=a(u, u)|| ≤ M<a(u, u) for all u ∈ D(a), (1.36)

then

sup
z∈Σ(ψ)

‖e−zA‖L(D(a)′) < ∞

for all 0 ≤ ψ < π
2 − arctanM. The proofis the same as the previous one,

replacing (1.4) by (1.36). That is, we can replaceI +A byA in the previous
proof.
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Note also that these estimates hold in(D(a), ‖.‖a). More precisely, for
everyε ∈ (0, 1],

sup
z∈Σ(ψ)

‖e−εze−zA‖L(D(a)) < ∞ (1.37)

for all 0 ≤ ψ < π
2 − arctan M

ε . Indeed, letu ∈ D(a) and write

‖e−zAu‖2
a =< < e−zAAu, e−zAu > +‖e−zAu‖2

≤‖e−zAAu‖D(a)′‖e−zAu‖a + ‖e−zAu‖2.

Hence,

‖e−zAu‖2
a ≤ ‖e−zAAu‖2

D(a)′ + 2‖e−zAu‖2. (1.38)

It follows from Theorem 1.52 and the above observations that both terms
‖e−zεe−zA‖D(a)′ and‖e−zεe−zA‖L(H) are uniformly bounded onΣ(ψ) for
0 ≤ ψ < π

2−arctan M
ε . Using this andthe fact thatA is a bounded operator

from D(a) into D(a)′, we see that (1.37) follows from (1.38).
Again, if we assume the stronger condition (1.36), we obtain

sup
z∈Σ(ψ)

‖e−zA‖L(D(a)) < ∞. (1.39)

Proof of Lemma 1.25.First, e−tAH ⊆ D(A) for all t > 0. Indeed, ifH is
complex the semigroup generated by−A is holomorphic onH (cf. Theo-
rem 1.52) and this implies trivially the above inclusion. Now ifH is real, we
use again the complexification argument to obtain a holomorphic semigroup
(e−t(A+iA))t≥0 on H + iH, from which we obtaine−tAH ⊆ D(A) for
t > 0. We prove that everyu ∈ D(a) can be approximated in(D(a), ‖.‖a)
by e−tAu. We have

‖e−tAu− u‖2
a =< < e−tAAu−Au, e−tAu− u > +‖e−tAu− u‖2

≤‖e−tAAu−Au‖D(a)′‖e−tAu− u‖a + ‖e−tAu− u‖2.

Hence

‖e−tAu− u‖2
a ≤ ‖e−tAAu−Au‖2

D(a)′ + 2‖e−tAu− u‖2.

The strong continuity of(e−tA)t≥0 onD(a)′ and of(e−tA)t≥0 onH imply

‖e−tAu− u‖a → 0 as t → 0.

This proves the lemma. 2

It is seen in this proof thate−tAH ⊆ D(A) ⊆ D(a) for t > 0 and that the
restriction of(e−tA)t≥0 is a strongly continuous semigroup on(D(a), ‖.‖a).
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If the Hilbert spaceH is complex, then Theorem 1.55 and the same argu-
ments as in the above proof show that

‖e−zAu− u‖a → 0 as z → 0, z ∈ Σ(ψ)

for everyu ∈ D(a) and everyψ ∈ [0, π
2 − arctanM).

If for each t ≥ 0, T (t) denotes the restriction ofe−tA to D(a), then
(T (t))t≥0 is a strongly continuous semigroup on(D(a), ‖.‖a). It is also
holomorphic on the sectorΣ(π

2 −arctanM) when the spaceH is complex.
If −B denotes the generator ofT (t)t≥0, thenB is the part ofA in D(a),
that is,

D(B) = {u ∈ D(A), Au ∈ D(a)}, Bu = Au for all u ∈ D(B).

1.5 CORRESPONDENCE BETWEEN FORMS, OPERATORS, AND SEMI-

GROUPS

Let a be a sesquilinear form onH which satisfies the standard assump-
tions (1.2)−(1.5). One associates witha an operatorA and a semigroup
(e−tA)t≥0. In this section we show that there is a unique correspondence
between sesquilinear forms and a class of operators and semigroups.

The first result shows thata can be described completely by its associated
semigroup(e−tA)t≥0.

L EMMA 1.56 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form. Letu ∈ H. Thenu ∈ D(a) if and only if

sup
t>0

1
t
<(u− e−tAu; u) < ∞.

In addition, foreveryu, v ∈ D(a)

a(u, v) = lim
t↓0

1
t
(u− e−tAu; v).

Proof. Let u, v ∈ D(a). By Theorem 1.55 we have

1
t
(u− e−tAu; v) =

1
t

< u− e−tAu, v > .

Sinceu ∈ D(a) = D(A), we have

1
t

< u− e−tAu, v >→< Au, v >= a(u, v) as t → 0.
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This proves the last assertion of the lemma. In particular,

1
t
(u− e−tAu; u) → a(u, u) for all u ∈ D(a).

Assume now thatu ∈ H is such thatsupt>0
1
t<(u−e−tAu; u) < ∞. For

λ > 0, wewrite for simplicity (λI + A)−1 = R(λ). We have

<a(λR(λ)u; λR(λ)u)=<λ(AR(λ)u;λR(λ)u)
=<λ(u− λR(λ)u;λR(λ)u)
≤<λ(u− λR(λ)u; u)

=<
∫ ∞

0
λ2e−λt(u− e−tAu; u)dt

≤ sup
t>0

1
t
<(u− e−tAu; u)

∫ ∞

0
tλ2e−λtdt

=sup
t>0

1
t
<(u− e−tAu; u)

∫ ∞

0
se−sds.

It follows now that λR(λ)u is bounded uniformly with respect toλ in
(D(a), ‖.‖a) (recall thatλR(λ) is a contraction operator onH by Propo-
sition 1.22). In addition,λR(λ) converges strongly to the identity operator
in H asλ → +∞ (this can be seen by again using Proposition 1.22 and
‖u − λR(λ)u‖ = ‖R(λ)Au‖ ≤ λ−1‖Au‖ for u ∈ D(A). The desired
convergence then follows by the density ofD(A) in H). By Lemma 1.32,
we deduce thatu ∈ D(a). 2

A natural question is how to recognize in Hilbert spaces those operators or
semigroups that are associated with sesquilinear forms. In the next results,
we describe such operators and semigroups.

If A is the operator associated with a densely defined, accretive, contin-
uous, and closed sesquilinear forma, thenI + A is sectorial (cf. Lemma
1.9) andA is m-accretive (cf. Proposition 1.22). The next result shows that
these properties characterize operators that are associated with sesquilinear
forms.

THEOREM 1.57 Let A be an m-accretive operator on a complex Hilbert
spaceH. Assume thatI+A is sectorial. Then there exists a unique sesquilin-
ear forma which is densely defined, accretive, continuous, and closed and
such thatA is the operator associated witha.

Proof. Define the form

b(u, v) := (Au; v), D(b) = D(A).
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By Lemma1.29, the formb is closable. LetA1 be the operator associated
with the closurea := b of b.4 By assumption,I + A is invertible. By
Proposition 1.22,I + A1 is invertible, too. Thus,I + A1 is an extension
of I + A and both operators are invertible. This implies thatA = A1 and
henceA is the operator associated with the forma.

The uniqueness ofa follows from Lemma 1.25. 2

If we assume in the previous theorem thatA is sectorial, then the associ-
ated forma is sectorial. This follows from the above proof, since thenb is
sectorial and this also holds for the closurea = b.

Note also thatif A is self-adjoint, thena is a symmetric form.

Theorem 1.53 asserts that the semigroup generated by (minus) the oper-
ator associated with a sesquilinear form is holomorphic ande−ze−zA is a
contraction operator for everyz in some sector. Here we give a converse to
that result.

THEOREM 1.58 Let(T (t))t≥0 be a contraction semigroup acting on a com-
plex Hilbert spaceH. Assume that this semigroup is holomorphic on the sec-
tor Σ(ψ) (for someψ ∈ (0, π

2 )) and such that for everyz ∈ Σ(ψ), e−zT (z)
is a contraction operator onH. Then the generator of(T (t))t≥0 is (minus)
the operator associated with a densely defined, accretive, continuous, and
closed sesquilinear form.

Proof. Denote by−A the generator of the contraction semigroup(T (t))t≥0.
The operatorA is accretive by Theorem 1.49. Now fixθ ∈ (0, ψ). The semi-
group(T (teiθ)e−teiθ

)t≥0 is contractive onH and its generator is−eiθ(I +
A). Thus,eiθ(I+A) is accretive and hence<(eiθ(I+A)u;u) ≥ 0 for every
u ∈ D(A). This gives=(Au;u) ≤ 1

tan θ<((I + A)u;u). For similarrea-
sons,<(e−iθ(I +A)u; u) ≥ 0 and thus−=(Au; u) ≤ 1

tan θ<((I +A)u; u).
It follows thatI+A is a sectorial operator. The proof is finished by applying
Theorem 1.57. 2

Remark. If we assume thate−αzT (z) is a contraction operator for every
z ∈ Σ(ψ), then we obtain an operatorA such thatαI + A is sectorial. In
particular, ifT (z) is a contraction for allz ∈ Σ(ψ), thenA is sectorial.

Applying Lemma 1.56, we can reformulate the above theorem as follows.

THEOREM 1.59 Let(T (t))t≥0 be a contraction semigroup acting on a com-
plex Hilbert spaceH. Assume that this semigroup is holomorphic on the sec-
tor Σ(ψ) (for someψ ∈ (0, π

2 )) and such that for everyz ∈ Σ(ψ), e−zT (z)

4A1 is the Friedrichextension ofA.
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is a contraction operator onH. Then the form given by

a(u, v) := lim
t↓0

1
t
(u− T (t)u; v),

D(a) :=
{

u ∈ H, sup
t>0

1
t
<(u− e−tAu;u) < ∞

}

,

is densely defined,accretive, continuous, and closed and(T (t))t≥0 is its
associated semigroup.

Notes
The material of this chapter is known. See Davies [Dav80], Kato [Kat80], Lions
[Lio61], Reed-Simon [ReSi80] or Tanabe [Tan79]. Our presentation is however
different and some proofs are simplified by using semigroups from the beginning.
One of the aims of this chapter is to give a systematic account of the interplay be-
tween forms, operators, and semigroups.

Sections 1.1 and 1.2.Bounded sesquilinear forms on Hilbert spaces can be found
in many textbooks on Functional Analysis. For the Lax-Milgram lemma see, e.g.,
Brezis [Bre92], Lions [Lio61], Yosida [Yos65].

An exhaustive study of sectorial forms can be found in [Kat80]. In [ReSi80]
closed sectorial forms are called strictly accretive. Note also that the notion of a
sectorial form in [ReSi80] is slightly different from ours. Operators associated with
forms are called regularly accretive in [Tan79].

Proposition 1.13 is sometimes considered as the definition of a closable form.
Example 1.2.1 of a symmetric form which is not closable is borrowed from [Kat80].
At this point, we mention the following remarkable result proved by Simon [Sim78]
(see also Reed-Simon [ReSi80]).

Theorem. Let a be a symmetric non-negative form on a Hilbert spaceH. Then,
there exists a largest closable symmetric formar that is smaller thana.

In this theorem, a symmetric formb is said to be smaller thana if D(a) ⊆ D(b)
andb(u, u) ≤ a(u, u) for all u ∈ D(a).

Proposition 1.18 and related results can also be found in [Kat80]. Theorem 1.19
is often called the KLMN theorem. The version given here can be found in [Kat80]
(where it is formulated for sectorial forms). This theorem was proved in various
versions by Kato [Kat55], Lions [Lio61], Lax-Milgram [LaMi54]. See also Nelson
[Nel64] and Reed-Simon [ReSi75].

Section 1.3. Semigroup theory and its various applications is a well documented
subject; hence we make only brief comments and give some more references. The
fundamental Hille-Yosida generation theorem was proved in 1948 and became the
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starting pointof the subsequent theory of semigroups. Because of applications to
equations of different types and because of interactions with other fields of analysis
and probability, the theory has seen important developments. Several textbooks on
semigroups are now available. Systematic treatments of semigroups as well as ap-
plications to many equations can be found in Arendt et al. [ABHN01], Clement
et al. [CHADP87], Davies [Dav80], Engel-Nagel [EnNa99], Fattorini [Fat83],
Goldstein [Gol85], Hille-Phillips [HiPh57], Kato [Kat80], Nagel et al. [Nag86],
Pazy [Paz83], Robinson [Rob96], Yosida [Yos65]. For holomorphic semigroups
and applications to parabolic problems, see Amann [Ama95] and Lunardi [Lun95].
Applications to Volterra equations are given in Engel-Nagel [EnNa99] and Prüss
[Prü93].

We gave the definition of accretive operators only in the Hilbert space case. The
reason why we considered only operators on Hilbert spaces is to make connection
with operators that are associated with accretive forms. The definition makes sense
for operators acting on Banach spaces. This was introduced by Phillips [Phi59]
(he used the terminology of dissipative operator; which means that−A is accre-
tive). A linear operatorA acting on a Banach spaceE is called accretive (or−A is
dissipative) if< < Au, u∗ >≥ 0 for all u ∈ D(A) and someu∗ in the subdiffer-
ential of the norm‖.‖E of E atx. That is,u∗ is in the dual spaceE′ and such that
‖u∗‖E′ ≤ 1 and< u, u∗ >= ‖u‖E , where< ., . > denotes the pairing betweenE
andE′.

Theorem 1.49 is the Hilbert space version of the well-known Lumer-Phillips
theorem proved in [LuPh61]. The latter holds for accretive operators on any Banach
space. Note also that similar theorems hold for nonlinear accretive operators, see
Bénilan-Crandall-Pazy [BCP90].

Theorem 1.50 is due to Kato and is taken from Okazawa [Oka80], where Banach
space versions are also given.

Sections 1.4 and 1.5. Related results to Theorems 1.53 and 1.54 can be found in
Goldstein [Gol85] and Kato [Kat80]. Theorem 1.55 can be found in a different
form in Tanabe [Tan79], but here we give a more precise angle of holomorphy in
D(a)′. Lemma 1.56 is an extension to the nonsymmetric case of a well-known re-
sult for symmetric forms (in the latter case, it is usually proved by using the spectral
theorem for self-adjoint operators). The ”if” part of this lemma is shown in Albev-
erio, R̈ockner, and Stannat [ARS95] and the ”only if” part in Ouhabaz [Ouh92a]
(see also [Ouh96]). Finally, Theorems 1.57 and 1.58 are implicit in [Kat80] and
[Tan79].



Chapter Two

CONTRACTIVITY PROPERTIES

Let H be a Hilbert space overK = R or C. Denote bya a sesquilinear
form onH. We assume thata is densely defined, accretive, continuous, and
closed (see (1.2)−(1.5)). Denote byA its associated operator. We have seen
in the previous chapter that−A generates a strongly continuous semigroup
(e−tA)t≥0 on H. Assume now thatH = L2(X,µ,C), where(X, µ) is a
σ-finite measure space. Several properties of the semigroup like positivity,
Lp-contractivity, domination, and so on can be characterized in terms of the
operatorA. However, in most applications, one does not precisely know the
operatorA. Typical situations where this occurs are whenA is an elliptic
operator with measurable coefficients and acts onL2(Ω), whereΩ is any
open subset ofRn (see Chapter 4). Thus, characterizations in terms of the
generator cannot be applied in several situations. On the contrary, in most
situations one knows the forma.1 Therefore, criteria for properties of the
semigroup(e−tA)t≥0 would be more useful and powerful if they are given
in terms of the form.

In the present chapter, we give criteria in terms of the forma for posi-
tivity, irreducibility, andL∞-contractivity of the semigroup(e−tA)t≥0. We
also study the domination property of semigroups by using the associated
forms. The results are in the spirit of the famous Beurling-Deny criteria.
The latter characterize the sub-Markovian property of semigroups associ-
ated with symmetric forms. We will consider forms that are not necessarily
symmetric and recover the Beurling-Deny criteria. The method used here
works also for semigroups acting on vector-valued functions. The approach
is based on criteria for invariance of closed convex sets ofH under the action
of the semigroup. These criteria hold in a general setting. The previously
mentioned properties of the semigroup are obtained as particular cases, by
choosing the appropriate convex set.

It should be emphasized that all the results in the present chapter hold in
both complex or real spaces. We do not distinguish the two cases unless
we mention this explicitly. As in the previous chapter, we write real and
imaginary parts of elements ofK without assumingK = C. In the case

1Usually, onestarts by defining the form, hence its expression and domain are known.
The associated operatorA is given by Definition 1.21. In several situations, one cannot
describeA precisely.
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of real Hilbert spaces, the real part< should of course be omitted in the
statements.

2.1 INVARIANCE OF CLOSED CONVEX SETS

Let H be a complex or real Hilbert space with norm and scalar product
denoted by‖.‖ and(.; .). Let a be a densely defined, accretive, continuous,
and closed sesquilinear form onH. Denote byA and(e−tA)t≥0 the operator
and semigroup associated witha. LetC be a non-empty closed convex subset
of H and denote byP the projection ofH onto C. Recall that for every
f ∈ H, Pf ∈ C and satisfies

‖f −Pf‖ = min
g∈C

‖f − g‖.

It is an elementary fact thatPf is characterized by

[ h = Pf ] ⇔ [ h ∈ C and <(f − h; g − h) ≤ 0 for all g ∈ C ]. (2.1)

This section is devoted to characterizations, in terms of the forma, of the
invariance of the convex setC under the action of the semigroup(e−tA)t≥0.
That is, the property

e−tAC ⊆ C for all t ≥ 0,

by which we meane−tAu ∈ C for everyu ∈ C and everyt ≥ 0.
We first show the following

PROPOSITION 2.1 The following assertions are equivalent:
1) e−tAC ⊆ C for all t ≥ 0.
2) λ(λI + A)−1C ⊆ C for all λ > 0.

Proof. Assume that for allt ≥ 0, e−tAC ⊆ C. Let λ > 0 andu ∈ C. Since
the resolvent is the Laplace transform of the semigroup, we have

λ(λI + A)−1u = λ
∫ ∞

0
e−λte−tAudt.

Assume for a contradiction thatλ(λI + A)−1u /∈ C. By the Hahn-Banach
theorem, there exist a constantα ∈ R and a linear continuous functionalφ
onH such that

<φ(λ(λI + A)−1u) > α ≥ <φ(g) for all g ∈ C.
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Applying this withg = e−tAu gives

<φ(λ(λI + A)−1u)> α

=
∫ ∞

0
λe−λtαdt

≥<φ
(∫ ∞

0
λe−λte−tAudt

)

=<φ(λ(λI + A)−1u)

which is not possible.
Conversely, assume that for everyλ > 0, λ(λI + A)−1 leavesC invari-

ant. Hence(λ(λ + A)−1)n leavesC invariant for everyn ∈ N. Using the
exponential formulae

e−tAu = lim
n→∞

(

I +
t
n

A
)−n

u for all u ∈ H

and the fact thatC is closed, one obtains assertion 1). 2

The following theorem gives criteria in terms of the form for the invari-
ance of the closed convex setC under the semigroup(e−tA)t≥0.

THEOREM 2.2 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form onH. The following assertions are equivalent:
1) e−tAC ⊆ C for all t ≥ 0.
2)P(D(a)) ⊆ D(a) and<a(Pu, u− Pu) ≥ 0 for all u ∈ D(a).
3)P(D(a)) ⊆ D(a) and<a(u, u− Pu) ≥ 0 for all u ∈ D(a).
4) There exists a coreD of a such thatP(D) ⊆ D(a) and
<a(Pu, u−Pu) ≥ 0 for all u ∈ D.

Proof. We show that 1) implies 2).
Let us writeR(λ) := (λI + A)−1 for λ > 0. Note thatR(λ)H ⊆ D(A)

andAR(λ) = I − λR(λ). Fix u ∈ D(a) and observe that

<a(λR(λ)Pu, λR(λ)Pu)
=<λ(AR(λ)Pu;λR(λ)Pu)
=<λ(Pu− λR(λ)Pu;λR(λ)Pu−Pu) + <λ(AR(λ)Pu;Pu)
≤<λ(AR(λ)Pu;Pu)
=<λ(Pu− λR(λ)Pu;Pu− u) + <λ(AR(λ)Pu;u).

Now by Proposition 2.1, we haveλR(λ)Pu ∈ C. Hence

<(Pu− λR(λ)Pu;Pu− u) ≤ 0
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by (2.1).It follows from this and the continuity of the forma that

<a(λR(λ)Pu, λR(λ)Pu)≤<λ(AR(λ)Pu; u)
=<a(λR(λ)Pu, u)
≤M‖λR(λ)Pu‖a‖u‖a

≤ 1
2
‖λR(λ)Pu‖a

2 +
M2

2
‖u‖a

2

=
1
2
<a(λR(λ)Pu, λR(λ)Pu) +

1
2
‖λR(λ)Pu‖2

+
M2

2
‖u‖a

2.

We have then shown that forλ > 0,

<a(λR(λ)Pu, λR(λ)Pu) ≤ ‖λR(λ)Pu‖2 + M2‖u‖a
2.

SinceλR(λ) is a contraction operator onH (see Proposition 1.22), we
obtain

<a(λR(λ)Pu, λR(λ)Pu) ≤ ‖Pu‖2 + M2‖u‖a
2.

This inequality implies in particular that(λR(λ)Pu)λ>0 is bounded (with
respect toλ) in the Hilbert space(D(a), ‖.‖a). On the other handλR(λ)Pu
converges inH toPu asλ →∞. Lemma 1.32 can be used to conclude that
Pu ∈ D(a). Thus,PD(a) ⊆ D(a).

By Lemma 1.56, we have for everyu ∈ D(a)

<a(Pu, u− Pu) = lim
t→0

<1
t
(Pu− e−tAPu;u−Pu).

But for all t > 0,

<(Pu− e−tAPu;u−Pu) ≥ 0,

because of (2.1) and the fact thate−tAPu ∈ C. This gives<a(Pu, u −
Pu) ≥ 0 for all u ∈ D(a) and proves assertion 2).
Assume now that 2) holds. Since the forma is accretive,

<a(u− Pu, u− Pu) ≥ 0 for all u ∈ D(a).

Hence,

<a(u, u− Pu) = <a(u−Pu, u− Pu) + <a(Pu, u−Pu) ≥ 0,

which is assertion 3).
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We show that 3) implies 1). Givenu ∈ C we apply 3) toλR(λ)u, where
λ > 0 is fixed. We have

0≤<a(λR(λ)u, λR(λ)u− PλR(λ)u)
= λ<(u− λR(λ)u;λR(λ)u− PλR(λ)u)
= λ<(u− PλR(λ)u; λR(λ)u− PλR(λ)u)

+λ<(PλR(λ)u− λR(λ)u;λR(λ)u−PλR(λ)u)
≤λ<(u− PλR(λ)u;λR(λ)u− PλR(λ)u).

Sinceu ∈ C, one has by (2.1)

<(u− PλR(λ)u; λR(λ)u− PλR(λ)u) ≤ 0.

Therefore, it follows from the previous inequalities that

‖PλR(λ)u− λR(λ)u‖ = 0.

Hence,λR(λ)u ∈ C for all λ > 0 and allu ∈ C. Assertion 1) is then
obtained by applying Proposition 2.1.

Obviously, 2) implies 4). Now, we prove that 4) implies 2).
Givenu ∈ D(a) and let(un)n ∈ D be a sequence which converges tou

for the norm‖.‖a. We apply 4) and the continuity assumption to obtain

<a(Pun,Pun)=<a(Pun,Pun − un) + <a(Pun, un)
≤<a(Pun, un)
≤M‖Pun‖a‖un‖a

≤ 1
2
‖Pun‖2

a +
M2

2
‖un‖2

a

=
1
2
<a(Pun,Pun) +

1
2
‖Pun‖2 +

M2

2
‖un‖2

a.

This implies that

<a(Pun,Pun) ≤ ‖Pun‖2 + M2‖un‖2
a,

from which it follows that(Pun)n is a bounded sequence in(D(a), ‖.‖a)
(note that(Pun)n is bounded inH, sinceP is continuous). We conclude by
Lemma 1.32 thatPu ∈ D(a). In addition, the same lemma and assertion 4)
give

<a(Pu,Pu) ≤ lim inf <a(Punk ,Punk) ≤ lim inf <a(Punk , unk).

But

a(Punk , unk)− a(Pu, u) = a(Punk − Pu, u) + a(Punk , unk − u).
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The secondterm on the right-hand side converges to0 since(unk) converges
to u for the norm‖.‖a and the sequence(‖Punk‖a) is bounded. The first
term also converges to0. This follows from the fact thatv 7→ a(v, u) is a
continuous linear functional onD(a) and(Punk) converges weakly inD(a)
to Pu. Thus,lim inf <a(Punk , unk) = <a(Pu, u). This together with the
previous inequalities give assertion 2). 2

Remark. The assertions in the previous theorem are also equivalent to:
3´) There exists a coreD of a such thatP(D) ⊆ D and<a(u, u−Pu) ≥ 0
for all u ∈ D.
Indeed, assume that 3´) holds and fixu ∈ D and ε > 0. Defineuε :=
Pu+ε(u−Pu). We haveuε ∈ D andPuε = Pu. Applying 3´) touε gives

<a(Pu, u− Pu) + εa(u− Pu, u− Pu) ≥ 0.

Lettingε → 0 yields assertion 4) of the previous theorem.

In the case where the forma is symmetric, the criteria of Theorem 2.2
can be given in terms of the quadratic form. More precisely,

THEOREM 2.3 Assume thata is a densely defined, symmetric, accretive,
and closed form onH. The following assertions are equivalent:
1) e−tAC ⊆ C for all t ≥ 0.
2)P(D(a)) ⊆ D(a) anda(Pu,Pu) ≤ a(u, u) for all u ∈ D(a).
3) There exists a coreD of a such thatP(D) ⊆ D(a) and a(Pu,Pu) ≤
a(u, u) for all u ∈ D.

Proof. Assume that 3) is satisfied. Letu ∈ D(a) and(un)n ∈ D be a se-
quence which converges tou with respect to the norm‖.‖a. By assumption,
we have for everyn

a(Pun,Pun) ≤ a(un, un).

Hence,(Pun)n is a bounded sesquence in(D(a), ‖.‖a). SincePun con-
verges toPu in H, it follows from Lemma 1.32 thatPu ∈ D(a) and

a(Pu,Pu)≤ lim inf a(Pun,Pun)
≤ lim inf a(un, un)
= a(u, u).

This shows that assertion 2) holds.
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Assume now that 2) holds. By the Cauchy-Schwarz inequality, we have
for everyu ∈ D(a)

<a(u, u− Pu) = a(u, u)−<a(u,Pu)

≥ a(u, u)− a(u, u)1/2a(Pu,Pu)1/2

≥ 0.

We apply Theorem 2.2 to obtain assertion 1).
Assume that 1) holds. By the previous theorem, we havePu ∈ D(a) for

everyu ∈ D(a) and<a(Pu, u− Pu) ≥ 0. Using this, we can write

a(Pu,Pu)=<a(Pu,Pu− u) + <a(Pu, u)
≤<a(Pu, u)

≤ a(Pu,Pu)1/2a(u, u)1/2,

which gives assertion 2). This proves the theorem since 2) implies 3).2

2.2 POSITIVE AND Lp-CONTRACTIVE SEMIGROUPS

In this section, we apply the criteria obtained in the previous section to study
positivity andLp-contractivity properties of semigroups. We will state the
results when theLp-spaces in consideration are complex but all the results
are valid if the spaces are real as mentioned in the previous section.

We assume in this section thatH = L2(X, µ,C), where(X, µ) is aσ-
finite measure space. Let

HR := L2(X,µ,R)

be the subset ofH of real-valued functions and

H+ := {f ∈ H, f(x) ≥ 0 µ a.e.x ∈ X}

the cone of non-negative functions.

DEFINITION 2.4 Let (T (t))t≥0 be a strongly continuous semigroup onH.
We say that(T (t))t≥0 is real if T (t)HR ⊆ HR for all t ≥ 0. The semigroup
(T (t))t≥0 is positive ifT (t)H+ ⊆ H+ for all t ≥ 0.

For a givenu ∈ H, we denote byu := <u−i=u the conjugatefunction of
u. By |u|we denote the absolute value ofu (i.e., the functionx → |u(x)| :=
√

u(x)u(x)) and bysign u thefunction defined by

sign u(x) =

{

u(x)
|u(x)| if u(x) 6= 0,

0 if u(x) = 0.
(2.2)
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For u, v ∈ HR, we setu+ := sup{u, 0}, u− := sup{−u, 0}, u ∧ v :=
inf{u, v}, u ∨ v := sup{u, v} and1 ∧ u := inf{1, u}.

Remark. All the inequalities (and equalities) between measurable func-
tions of H are understood in theµ a.e. sense. We often omit writingµ
a.e.

Let a be a densely defined, accretive, continuous, and closed sesquilinear
form on L2(X, µ,C). Denote again byA its associated operator and by
(e−tA)t≥0 the semigroup generated by−A on L2(X, µ,C). Note that the
assumption thata is densely defined can be removed in all the results below
(except Theorems 2.9 and 2.10, which must be reformulated differently for
non-densely defined forms). See Section 2.6 below.

PROPOSITION 2.5 The following assertions are equivalent:
1) The semigroup(e−tA)t≥0 is real.
2) u ∈ D(a) =⇒ <u ∈ D(a) anda(<u,=u) ∈ R.
3) u ∈ D(a) =⇒ u ∈ D(a) anda(u, v) ∈ R for everyu, v ∈ D(a) ∩HR.
4) There exists a coreD of a such that<u ∈ D(a) anda(<u,=u) ∈ R for
all u ∈ D.

Proof. The fact that the semigroup(e−tA)t≥0 is real is equivalent to the
fact that(e−tA)t≥0 leaves invariant the closed convex setC = HR. The
projection ontoHR is given byPu = <u. By Theorem 2.2, assertion 1) is
equivalent to

u ∈ D(a) =⇒ <u ∈ D(a) and <a(<u, i=u) ≥ 0.

By the same theorem, it is enough to consideru in a coreD of a. Applying
the latter inequality to−<u + i=u shows thata(<u,=u) ∈ R. This shows
the equivalence of the assertions 1), 2), and 4). The equivalence of 2) and
3) is obvious. 2

THEOREM 2.6 The following assertions are equivalent:
1) The semigroup(e−tA)t≥0 is positive.
2) u ∈ D(a) =⇒ (<u)+ ∈ D(a), a(<u,=u) ∈ R anda((<u)+, (<u)−) ≤
0.
3) There exists a coreD of a such that(<u)+ ∈ D(a), a(<u,=u) ∈ R and
a((<u)+, (<u)−) ≤ 0 for all u ∈ D.
4) The semigroup(e−tA)t≥0 is real and for everyu ∈ D(a) ∩HR we have
u+ ∈ D(a) anda(u+, u−) ≤ 0.

Proof. Consider the convex setC = H+. The projectionP is given by
Pu = (<u)+.
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The equivalence of the first three assertions follows from Theorem 2.2
and Proposition 2.5, since a positive semigroup is in particular real. Clearly,
each of these assertions implies 4). Conversely, if 4) holds, then<u ∈
D(a) ∩HR anda(<u,=u) ∈ R for all u ∈ D(a) by the previous proposi-
tion. Applying then 4) to<u gives assertion 2). 2

THEOREM 2.7 Assume that the forma is symmetric, densely defined, ac-
cretive, and closed. The following assertions are equivalent:
1) The semigroup(e−tA)t≥0 is positive.
2) u ∈ D(a) =⇒ (<u)+ ∈ D(a) anda((<u)+, (<u)+) ≤ a(u, u).
3) There exists a coreD of a such that(<u)+ ∈ D(a) and
a((<u)+, (<u)+) ≤ a(u, u) for all u ∈ D.
4) The semigroup(e−tA)t≥0 is real and for everyu ∈ D(a) ∩HR, we have
|u| ∈ D(a) anda(|u|, |u|) ≤ a(u, u).

Proof. Applying Theorem 2.3 withC = H+ andPu = (<u)+ gives the
equivalence of the first three assertions.

For u ∈ D(a) ∩ HR, one writesu = u+ − u− and |u| = u+ + u−.
Thus,u+ ∈ D(a) for all u ∈ D(a) ∩ HR if and only if |u| ∈ D(a) for
all u ∈ D(a) ∩HR. Since the inequalitya(|u|, |u|) ≤ a(u, u) is equivalent
to a(u+, u−) ≤ 0, the equivalence of assertions 1) and 4) follows from
Theorem 2.6. 2

DEFINITION 2.8 Let (e−tA)t≥0 be the semigroup associated with the form
a on H = L2(X, µ,C). We say that(e−tA)t≥0 is irreducible if for every
t > 0 and every nonzero functionf ∈ H+, we have

e−tAf(x) > 0 for µa.e.x ∈ X.

As for positivity, we wish to characterize in terms of the forma the irre-
ducibility of its associated semigroup(e−tA)t≥0. In order to do this, we have
to reformulate the irreducibility property in terms of invariance of closed
convex sets. This reformulation is given in the following result.

THEOREM 2.9 Leta be a densely defined, accretive, continuous, and closed
form onL2(X, µ,C) and assume that its associated semigroup(e−tA)t≥0
is positive. The following assertions are equivalent:
1) (e−tA)t≥0 is irreducible.
2) If the semigroup(e−tA)t≥0 leavesL2(Ω, µ,C) invariant for some subset
Ω of X, then eitherµ(Ω) = 0 or µ(X \ Ω) = 0.

Note that in this theorem,L2(Ω, µ,C) is seen as the subspace ofL2(X, µ,C)
of functions which are zero (µ a.e.) onX \ Ω. Givenf ∈ L2(Ω, µ,C), we
denote again byf the function inL2(X, µ,C) which takes the value0 (µ
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a.e.) onX \ Ω andcoincides (µ a.e.) withf onΩ.

Proof. Assume that assertion 1) holds. If(e−tA)t≥0 leaves invariant a sub-
spaceL2(Ω, µ,C), thene−tAf is 0 (µ a.e.) onX \ Ω for all t > 0 and
f ∈ L2(Ω, µ,C). If µ(Ω) > 0, then we can apply this to a nontrivialf ≥ 0.
We then obtain from 1) thatµ(X \ Ω) = 0.

Assume that 2) is satisfied. Let0 ≤ f ∈ L2(X, µ,C) be a nontrivial func-
tion and letτ > 0. SetΩ := {e−τAf = 0} (the set on whiche−τAf is 0, µ
a.e.) and assume for a contradiction thatµ(Ω) > 0. We have(e−τAf ; φ) =
0 for everyφ ∈ L2(Ω, µ,C). By strong continuity of(e−tA)t≥0, we can find
a sequencetn ∈ (0, τ) such that‖e−tnAf − f‖2 ≤ 2−n. Set

fn := e−tnAf and gn := f −
∑

k≥n

(f − fk)+.

We have

gn ≤ f − (f − fm)+ = inf{f, fm} ≤ fm for all m ≥ n.

Using the positivity of the semigroup, we obtain for allm ≥ n, and all
0 ≤ φ ∈ L2(Ω, µ,C),

0 ≤ (e−(τ−tm)Ag+
n ;φ)≤ (e−(τ−tm)Afm; φ)

= (e−τAf ;φ)
= 0.

Hence we have for everym ≥ n,

(e−(τ−tm)Ag+
n ; φ) = 0.

The semigroup(e−tA)t≥0 is holomorphic onH (see Chapter 1).2 Hence
we obtain from the above equality that

(e−tAg+
n ; φ) = 0 for all t ≥ 0.

Lettingn →∞, we obtain

(e−tAf ;φ) = 0 for all t ≥ 0, φ ∈ L2(Ω, µ,C). (2.3)

Settingh := e−τAf , we have from (2.3)

(e−tAh; φ) = 0 for all t ≥ 0, φ ∈ L2(Ω, µ,C). (2.4)

2If H is real, oneargues similarly by using the complexification procedure, as explained
in the previous chapter
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Given now0 ≤ g ∈ L2(X \ Ω, µ,C) and fix φ ∈ L2(Ω, µ,C). We may
write g = (g − nh)+ + inf{g, nh}. It follows from (2.4) that

|(e−tA(inf{g, nh}); φ)| ≤ n(e−tAh; |φ|) = 0.

This implies that

(e−tAg; φ) = (e−tA(g − nh)+; φ).

using the facts thatg ∈ L2(X \ Ω, µ,C) andΩ = {h = 0}, we see that
(g − nh)+ → 0 in L2(X,µ,C) asn →∞. Taking the limit in the previous
equation yields

(e−tAg; φ) = 0 for all t ≥ 0.

Since this is true for allφ ∈ L2(Ω, µ,C) and allg ∈ L2(X \ Ω, µ,C), we
conclude that(e−tA)t≥0 leavesL2(X \Ω, µ,C) invariant. Assertion 2) and
the hypothesisµ(Ω) > 0 imply thatµ(X \Ω) = 0. This and (2.3) fort = 0,
then givef = 0 (µ a.e. onX), which is a contradiction. 2

We can apply the previous criteria for invariance of closed convex sets
to characterize the irreducibility of semigroups. The projection onto the
closed convex setL2(Ω, µ,C) is given byPu = χΩu, whereχΩ denotes
the characteristic function ofΩ. Theorem 2.2 shows that(e−tA)t≥0 leaves
L2(Ω, µ,C) invariant if and only if

χΩu ∈ D(a) and <a(χΩu, χX\Ωu) ≥ 0 for all u ∈ D(a).

By the same theorem, it is enough to check this condition foru in some core
of a.

Using this and Theorem 2.9, we obtain the following criterion for irre-
ducibility.

THEOREM 2.10 Let a be a densely defined, accretive, continuous, and
closed form onL2(X,µ,C). Assume that its associated semigroup(e−tA)t≥0
is positive. The following assertions are equivalent:
1) (e−tA)t≥0 is an irreducible semigroup.
2) If Ω ⊆ X is such thatχΩu ∈ D(a) and<a(χΩu, χX\Ωu) ≥ 0 for all
u ∈ D(a), then eitherµ(Ω) = 0 or µ(X \ Ω) = 0.
3) If Ω ⊆ X is such thatχΩu ∈ D(a) and<a(χΩu, χX\Ωu) ≥ 0 for all u
in a coreD of a, then eitherµ(Ω) = 0 or µ(X \ Ω) = 0.

Note that if the forma is local, i.e.,a(u, v) = 0 for all u, v ∈ D(a) which
have disjoint supports, then the condition<a(χΩu, χX\Ωu) ≥ 0 is automat-
ically satisfied. Hence for local forms, the irreducibility criterion is reduced
to the question of whether or not characteristic functions operate onD(a).
More precisely,
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COROLLARY 2.11 Leta and(e−tA)t≥0 be as in the previous theorem. As-
sume in addition that the forma is local. The following assertions are equiv-
alent:
1) (e−tA)t≥0 is an irreducible semigroup.
2) If Ω ⊆ X is such thatχΩ(D(a)) ⊆ D(a), then eitherµ(Ω) = 0 or
µ(X \ Ω) = 0.
3) If Ω ⊆ X is such thatχΩ(D) ⊆ D(a) for some coreD of a, then either
µ(Ω) = 0 or µ(X \ Ω) = 0.

We now turn to another property of the semigroup. We want to extend the
contraction semigroup(e−tA)t≥0, initially defined onL2(X, µ,C) to other
Lp(X,µ,C) spaces. For this reason, we studyL∞-contractivity, which we
introduce in the following definition.

DEFINITION 2.12 We say that(e−tA)t≥0 is L∞-contractive if for every
t ≥ 0 and everyu ∈ L2(X, µ,C) ∩ L∞(X, µ,C),

‖e−tAu‖L∞(X,µ,C) ≤ ‖u‖L∞(X,µ,C).

If the semigroup(e−tA)t≥0 is both positive andL∞-contractive, we say that
it is sub-Markovian.

Recall the notation1 ∧ u := inf{1, u} and signu is the function defined by
(2.2).

THEOREM 2.13 Let a be a densely defined, accretive, continuous, and
closed form onL2(X, µ,C). The following assertions are equivalent:
1) The semigroup(e−tA)t≥0 is L∞-contractive.
2) u ∈ D(a) =⇒ (1∧|u|)sign u ∈ D(a) and<a(u, (|u|−1)+sign u) ≥ 0.
3) u ∈ D(a) =⇒ (1 ∧ |u|)sign u ∈ D(a) and
<a((1 ∧ |u|)sign u, (|u| − 1)+sign u) ≥ 0.

3´) There exists a coreD of a such that(1 ∧ |u|)sign u ∈ D(a) and
<a((1 ∧ |u|)sign u, (|u| − 1)+sign u) ≥ 0 for all u ∈ D.

Proof. Note thatL∞-contractivity is equivalent to the fact that the semi-
group leaves invariant the closed convex set

C = {u ∈ L2(X, µ,C), |u| ≤ 1 (µ a.e.)}.

The projection onto this convex set is given byPu = (1 ∧ |u|)sign u. Note
also that

u− (1 ∧ |u|)sign u = (|u| − 1)+sign u.

Applying Theorems 2.2 we obtain the above result. 2

Using the same proof and applying Theorem 2.3, we obtain in the partic-
ular case of symmetric forms
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THEOREM 2.14 Assume that the forma is symmetric. The following as-
sertions are equivalent:
1) The semigroup(e−tA)t≥0 is L∞-contractive.
2) u ∈ D(a) =⇒ (1 ∧ |u|)sign u ∈ D(a) and

a((1 ∧ |u|)sign u, (1 ∧ |u|)sign u) ≤ a(u, u).
3) There exists a coreD of a such that(1 ∧ |u|)sign u ∈ D(a) and

a((1 ∧ |u|)sign u, (1 ∧ |u|)sign u) ≤ a(u, u) for all u ∈ D.

We have assumed in Theorem 2.13 thata is accretive. In the next result,
we show that actually this assumption is not needed in the equivalence of
assertions 1) and 3). This refinement is of some interest and will be applied
to uniformly elliptic operators in Chapter 4.

THEOREM 2.15 Assume that the forma is densely defined and there exists
a constantw ∈ R such that the form

(a + w)(u, v) := a(u, v) + w(u; v), u, v ∈ D(a)

is accretive, continuous, and closed. The following assertions are equiva-
lent:
1) The semigroup(e−tA)t≥0 is L∞-contractive.
2) u ∈ D(a) =⇒ (1 ∧ |u|)sign u ∈ D(a) and
<a((1 ∧ |u|)sign u, (|u| − 1)+sign u) ≥ 0.

Proof. We can assume thatw ≥ 0; otherwise the result is already proved.
Assume that 1) holds. This implies that the semigroup(e−t(A+w))t≥0 as-
sociated with the forma + w is L∞-contractive, too. Thus by the previous
theorem we obtain

(1 ∧ |u|)sign u ∈ D(a) for all u ∈ D(a).

Now by Lemma 1.56, we have

<a((1 ∧ |u|)sign u, (|u| − 1)+sign u)

= lim
t→0

1
t
<

∫

X
[(1 ∧ |u|)sign u− e−tA((1 ∧ |u|)sign u)](|u| − 1)+sign udµ

= lim
t→0

1
t
<

∫

X
(|u| − 1)+[1− sign (u)e−tA((1 ∧ |u|)sign u)]dµ

≥ 0.

Here we use the fact that|e−tA((1 ∧ |u|sign u))| ≤ 1 to obtain the last
inequality.
Assume now that 2) holds. Letu ∈ L2(X,µ,C) be such that|u| ≤ 1. Set

φ(t) =
1
2

∫

X
[(|e−tAu| − 1)+]2dµ.
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A simplecalculation shows thatddt |e
−tAu| = <(−sign (e−tAu)Ae−tAu) at

eacht > 0 (see Proposition4.4 below). Thus, we have for everyt > 0,

φ′(t)=<
∫

X
−Ae−tAu(|e−tAu| − 1)+sign (e−tAu)dµ

=−<a(e−tAu, (|e−tAu| − 1)+sign (e−tAu)).

The second equality makes sense because of 2) and the fact thate−tAu ∈
D(a) for t > 0 (see the previous chapter). Using

e−tAu = (1 ∧ |e−tAu|)sign (e−tAu) + (|e−tAu| − 1)+sign (e−tAu)

and assertion 2) we obtain

φ′(t) ≤ −<a((|e−tAu| − 1)+sign (e−tAu), (|e−tAu| − 1)+sign (e−tAu)).

This and the accretivity assumption of the forma + w imply thatφ′(t) ≤
2wφ(t) for all t > 0. Sincelimt→0 φ(t) = 0, we obtainφ(t) = 0 for all
t > 0. This gives|e−tAu| ≤ 1, which is theL∞-contractivity property. 2

If our starting contraction semigroup(e−tA)t≥0 on L2(X,µ,C) satisfies
the L∞-contractivity property, then using the Riesz-Thorin interpolation
theorem, we can extend each operatore−tA fromL2(X, µ,C)∩Lp(X, µ,C)
to a contraction operator onLp(X,µ,C) for 2 ≤ p ≤ ∞. We denote again
by e−tA this extension toLp(X,µ,C). A density argument shows that the
family (e−tA)t≥0 defines a strongly continuous semigroup of contractions
on Lp(X, µ,C) for eachp with 2 ≤ p < ∞. By duality, the adjoint semi-
group(e−tA∗)t≥0 is strongly continuous and contractive onLp(X, µ,C) for
1 < p ≤ 2. In addition, it also defines a strongly continuous contractive
semigroup onL1(X, µ,C). In order to show the strong continuity, we prove
that

lim
t→0

‖e−tA∗χB − χB‖1 = 0

for every measurable subsetB of finite measure, whereχB denotes the in-
dicator function ofB.

By Hölder’s inequality, we have
∣

∣

∣

∣

∫

B
|e−tA∗χB|dµ−

∫

B
χBdµ

∣

∣

∣

∣

≤ µ(B)1/2‖e−tA∗χB − χB‖2.

Thus, the strong continuity onL2(X, µ,C) implies

lim
t→0

[∫

B
|e−tA∗χB|dµ−

∫

B
χBdµ

]

= 0.



CONTRACTIVITY PROPERTIES 57

Since

‖χB‖1 ≥ ‖e−tA∗χB‖1 =
∫

X\B
|e−tA∗χB|dµ +

∫

B
|e−tA∗χB|dµ,

it follows that

lim
t→0

∫

X\B
|e−tA∗χB|dµ = 0.

Writing

‖e−tA∗χB − χB‖1 =
∫

B
|e−tA∗χB − χB|dµ +

∫

X\B
|e−tA∗χB|dµ

≤µ(B)1/2‖e−tA∗χB − χB‖2 +
∫

X\B
|e−tA∗χB|dµ,

we see thatlim
t→0

‖e−tA∗χB − χB‖1 = 0. The strong continuity of the semi-

group(e−tA∗)t≥0 onL1(X,µ,C) follows then by a density argument.

Recall that(e−tA∗)t≥0 is the semigroup associated with the adjoint form
a∗ (cf. Proposition 1.24). Using this and the previous results, we can char-
acterize the fact that the semigroup(e−tA∗)t≥0 is L∞-contractive (or equiv-
alently, that(e−tA)t≥0 is L1-contractive). We have

COROLLARY 2.16 Under the assumptions of Theorem 2.13, the following
assertions are equivalent:
1) The semigroup(e−tA∗)t≥0 is L∞-contractive.
2) For eacht > 0, e−tA is a contraction operator onLp(X, µ,C) for all p,
1 ≤ p ≤ 2.
3) u ∈ D(a) =⇒ (1 ∧ |u|)sign u ∈ D(a) and<a(|u| − 1)+sign u, u) ≥ 0.
4) u ∈ D(a) =⇒ (1 ∧ |u|)sign u ∈ D(a) and
<a((|u| − 1)+sign u, (1 ∧ |u|)sign u) ≥ 0.

4´) There exists a coreD of a such that(1 ∧ |u|)sign u ∈ D(a) and
<a((|u| − 1)+sign u, (1 ∧ |u|)sign u) ≥ 0 for all u ∈ D.

In order to extend the semigroup(e−tA)t≥0 to a contraction semigroup on
Lp(X, µ,C) for all p, 1 ≤ p < ∞, one has to check theL∞-contractivity
for both semigroups(e−tA)t≥0 and(e−tA∗)t≥0. By the previous results, this
is equivalent to the validity of the following three conditions:
i) u ∈ D(a) =⇒ (1 ∧ |u|)sign u ∈ D(a).
ii) <a((|u| − 1)+sign u, (1 ∧ |u|)sign u) ≥ 0 for all u ∈ D(a).
iii) <a((1 ∧ |u|)sign u, (|u| − 1)+sign u) ≥ 0 for all u ∈ D(a).
Note also that it enough to check these properties on any core ofa.
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COROLLARY 2.17 Under the assumptions of Theorem 2.15, the following
assertions are equivalent:
1) The semigroup(e−tA)t≥0 is sub-Markovian.
2) u ∈ D(a) =⇒ (<u)+, (1 ∧ |u|)sign u ∈ D(a), a(<u,=u) ∈ R,
a((<u)+, (<u)−) ≤ 0, and<a((1 ∧ |u|)sign u, (|u| − 1)+sign u) ≥ 0.
3) (e−tA)t≥0 is positive,1 ∧ u ∈ D(a), anda(1 ∧ u, (u− 1)+) ≥ 0 for all
u ∈ D(a) ∩H+.

Proof. The equivalence of 1) and 2) follows from Theorems 2.6 and 2.15.
Theorem 2.6 shows that 2) implies 3). It remains to prove that 3) implies
1). For u ∈ D(a), we have(<u)+ ∈ D(a) because of the positivity of
(e−tA)t≥0 (cf. Theorem 2.6). Applying then 3) to(<u)+ yields

1∧ (<u)+ ∈ D(a) and a(1∧ (<u)+, ((<u)+−1)+) ≥ 0 for all u ∈ D(a).

By Theorem 2.2, this implies that(e−tA)t≥0 leaves invariant the convex set
C = {u ∈ L2(X, µ,C), 0 ≤ u ≤ 1} (the projection onto this convex set is
given byPu = 1 ∧ (<u)+). 2

We have seen that for symmetric forms all the above criteria can be given
in terms of the quadratic form. Thus, as a corollary, we obtain the well-
known Beurling-Deny criteria.

COROLLARY 2.18 Assume that the forma is symmetric on the real Hilbert
spaceH = L2(X,µ,R). The following properties are equivalent:
1) (e−tA)t≥0 is positive.
2) u ∈ D(a) =⇒ |u| ∈ D(a) anda(|u|, |u|) ≤ a(u, u).
Assume now that(e−tA)t≥0 is positive. Then the following assertions are
equivalent:
3) (e−tA)t≥0 is sub-Markovian.
4) 0 ≤ u ∈ D(a) =⇒ 1 ∧ u ∈ D(a) anda(1 ∧ u, 1 ∧ u) ≤ a(u, u).

2.3 DOMINATION OF SEMIGROUPS

We turn now to another property. Leta andb be two sesquilinear forms on
H = L2(X,µ,C) and satisfying the standard assumptions (1.2)−(1.5) as in
the previous sections. Denote byA andB their associated operators, respec-
tively. Denote by(e−tA)t≥0 and(e−tB)t≥0 their associated semigroups on
H. We want to characterize in terms of the forms the domination property

|e−tAf | ≤ e−tB|f | for all f ∈ H and t ≥ 0.

Here and in the rest of this section, all the inequalities are understood in the
µ a.e. sense.
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When this inequality holds, we will say that(e−tA)t≥0 is dominated by
(e−tB)t≥0. This property plays an important role in several situations, e.g.,
in estimates of heat kernels or in spectral theory (properties like compact-
ness or Hilbert-Schmidt carry over frome−tB to e−tA).

We first introduce the following definition.

DEFINITION 2.19 Let U andV be two subspaces ofH. We shall say that
U is an ideal ofV if the following two conditions are satisfied:
1) u ∈ U =⇒ |u| ∈ V.
2) If u ∈ U andv ∈ V are such that|v| ≤ |u|, then the productvsign u ∈ U.

In the first result, we show that positivity of the semigroup implies thatD(a)
is an ideal of itself. We have

PROPOSITION 2.20 Let a be densely defined, acrretive, continuous, and
closed form onH = L2(X, µ,C). Consider the following assertions:
1) The semigroup(e−tA)t≥0 is positive.
2) D(a) is an ideal of itself and

<a(u, |v|sign u) ≥ a(|u|, |v|) for all u, v ∈ D(a) such that |v| ≤ |u|.

Then 1) implies 2). The converse is true if(e−tA)t≥0 is real.

Proof. Assume that assertion 1) holds. Then for allt ≥ 0 and allf ∈ H,
we have

|e−tAf | ≤ e−tA|f |. (2.5)

Indeed, iff is real-valued then (2.5) follows from the positivity ofe−tA and
the obvious inequalitiesf ≤ |f | and−f ≤ |f |. For generalf, it follows
from

|f | = sup{<(eiθf), 0 ≤ θ ≤ 2π}.

Define now onH ×H, the sesquilinear form

c(U0, U1) := a(u0, u1) + a(v0, v1),
D(c) := D(a)×D(a), U0 = (u0, v0), U1 = (u1, v1).

It is easy to see that the sesquilinear formc is densely defined, accretive,
continuous, and closed. The semigroup(T (t))t≥0 generated by (minus) the
operator associated withc onH ×H is given by

T (t) =
(

e−tA 0
0 e−tA

)

for all t ≥ 0.
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Now it is clear from (2.5) that(e−tA)t≥0 is positive if and only if(T (t))t≥0
leaves invariant the following closed convex set ofH ×H,

C = {(u, v) ∈ H ×H, |u| ≤ v}. (2.6)

Using (2.1), one shows that the projectionP of H ×H ontoC is given by

P(u, v) =
1
2

([

|u|+ |u| ∧ <v
]+

sign u,
[

|u| ∨ <v + <v
]+)

. (2.7)

Theorem 2.2 implies thatP(u, v) ∈ D(a) ×D(a) for all (u, v) ∈ D(a) ×
D(a). This implies thatD(a) is an ideal of itself.

Now by Lemma 1.56, we have

<a(u, |v|sign u) = lim
t→0

1
t
<(|u| − sign(u)e−tAu; |v|)

≥ lim sup
t→0

1
t
(|u| − e−tA|u|; |v|)

= a(|u|, |v|).

Conversely, assume that(e−tA)t≥0 is real and thatD(a) is an ideal of
itself. Thus,|u| ∈ D(a) for everyu ∈ D(a). This implies thatu+ ∈ D(a)
for everyu ∈ D(a) ∩HR. Apply now assertion 2) withv = u+ to obtain

a(u, u+) ≥ a(|u|, u+),

that is,

a(u−, u+) ≤ 0.

By Theorem 2.6, this implies that the semigroup(e−tA)t≥0 is positive. 2

Remark. The positivity of(e−tA)t≥0 implies that|v|sign u ∈ D(a) for all
u, v ∈ D(a) such that|v| ≤ |u|. This follows directly from the fact that
D(a) is an ideal of itself.

We come now to the domination property. We consider two densely
defined, accretive, continuous, and closed sesquilinear formsa and b on
H = L2(X, µ,C). We denote by(e−tA)t≥0 and(e−tB)t≥0 their associated
semigroups, respectively.

THEOREM 2.21 Assume that the semigroup(e−tB)t≥0 is positive. The fol-
lowing assertions are equivalent:
1) |e−tAf | ≤ e−tB|f | for all t ≥ 0 and allf ∈ H.
2) D(a) is an ideal ofD(b) and <a(u, |v|sign u) ≥ b(|u|, |v|) for all
(u, v) ∈ D(a)×D(b) such that|v| ≤ |u|.
3) D(a) is an ideal ofD(b) and<a(u, v) ≥ b(|u|, |v|) for all u, v ∈ D(a)
such thatuv ≥ 0.
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Proof. We define onH ×H the sesquilinear form

c(U0, U1)= a(u0, u1) + b(v0, v1),
D(c)= D(a)×D(b), U0 = (u0, v0), U1 = (u1, v1).

The semigroup(T (t))t≥0, associated withc onH ×H is given by

T (t) =
(

e−tA 0
0 e−tB

)

.

Clearly, 1) is equivalent to the fact thatT (t)C ⊆ C for all t ≥ 0, whereC is
the convex set given by (2.6).

Assume that1) holds. By Theorem 2.2, we haveP(D(a) × D(b)) ⊆
D(a)×D(b). Using (2.7), we obtain thatD(a) is an ideal ofD(b).

Let u, v ∈ D(a) be such thatuv ≥ 0. In particular,uv = |u||v|. By
Lemma 1.56, wehave

<a(u, v)= lim
t→0

<1
t
(u− e−tAu; v)

= lim
t→0

<1
t
(|u| − sign(v)e−tAu; |v|)

≥ lim sup
t→0

<1
t
(|u| − e−tB|u|; |v|)

= b(|u|, |v|).

This proves 3).
To prove that 3) implies 2), we picku ∈ D(a), v ∈ D(b) such that

|v| ≤ |u|. Hence|v|sign u ∈ D(a) andu|v|sign(u) ≥ 0. So by assertion3),

<a(u, |v|sign u) ≥ b(|u|, |vsign u|) = b(|u|, |v|).

Finally, we prove that 2) implies 1). Let(u, v) ∈ D(a) × D(b). Since
|u| ∈ D(b) and the semigroup(e−tB)t≥0 is positive, we obtain(|u|+ |u| ∧
<v)+ ∈ D(b) (see Theorem 2.6 and Proposition 2.20). For the same reason,
(|u| ∨ <v + <v)+ ∈ D(b). SinceD(a) is an ideal ofD(b), we obtain
(|u|+ |u|∧<v)+sign u ∈ D(a). Thus,P(D(a)×D(b)) ⊆ D(a)×D(b) =
D(c), whereP is give by (2.7).

Sinceu ∈ D(a) and 1
2(|u|+ |u| ∧ <v)+ ∈ D(b), we apply 2) to obtain

<a
(

u, u− 1
2
(|u|+ |u| ∧ <v)+sign u

)

=<a
(

u, [|u| − 1
2
(|u|+ |u| ∧ <v)+]sign u

)

≥ b
(

|u|, |u| − 1
2
(|u|+ |u| ∧ <v)+

)

.
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Hence, forevery(u, v) ∈ D(a)×D(b),

<c((u, v), (u, v)− P(u, v))≥ b
(

|u|, |u| − 1
2
(|u|+ |u| ∧ <v)+

)

+ b
(

v, v − 1
2
(|u| ∨ <v + <v)+

)

=<d((|u|, v), (|u|, v)−P(|u|, v)),

whered is the form given by

d(U0, U1) = b(u0, u1) + b(v0, v1),
D(d)= D(b)×D(b), U0 = (u0, v0), U1 = (u1, v1).

The semigroup associated withd is given byS(t) =
(

e−tB 0
0 e−tB

)

(t ≥

0). The positivity of(e−tB)t≥0 implies thatS(t)C ⊆ C for all t ≥ 0 (again
C is given by (2.6)). Thus, by Theorem 2.2

<d((|u|, v), (|u|, v)− P(|u|, v)) ≥ 0.

Thus, we have proved

<c((u, v), (u, v)− P(u, v)) ≥ 0.

We again apply Theorem 2.2 to conclude thatT (t)C ⊆ C for all t ≥ 0. 2

COROLLARY 2.22 Assume thata andb are restrictions of a forms whose
associated semigroup is positive. Assume in addition that(e−tB)t≥0 is pos-
itive. Then the following assertions are equivalent:
1) (e−tA)t≥0 is dominated by(e−tB)t≥0.
2) D(a) is an ideal ofD(b).

Proof. Let (u, v) ∈ D(a) × D(b) be such that|v| ≤ |u|. By assumption,
the semigroup associated with the forms is positive, hence by Proposition
2.20

<s(u, |v|sign u) ≥ s(|u|, |v|).

Using this, we have

<a(u, |v|sign u)=<s(u, |v|sign u)
≥ s(|u|, |v|)
= b(|u|, |v|).

The conclusion follows from Theorem 2.21. 2
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We consider now the situation where the two semigroups(e−tA)t≥0 and
(e−tB)t≥0 are positive. Clearly, in this case, it is enough to consider only
non-negativef in the domination property. This leads to a simplification in
the characterization of the domination. In particular, the ideal property co-
incides now with the known notion of lattice ideal in Banach lattice spaces.3

More precisely, we have

PROPOSITION 2.23 Assume that the semigroups(e−tA)t≥0 and(e−tB)t≥0
are both positive. If(e−tA)t≥0 is dominated by(e−tB)t≥0 thenD(a) ⊆
D(b). Moreover, the following are equivalent:
1) D(a) is an ideal ofD(b).
2) If 0 ≤ v ≤ u, u ∈ D(a) andv ∈ D(b) thenv ∈ D(a).
3) If |v| ≤ |u|, u ∈ D(a) andv ∈ D(b) thenv ∈ D(a).

Proof. Let u ∈ D(a). Since(e−tA)t≥0 is positive, we have<u, (<u)+ ∈
D(a) (cf. Theorem 2.6). SinceD(a) is an ideal ofD(b), we have(<u)+ =
|(<u)+| ∈ D(b). The same argument applied to−u, yields then<u ∈
D(b). Applying this with iu if necessary, we conclude thatu ∈ D(b).
Thus,D(a) ⊆ D(b).

Assume now that assertion 2) is satisfied. Let(u, v) ∈ D(a)×D(b) such
that|v| ≤ |u|. We have to show thatvsign u ∈ D(a). In fact,<(v)sign u ∈
D(b) sinceD(b) is an ideal of itself by Proposition 2.20. By the same
proposition, one has|u| ∈ D(a). Since0 ≤ (<(v)sign u)+ ≤ |u|, and that
(<(v)sign u))+ ∈ D(b) by Theorem 2.6, we obtain from assertion 2) that
(Re(v)sign u))+ ∈ D(a). Using also this for−v andiv if necessary, we
obtainvsign u ∈ D(a). This shows that 2) implies 1).

Finally, we show that 1) implies 3). For, let|v| ≤ |u| with u ∈ D(a) and
v ∈ D(b). Thenvsign u ∈ D(a) ⊆ D(b). But |vsign u| ≤ |u|, and this
implies again thatvsign u sign u ∈ D(a), that is,v ∈ D(a). 2

THEOREM 2.24 Assume that the two semigroups(e−tA)t≥0 and(e−tB)t≥0
are positive. The following assertions are equivalent:
1) (e−tA)t≥0 is dominated by(e−tB)t≥0.
2) D(a) is an ideal ofD(b) anda(u, v) ≥ b(u, v) for all u, v ∈ D(a)∩H+.

Proof. Theorem 2.21 shows that 1) implies 2).
Conversely, letu, v ∈ D(a) be such thatuv ≥ 0. Because of (2.5)we can
apply Theorem 2.21 witha in place ofb and then obtain

<a(u, v) ≥ a(|u|, |v|).

This and assertion 2) imply

<a(u, v) ≥ a(|u|, |v|) ≥ b(|u|, |v|).

3This is why we used the terminology of ”ideal” in Definition 2.19.
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The conclusionfollows again from Theorem 2.21. 2

Remark. 1) The results in this section are true if instead of assuming that
both forms are accretive we merely assume that<a(u, u) ≥ −c1‖u‖2

H and
<b(u, u) ≥ −c2‖u‖2

H with c1 andc2 two positive constants. In fact, letc =
max{c1, c2}; then the forms(a + c) and(b + c) are accretive. It is clear
that (e−tA)t≥0 is dominated by(e−tB)t≥0 if and only if (e−cte−tA)t≥0 is
dominated by(e−cte−tB)t≥0.

2) The assumption that the forms are densely defined can be removed in
all the above results. See Section 2.6 below.

3) The method presented in this section can be used in other circum-
stances. For example, to characterize the property

φ(e−tAf) ≤ e−tBφ(f)

for some convex functionφ : R → R, one can apply Theorem 2.2 to the

semigroup

(

e−tA 0
0 e−tB

)

and the convex set

C = {(u, v) ∈ H ×H, φ(u) ≤ v}.

2.4 OPERATIONS ON THE FORM-DOMAIN

A normal contraction onC is a functionp : C→ C which satisfies

p(0) = 0 and |p(x)− p(y)| ≤ |x− y| for all x, y ∈ C.

Givenu ∈ H = L2(X, µ,C), we definep(u) to be the composition func-
tion p(u)(x) = p(u(x)). It is well known that normal contractions operate
on the Sobolev spaceH1(Rn), that is,p(u) ∈ H1(Rn) for every normal
contractionp and everyu ∈ H1(Rn). More generally, it is well known that
normal contractions operate on the domain of any symmetric Dirichlet form
(the latter means a symmetric form whose semigroup is sub-Markovian).
We prove this in the next result. We also show a similar result for forms
whose associated semigroup is merelyL∞-contractive.

THEOREM 2.25 Assume thata is a densely defined, accretive, and closed
symmetric form onH = L2(X, µ,C). The following assertions are equiva-
lent:
1) The semigroup(e−tA)t≥0 is sub-Markovian.
2) p(D(a)) ⊆ D(a) anda(p(u), p(u)) ≤ a(u, u) for everyu ∈ D(a) and
every normal contractionp.
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Proof. Choosing the functionsp(z) = (<z)+ andp(z) = (1 ∧ |z|)sign z
and applying Theorems 2.7 and 2.14, we see that 2) implies 1).

Assume now that(e−tA)t≥0 is sub-Markovian. Using Lemma 1.56, we
see that it is enough to prove that for everyt > 0 and everyu ∈ H,

(p(u)− e−tAp(u); p(u)) ≤ (u− e−tAu;u).

By a density argument, it is enough to prove this inequality for functions
u =

∑n
i=1 αiχAi , whereAi are disjoint measurable subsets ofX such that

µ(Ai) < ∞. HereχAi denotes the characteristic function ofAi. Thus, we
need to prove that

n
∑

i,j=1

(χAi − e−tAχAi ;χAj )p(αi)p(αj) ≤
n

∑

i,j=1

(χAi − e−tAχAi ; χAj )αiαj .

Set

bij := (χAi − e−tAχAi ; χAj ), λi := (χAi ; χAi), aij := (e−tAχAi ;χAj ).

Sincee−tA is self-adjoint, we have
∑

i,j

bijp(αi)p(αj) =
∑

i<j

aij |p(αi)− p(αj)|2 +
∑

j

[λj −
∑

i

aij ]|p(αj)|2.

The sub-Markovian property of the semigroup implies thataij ≥ 0 and
∑n

i=1 aij ≤ λj . Using this and the fact thatp is a normal contraction we
obtain the desired inequality. 2

In the next proposition we show that if(e−tA)t≥0 is L∞-contractive, then
it is dominated by a sub-Markovian semigroup. More precisely,

PROPOSITION 2.26 Assume that(T (t))t≥0 is strongly continuous semi-
group onL2(X,µ,C) which is contractive onLp(X,µ,C) for everyp ∈
[1,∞]. Then there exists a sub-Markovian semigroup(T�(t))t≥0 which sat-
isfies

|T (t)u| ≤ T�(t)|u| for all t ≥ 0, u ∈ Lp(X, µ,C).

Moreover, any other semigroup which dominates(T (t))t≥0 also dominates
the semigroup(T�(t))t≥0.4

Proof. For eacht ≥ 0, the operatorT (t) is a contraction onL1(X,µ,C).
Thus by a result of Chacon and Krengel [ChKr64], it has a modulus operator
|T (t)| ∈ L(L1(X, µ,C)), defined for0 ≤ f ∈ L1(X,µ,C) by

|T (t)|f := sup
|g|≤f

|T (t)g| for 0 ≤ f ∈ L1(X, µ,C).

4(T�(t))t≥0 is called themodulus semigroup of(T (t))t≥0.
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Kubokawa [Kub75]5 has shown that the semigroup(T�(t))t≥0 can be de-
fined inL1(X, µ,C) as follows:

T�(r)f := lim
n

∣

∣

∣

∣

T
(

1
2n

)∣

∣

∣

∣

[2nr]

f for r ∈ Q+ and 0 ≤ f ∈ L1(X, µ,C),

where[.] denotes the integer part. For realt ≥ 0, one puts

T�(t)f = lim
r→t,r∈Q+

T�(r)f.

Now it is clear thatT�(t) satisfies0 ≤ T�(t)f ≤ 1 for 0 ≤ f ≤ 1. Hence
(T�(t))t≥0 is a sub-Markovian semigroup.

Assume that(S(t))t≥0 is a positive semigroup acting onLp(X, µ,C) for
somep ∈ [1,∞), and which dominates(T (t))t≥0. Then for everyf ∈
L1 ∩ Lp,

∣

∣

∣

∣

T
(

1
2n

)∣

∣

∣

∣

|f |= sup
|g|≤|f |

∣

∣

∣

∣

T
(

1
2n

)

g
∣

∣

∣

∣

≤S
(

1
2n

)

|f |.

Hence, it follows from the definition ofT�(r) that

T�(r)|f | ≤ S(r)|f |

for eachr ∈ Q+. This implies the last claim of the proposition. 2

The next result shows how normal contractions operate on domains of
forms whose semigroup is merelyL∞-contractive.

THEOREM 2.27 Assume that the forma is densely defined, accretive, con-
tinuous, and closed. If the semigroups(e−tA)t≥0 and its adjoint(e−tA∗)t≥0
are bothL∞-contractive, then:
p(|u|)sign u ∈ D(a) for everyu ∈ D(a) and every normal contractionp.

Proof. If (e−tA)t≥0 and its adjoint(e−tA∗)t≥0 areL∞-contractive, then the
semigroup(e−tB)t≥0 associated to the symmetric partb = 1

2(a + a∗) is
L∞-contractive.This can be seen by applying Theorem 2.13 to both forms
a anda∗. It follows now that(e−tB)t≥0 acts as a contraction semigroup on
Lq(X,µ,C) for everyq ∈ [1,∞). By the previous proposition, there exists
a modulus semigroup(T�(t))t≥0 of (e−tB)t≥0. We have also seen in the
proof of the latter proposition that(T�(t))t≥0 is a contraction semigroup
onLq(X, µ,C) for 1 ≤ q < ∞.

5See also Kipnis[Kip74].
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The semigroup(T�(t))t≥0 dominates(e−tB)t≥0 on L2(X, µ,C); then
by taking the adjoints, we obtain that(T�(t)∗)t≥0 dominates(e−tB)t≥0.
Hence,(T�(t)∗)t≥0 dominates(T�(t))t≥0. We deduce from this thatT�(t)
is self-adjoint for eacht ≥ 0. This implies that the generator of(T�(t)∗)t≥0,
say−C, is a self-adjoint operator. Letc be the symmetric non-negative
(i.e., accretive) form whose associated operator isC (c exists by Theorem
1.57). Theorem 2.21 asserts thatD(a)(= D(b)) is an ideal ofD(c). Now
let u ∈ D(a) andp be a normal contraction. Since|u| ∈ D(c), we have
p(|u|) ∈ D(c) by Theorem 2.25. But|p(|u|)| ≤ |u| and using again the fact
thatD(a) is an ideal ofD(c), we obtainp(|u|)sign u ∈ D(a). 2

THEOREM 2.28 Leta and(e−tA)t≥0 be as in the previous theorem.
1) If (e−tA)t≥0 and(e−tA∗)t≥0 are sub-Markovian, thenuv ∈ D(a) for all
u, v ∈ D(a) ∩ L∞(X, µ,C).
2) If (e−tA)t≥0 and (e−tA∗)t≥0 are L∞-contractive, thenu|v| ∈ D(a) for
all u, v ∈ D(a) ∩ L∞(X,µ,C).

Proof. Let b, c, B, andC be as in the proof of Theorem 2.27. Note that
if (e−tA)t≥0 and (e−tA∗)t≥0 are sub-Markovian, then(e−tB)t≥0 is sub-
Markovian, too; and if(e−tA)t≥0 and(e−tA∗)t≥0 areL∞-contractive, then
so is(e−tB)t≥0 (apply Theorems 2.6 and 2.13).

1) Usinguv = 1
2(u + v)2 − 1

2u2 − 1
2v2, it is enoughto prove thatu2 ∈

D(a) = D(b) for all u ∈ D(a) ∩ L∞(X, µ,C). In order to show this, we
use the same idea as in the proof of Theorem 2.25. Letu =

∑n
i=1 αiχAi ,

whereAi are disjoint measurable subsets with finite measure. Setbij :=
(χAi − e−tBχAi ;χAj ), λi := (χAi ; χAi) andaij := (e−tBχAi ; χAj ). Since
e−tB is self-adjoint, we have

(u2 − e−tBu2, u2)=
∑

i,j

bijα2
i αj

2

=
∑

i<j

aij |α2
i − α2

j |2 +
∑

j

[

λj −
∑

i

aij

]

|α2
j |2

≤ 4 sup
i
|αi|2

∑

i<j

aij |αi − αj |2

+sup
i
|αi|2

∑

j

[

λj −
∑

i

aij

]

|αj |2.

To obtain the last inequality, we have used the facts thataij ≥ 0 andλj −
∑

i aij ≥ 0 which follow from the sub-Markovian property of(e−tB)t≥0.
Thus, we have proved

(u2 − e−tBu2; u2) ≤ 4‖u‖2
∞(u− e−tBu; u).
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This inequalityextends to allu ∈ L2(X, µ,C) ∩ L∞(X,µ,C). An ap-
plication of Lemma 1.56 shows thatu2 ∈ D(b) = D(a) for all u ∈
D(a) ∩ L∞(X, µ,C).

2) As in the proof of Theorem 2.27, we construct a symmetric formc
whose associated semigroup is sub-Markovian and such thatD(a)(= D(b))
is an ideal ofD(c). Now if u, v ∈ D(a) ∩ L∞(X, µ,C), then |u|, |v| ∈
D(c) ∩ L∞(X,µ,C). In addition, assertion 1) gives|u||v| ∈ D(c). Using
now

|u||v| ≤ ‖v‖∞|u|

and the fact thatD(a) is an ideal ofD(c), we obtain assertion 2). 2

2.5 SEMIGROUPS ACTING ON VECTOR-VALUED FUNCTIONS

In this section, we analyze semigroups acting on vector-valued functions.
Let us first fix notation. LetK be a Hilbert space with scalar product<
., . >K and associated norm|.|K . Let H := L2(X, µ,K) be the space of
measurable functionsf such that

‖f‖ :=
[ ∫

X
|f(x)|2Kdµ(x)

]1/2

< ∞.

Here(X, µ) is a σ-finite measure space. As above we denote by‖.‖ and
(.; .) the norm and scalar product ofH, that is,

(u; v) :=
∫

X
< u(x), v(x) >K dµ(x) for all u, v ∈ H

and‖u‖ =
√

(u; u).
Let ã be a denselydefined, accretive, continuous, and closed sesquilinear
form on H. We denote byÃ the operator associated with̃a. The operator
−Ã generates a contraction semigroup(e−tÃ)t≥0 onH = L2(X, µ, K).

In this section we study the question of extending the semigroupe−tÃ to
a contraction semigroup onLp(X,µ, K) for p 6= 2. In order to do this, we
will study two properties. The first property isL∞-contractivity:

‖e−tÃu‖L∞(X,µ,K) ≤ ‖u‖L∞(X,µ,K),

for all u ∈ L2(X, µ,K) ∩ L∞(X, µ,K) and allt ≥ 0.
As in the scalar case, if(e−tÃ)t≥0 is L∞-contractive then it extends to

a strongly continuous semigroup onLp(X,µ, K) for 2 ≤ p < ∞. The
same conclusion holds for1 ≤ p ≤ 2 if the adjoint semigroup(e−tÃ∗)t≥0
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is L∞-contractive. If both(e−tÃ)t≥0 and(e−tÃ∗)t≥0 areL∞-contractive,

then the semigroup(e−tÃ)t≥0 extends to a strongly continuous semigroup
onLp(X,µ, K), 1 ≤ p < ∞. The strong continuity onL1(X, µ, K) can be
shown by similar arguments as in the scalar case (see Section 2.2).

There is a second way which allows us to extend(e−tÃ)t≥0 to a con-
traction semigroup onLp(X,µ, K) spaces. It consists of finding a sub-
Markovian semigroup(e−tA)t≥0 acting onL2(X, µ,R) which satisfies the
domination property

|e−tÃu(.)|K ≤ e−tA|u|K(.) for all t ≥ 0, u ∈ H.

As above, if this property holds, we say that(e−tÃ)t≥0 is dominated by
(e−tA)t≥0.

We have studied both properties in previous sections in the scalar-valued
caseK = C orR. We will see here that the same results hold in the vector-
valued setting.

We definesign u as in the scalar case by replacing the absolute value by
the norm ofK. That is

sign u(x) =

{

u(x)
|u(x)|K if u(x) 6= 0,

0 if u(x) = 0,

for u ∈ H = L2(X, µ,K). We also use the notation|u|K for the function
x 7→ |u(x)|K .

THEOREM 2.29 The following assertions are equivalent:
1) The semigroup(e−tÃ)t≥0 is L∞-contractive.
2) u ∈ D(ã) =⇒ (1 ∧ |u|K)sign u ∈ D(ã) and
<ã(u, u− (1 ∧ |u|K)signu) ≥ 0.
3) u ∈ D(ã) =⇒ (1 ∧ |u|K)sign u ∈ D(ã) and
<ã((1 ∧ |u|K)sign u, u− (1 ∧ |u|K)sign u) ≥ 0.

3´) There exists a coreD of ã such that(1 ∧ |u|K)sign u ∈ D(ã) and
<ã((1 ∧ |u|K)sign u, u− (1 ∧ |u|K)sign u) ≥ 0 for all u ∈ D.
If the form ã is symmetric, then the above assertions are equivalent to

each of the following:
4) u ∈ D(ã) =⇒ (1 ∧ |u|K)sign u ∈ D(ã) and

ã((1 ∧ |u|K)sign u, (1 ∧ |u|K)sign u) ≤ ã(u, u).
4´) There exists a coreD of ã such that(1 ∧ |u|K)sign u ∈ D(ã) and

ã((1 ∧ |u|K)sign u, (1 ∧ |u|K)sign u) ≤ ã(u, u) for all u ∈ D.

Proof. It is easy to see thatL∞-contractivity is equivalent to the fact that
for everyu ∈ L2(X, µ, K) ∩ L∞(X, µ,K),

|u|K ≤ 1 =⇒ |e−tÃu|K ≤ 1 for all t ≥ 0.
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The latterproperty is equivalent to the fact that the semigroup(e−tÃ)t≥0
leaves invariant the closed convex set (ofH) given by

C = {u ∈ L2(X,µ, K), |u|K ≤ 1}.

The projection ofL2(X, µ,K) ontoC is given byPu = (1 ∧ |u|K)sign u.
Applying Theorems 2.2 and 2.3 we obtain the above result. 2

Now leta be a densely defined, accretive, continuous, and closed form on
L2(X, µ,R). Denote by(e−tA)t≥0 its associated semigroup. We have

THEOREM 2.30 Assume that(e−tA)t≥0 is positive. The following asser-
tions are equivalent:
1) (e−tÃ)t≥0 is dominated by(e−tA)t≥0.
2) D(ã) is an ideal ofD(a) and<ã(u, |f |sign u) ≥ a(|u|K , |f |) for all
(u, f) ∈ D(ã)×D(a) such that|f | ≤ |u|K .
3) D(ã) is an ideal ofD(a) and<ã(u, v) ≥ a(|u|K , |v|K) for all u, v ∈
D(ã) such that< u, v >K= |u|K |v|K .

Here, we say thatD(ã) is an ideal ofD(a) if the following two properties
are satisfied:
i) u ∈ D(ã) =⇒ |u|K ∈ D(a).
ii) If u ∈ D(ã), f ∈ D(a) are such that|f | ≤ |u|K , then|f |sign u ∈ D(ã).

Proof. Again the proof is very similar to the case of scalar-valued functions.
Suppose that assertion 1) holds. Define the formc on H := L2(X, µ, K)×
L2(X,µ,R) by

c(U, V ) = ã(u, v)+a(f, g), U =(u, f), V =(v, g) ∈ D(c) = D(ã)×D(a).

The semigroup generated byc onH is given by

e−tc :=
(

e−tÃ 0
0 e−tA

)

for all t ≥ 0.

The domination property is equivalent to the fact that the semigroupe−tc

leaves invariant the closed convex set

C := {(u, f) ∈ L2(X,µ, K)× L2(X,µ,R), |u|K ≤ f}.

The projectionP ontoC is given by

P(u, f) =
1
2

([

|u|K + (<f) ∧ |u|K
]+

sign u,
[

|u|K ∨ <f + <f
]+)

.

Theorem 2.2, together with the fact that<f, (<f)+ ∈ D(a) for all f ∈
D(a) due to the positivity of(e−tA)t≥0 (see Theorem 2.6) imply thatD(ã)
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is an ideal ofD(a). For u, v ∈ D(ã) such that< u, v >K= |u|K |v|K we
have by Lemma 1.56

<ã(u, v)= lim
t→0

1
t
<(u− e−tÃu; v)

= lim
t→0

1
t
<

∫

X
< u(x)− e−tÃu(x), v(x) >K dµ(x)

≥ lim sup
t→0

1
t

∫

X
[|u(x)|K − |e−tÃu(x)|K ]|v(x)|Kdµ(x)

≥ lim sup
t→0

1
t

∫

X
[|u(x)|K − e−tA|u|K(x)]|v(x)|Kdµ(x)

= a(|u|K , |u|K).

This showsassertion 3).
If 3) holds, then for(u, f) ∈ D(ã)×D(a) such that|f | ≤ |u|K we have

|f |sign u ∈ D(ã) and< u, |f |sign u >K= |u|K ||f |. Applying 3) tou and
|f |sign u yields 2).

The proof that 2) implies 1) is exactly the same as in the scalar case. The
idea is to show that

<c((u, f), (u, f)−P(u, v)) ≥ 0

for all (u, f) ∈ D(c) = D(ã)×D(a) and apply Theorem 2.2. 2

Remark. 1) If we assume in addition that(e−tA)t≥0 is sub-Markovian,

then the domination property allows us to extend(e−tÃ)t≥0 to a strongly
continuous semigroup onLp(X, µ,K) for all 2 ≤ p < ∞.

2) We have written the results of this section in the case whereK is a
Hilbert space, but we could include the case whereK is a vector bundle
over X equipped with an inner product< ., . >x on each fiberKx. The
inner product< ., . >x depends measurably onx and eachKx is a Hilbert

space with respect to the norm|.|x :=< ., . >
1
2
x . The scalar productof

H = L2(X, µ, K) is given by(u; v) =
∫

X < u(x), v(x) >x dm(x). In
this situation,L∞-contractivity is equivalent to the fact that the semigroup
(e−tÃ)t≥0 leaves invariant the closed convex set

C := {u ∈ L2(X,m, K), |u(x)|x ≤ 1 (µ a.e.)}.

We then obtain Theorem 2.29 with|.|K replaced by|.|x in the statements.
Similarly, Theorem 2.30 holds in this setting, too.

Consider as above, a sesquilinear formã on L2(X, µ,K) and denote by
(e−tÃ)t≥0 its associated contraction semigroup. LetR : X → L(K) be
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a field of bounded linear operators onK and assume that the mapx 7→<
R(x)u(x), u(x) >K is measurable for allu ∈ L2(X, µ, K). We define the
perturbed form̃b := ã +R by

b̃(u, v)= ã(u, v) +
∫

X
< R(x)u(x), v(x) >K dµ(x),

D(b̃)=
{

u ∈ D(ã),
∫

X
| < R(x)u(x), u(x) >K |dµ(x) < ∞

}

(in the sequel, we shall write for simplicity< R(x)u, u >K instead of
< R(x)u(x), u(x) >K). We assume that the form̃b is densely defined,
accretive, continuous, and closed. Denote by(e−tB̃)t≥0 its associated semi-
group onL2(X, µ, K). Note that if the familyR(x) consists of compact
self-adjoint operators onK then we can write (analogous to Schrödinger
operators)R = R+ − R−, where< R±(x)u, u >K≥ 0. This can be
seen by puttingR+(x)ξ = R(x)ξ if ξ belongs to the eigenspace corre-
sponding to some non-negative eigenvalue ofR(x) and= 0 otherwise, and
R− = (−R)+. Now the questions of continuity and closability ofb̃ can
be studied more easily because this form can be seen as the perturbation
of ã + R+ (which is the sum of two accretive forms) by−R−, which is
assumed to be (̃a +R+)-bounded with bound less than1.

PROPOSITION 2.31 Suppose that(e−tÃ)t≥0 is L∞-contractive. Then the

semigroup(e−tB̃)t≥0 is L∞-contractive if and only if

<
∫

X
< R(x)u, u >K

1
|u|2K

(|u|K − 1)+dµ

≥ −<ã((1 ∧ |u|K)sign u, (|u|K − 1)+sign u),

for all u ∈ D(b̃). In particular, if < < R(x)u, u >K ≥ 0 (for a.e.x ∈ X
and allu ∈ L2(X, µ, K)), then(e−tB̃)t≥0 is L∞-contractive.

The proof is a simple application of Theorem 2.29 and the obvious remark
that

< R(x)(1 ∧ |u|K)sign u, u− (1 ∧ |u|K)sign u >K

=< R(x)u, u >K
1
|u|2K

(|u|K − 1)+.

Note that if ã is symmetric and theR(x) are self-adjoint operators onK,
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then the inequality in this proposition can be replaced by

∫

X
< R(x)u, u >K (1− 1

|u|2K
(1 ∧ |u|K)2)dµ

≥ ã((1 ∧ |u|K)sign u, (1 ∧ |u|K)sign u)− ã(u, u).

Now let (e−tA)t≥0 be the semigroup onL2(X,µ,R) associated with a
form a and letV : X → R be a measurable function. Define as above the
form b := a+V, which we assume to satisfy the usual conditions. Denote by
(e−tB)t≥0 its associated semigroup onL2(X,µ,R). SinceV is real-valued,
if (e−tA)t≥0 is positivity preserving then the same holds for(e−tB)t≥0. This
can be seen by applying Theorem 2.6, sincea(u+, u−) + (V u+, u−) =
a(u+, u−) ≤ 0.

PROPOSITION 2.32 Suppose that(e−tÃ)t≥0 is dominated by(e−tA)t≥0
and suppose that

< < R(x)u(x), u(x) >K ≥ V (x)|u(x)|2K for all u ∈ D(b̃).

Then(e−tB̃)t≥0 is dominated by(e−tB)t≥0.

Proof. By Theorem 2.30, if(e−tÃ)t≥0 is dominated by(e−tA)t≥0, then
D(ã) is an ideal ofD(a) and

<ã(u, |f |sign u) ≥ a(|u|K , |f |)

for all (u, f) ∈ D(ã)×D(a) such that|f | ≤ |u|K .
Now it is easy to see that this implies thatD(b̃) is an ideal ofD(b) and

this inequality holds if we replacẽa anda by b̃ andb, respectively. We apply
Theorem 2.30 again to conclude. 2

If, for example, theR(x) are self-adjoint compact operators onK, then
the above proposition can be applied by takingV (x) to be the smallest
eigenvalue ofR(x).

These results can be applied to study systems of evolution equations inLp

spaces. For a system ofn equations,K = Cn andÃ (the operator associated
with the formã) andR(x) aren× n matrix operators. The operator̃A +R
can be studied onL2(X, µ, K) by the sesquilinear form theory, and if̃A and
R satisfy the the assumptions of Proposition 2.31, one can then extend the
original semigroup defined onL2(X,µ,Cn) to Lp(X, µ,Cn). This allows
one to prove existence and uniqueness of the solution to the system with
initial data inLp(X, µ,Cn) for 2 ≤ p < ∞. The system onLp(X,µ,Cn)
for p ≤ 2 can be treated by duality.
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2.6 SESQUILINEAR FORMS WITH NONDENSE DOMAINS

In the previous sections, we have studied several properties of semigroups
in terms of their sesquilinear forms and we have assumed that the forms are
densely defined. In this section, we show that we can remove this assump-
tion. All the results of the present chapter (except Theorems 2.9, 2.10, and
Corollary 2.11) hold for forms which are not densely defined.

To understand why this situation is of some interest, let us mention, for
example, that in order to compare (in the domination sense) two semigroups
where one is acting onL2(X,µ,R) and the other onL2(Ω, µ,R), whereΩ is
an open set ofX, then the sesquilinear form associated with the semigroup
acting onL2(Ω, µ,R) can be seen as a form onL2(X, µ,R) which is not
densely defined.

Our approach to obtain criteria for positivity,L∞-contractivity, and dom-
ination of semigroups is based on Theorems 2.2 and 2.3. Therefore, these
criteria hold once we extend the latter two theorems to the case of forms
which are not densely defined.

Let H be a general Hilbert space as in Section 2.2 and leta be an accre-
tive, continuous, and closed form. There exists an associated operatorA act-
ing on the closure (with respect with the norm ofH) D(a) of D(a). The op-
erator−A generates onD(a) a semigroup whichwe denote by(e−tA)t≥0.
We extend this semigroup toH by putting

T (t)u =
{

e−tAu if u ∈ D(a),
0 if u ∈ D(a)⊥,

whereD(a)⊥ denotes thecomplement ofD(a) in H.
Now let C be a closed convex set ofH and letP be the projection ofH

ontoC. We have

THEOREM 2.33 The following assertions are equivalent:
1) T (t)C ⊆ C for all t ≥ 0.
2)P(D(a)) ⊆ D(a) and<a(u, u− Pu) ≥ 0 for all u ∈ D(a).
3)P(D(a)) ⊆ D(a) and<a(Pu, u− Pu) ≥ 0 for all u ∈ D(a).
3´) There exists a coreD of a such thatP(D) ⊆ D(a) and
<a(Pu, u− Pu) ≥ 0 for all u ∈ D.
If the forma is symmetric, then 1) is equivalent to each of the following

assertions:
4)P(D(a)) ⊆ D(a) anda(Pu,Pu) ≤ a(u, u) for all u ∈ D(a).
4´) There exists a coreD of a such thatP(D) ⊆ D(a) anda(Pu,Pu) ≤
a(u, u) for all u ∈ D.
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Proof. Denote byQ the orthogonal projection ofH ontoD(a). If 1) holds,
thenin particularT (0)C ⊆ C, that is,

QC ⊆ C. (2.8)

This implies that

P(D(a)) ⊆ D(a). (2.9)

Indeed, foru ∈ D(a) and everyv ∈ C, we have

‖u−QPu‖ = ‖Qu−QPu‖ ≤ ‖u− Pu‖ ≤ ‖u− v‖.

But QPu ∈ C because of (2.8). It follows then from the definition of the
projection thatPu = QPu, which gives (2.9).

Clearly,D(a) ∩ C is a closed convex subset ofD(a). In addition, since
P(D(a)) ⊆ D(a) ∩ C (remember (2.9))it follows that D(a) ∩ C is not
empty. It is also clear that the projection ofD(a) ontoD(a)∩C isP. Thus,
Theorem 2.2applied toa considered as a form onD(a) and to theconvex
setD(a) ∩ C showsthat assertion 1) implies each of the other assertions of
the theorem.

Conversely, assume that one of the assertions 2), 3), 3´) (or 4), 4´) in the
symmetric case) holds. Using the continuity ofP and the fact thatP(D) ⊆
D(a) we obtain (2.9). In particular, the closed convex setD(a) ∩ C is not
empty. Theorem 2.2 applied again toa and the convex setD(a) ∩ C gives

e−tA(D(a) ∩ C) ⊆ D(a) ∩ C for all t ≥ 0. (2.10)

Now we show that (2.9) implies (2.8). Letu ∈ C andv ∈ D(a). As
above,

‖u− PQu‖ = ‖Pu− PQu‖ ≤ ‖u−Qu‖ ≤ ‖u− v‖.

It follows from (2.9) thatPQu ∈ D(a) and since theabove inequality holds
for all v ∈ D(a), we conclude thatPQu = Qu and hence (2.8) holds.

SinceT (t)u = e−tAQu for all u ∈ H, we conclude from (2.8) and (2.10)
that assertion 1) holds. This finishes the proof. 2

Based on this result, our approach in the previous sections to obtaining
criteria for positivity,L∞-contractivity, and the domination is still valid for
forms with not necessarily dense domains. Thus all those criteria hold for
these forms with(T (t))t≥0 (defined above) in place of(e−tA)t≥0 in the
statements. As we already mentioned, Theorems 2.9, 2.10, and Corollary
2.11 have to be reformulated in this case. Theorem 2.10 and Corollary 2.11
must be written as criteria for invariance under(T (t))t≥0 of L2(Ω, µ,C)
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and notas irreducibility of(T (t))t≥0.

We have shown in the previous proof that condition (2.9) is a neces-
sary condition for the invariance of the convex setC under the action of
(T (t))t≥0. This implies in particular the following properties:
1) Assume thatH = L2(X, µ,C). If (T (t))t≥0 is positive then<u, (<u)+ ∈
D(a) for everyu ∈ D(a).
2) Let H = L2(X, µ, K), whereK is any Hilbert space. If(T (t))t≥0 is
L∞-contractive, then(1 ∧ |u|K)sign u ∈ D(a) for everyu ∈ D(a).
3) Let ã anda be asin Theorem 2.30. Define as above

˜T (t)u =
{

e−tÃu if u ∈ D(ã),
0 if u ∈ D(ã)⊥.

If ( ˜T (t))t≥0 is dominated by(T (t))t≥0, thenD(ã) is an idealof D(a).
This followsby applying (2.9) with

C = {(u, f) ∈ L2(X, µ,K)× L2(X, µ,R), |u|K ≤ f}

and noting that for(u, f) ∈ L2(X, µ,K)× L2(X,µ,R),

P(u, f) =
1
2

([

|u|K + (<f) ∧ |u|K
]+

sign u,
[

|u|K ∨ <f + <f
]+)

.

Notes
Section 2.1. This part is mainly taken from Ouhabaz [Ouh96]. Theorem 2.2 (ex-
cept assertion 4)) is proved in Ouhabaz [Ouh96]. The core version in assertion 4)
of Theorem 2.2 and the remark following its proof were observed by Manavi, Vogt,
and Voigt [MVV01]. Theorem 2.3 (without assertion 3)) is proved in [Ouh96].
Theorem 2.2 is inspired from the work of Brezis and Pazy [BrPa70] (where an
operator version can be found). The same theorem was extended by Barthélemy
[Bar96] to forms that are associated with nonlinear coercive operators.

Section 2.2. The idea of deducing positivity,L∞-contractivity, and domination cri-
teria as corollaries of invariance of closed convex sets comes from [Ouh96]. Propo-
sition 2.5, Theorems 2.6, 2.13 (without assertion 3´)), and Theorem 2.14 (without
assertion 3)) are proved in [Ouh92b] and [Ouh96]. Theorem 2.15 is taken from
Auscher et al. [ABBO00]. A more general definition of irreducibility of semi-
groups can be found in Nagel [Nag86]. It coincides, however, with Definition
2.8 for positive holomorphic semigroups (see again [Nag86]. Remember that the
semigroup associated to a form is holomorphic; see Chapter 1). Theorem 2.9 can
be deduced from a result in Schaefer [Sch74] saying that every closed ideal of



CONTRACTIVITY PROPERTIES 77

L2(X,µ,C) is anL2(Ω, µ,C) for someΩ ⊆ X together with the fact that irre-
ducibility means that the semigroup has no nontrivial closed invariant ideal (see
[Nag86]).

Beurling-Deny criteria can be found in several books, e.g., Fukushima [Fuk80],
Fukushima, Oshima, and Takeda [FOT94], Bouleau and Hirsch [BoHi91], Davies
[Dav89], Ma and R̈ockner [MaR̈o92]. The theory of Dirichlet forms has seen im-
portant developments since the publication of the pioneering papers of Beurling
and Deny [BeDe58], [BeDe59]. This is due to the rich interplay between Dirichlet
forms and Markov processes. We refer the reader to the books [Fuk80], [FOT94],
[BoHi91], and [MaR̈o92] for more information on Dirichlet forms. In [MaR̈o92]
nonsymmetric forms are also considered and criteria are given there for the sub-
Markovian property. As we want to study elliptic operators with complex coef-
ficients as well, we give separate criteria forL∞-contractivity without assuming
positivity.

The arguments used to prove strong continuity onL1 of (e−tA∗)t≥0 (when
(e−tA)t≥0 is L∞-contractive) are taken from Davies [Dav89].

Section 2.3. The results on the domination of semigroups presented here are proved
in Ouhabaz [Ouh96]. The notion of ideal in Definition 2.19 was introduced in that
paper. The implication2) ⇒ 1) in Theorem 2.24 was first proved by Stollmann
and Voigt [StVo96] in the case of symmetric forms. Closed ideals in Dirichlet
spaces are studied in Stollmann [Sto93]. Weak versions of Theorem 2.21 were
proved by Simon [Sim79], Hess, Schrader, and Uhlenbrock [HSU77], and Bérard
[Bér86]. Note that characterizations of the domination of semigroups in terms of
their generators are known and hold in a more general setting of Banach spaces
(see Nagel [Nag86]).

Domination of semigroups plays a crucial role in spectral theory, in particular
in the proof of Cwikel-Lieb-Rozenblum eigenvalue estimates; see Rozenblum and
Solomyak [RoSo97] and Rozenblum [Roz00]. Theorem 2.21 is used by Melgaard,
Ouhabaz, and Rozenblum [MOR03] in order to derive eigenvalue estimates for
Aharonov-Bohm hamiltonians.

Section 2.4. Theorem 2.25 and assertion 1) of Theorem 2.28 are well-known prop-
erties of Dirichlet spaces. Such results and more on Dirichlet spaces can be found in
the books mentioned above [BoHi91], [Fuk80], [FOT94], [MaRö92], and [Dav89].
The proof given here for Theorem 2.25 can be found in [MaRö92] and is based
on similar ideas used in the proof of Theorem XIII.51 in Reed-Simon [ReSi79].
Theorem 2.27 and assertion 2) of Theorem 2.28 seem to be new.

Section 2.5. The section on semigroups acting on vector-valued functions is taken
from Ouhabaz [Ouh99] following a work by Shigikawa [Shi97]. We describe
briefly another application of the results in that section. For details and defini-
tions, see B́erard [B́er86], Chavel [Cha84], Cycon et al. [CFKS87] (Chap. 12),
and Strichartz [Str86]. On a complete Riemannian manifoldM, one considers the
spaceΛk(M) of C∞ differential forms of degreek ≤ dim M. Let d be the exterior
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derivative andδ its formal adjoint. The Hodge-de Rham Laplacian∆̃ acting on
differential forms of degree k is the operator−(dδ + δd). It has a decomposition
(the Weitzenb̈ock formula)∆̃ = ∆+Rk, where∆ is the BochnerLaplacian which
satisfies

|e−t∆w| ≤ e−t∆|w|.

Here∆ is the Laplacian acting on functions (note that we are in the setting de-
scribed in Remark 2) following the proof of Theorem 2.30; in particular, the norm
|.| depends on the point). For a proof of the above domination property, see Hess,
Schrader, and Uhlenbrock [HSU80], Bérard [B́er86], p. 172, or Cycon et al.
[CFKS87], p. 264. Ifλ(x) denotes the smallest eigenvalue ofRk(x), then it fol-
lows from Proposition 2.32 that

|e−t∆̃w| ≤ e−t(∆+λ(x))|w|. (2.11)

In particular, ifλ is non-negative then(e−t∆̃)t≥0 is L∞-contractive.
The domination property (2.11) is also established in Shigikawa [Shi97]. TheL∞-
contractivity (whenλ is non-negative) is proved by Strichartz [Str86], who also
proved negative results to theLp-contractivity for everyp 6= 2.

Section 2.6. This section is taken partly from Thomaschewski [Tho98] and partly
from Bartheĺemy [Bar96].



Chapter Three

INEQUALITIES FOR SUB-MARKOVIAN

SEMIGROUPS

In this chapter we prove certain inequalities for sub-Markovian semigroups
and their generators. A relationship between the sub-Markovian property
and Kato type inequalities for the generator is established. This completes
some of the results of Section 2.2. Note that the operators in consideration
here are not necessarily associated with sesquilinear forms.

Starting with a symmetric sub-Markovian semigroup on someL2-space,
we have seen in the previous chapter that it induces strongly continuous
semigroups on the scale ofLp-spaces. We prove some inequalities for the
corresponding generator onLp. As a consequence, we obtain the holomor-
phy of such semigroups onLp, 1 < p < ∞, with a sector of holomorphy
wider than the usual one obtained by the Stein interpolation theorem. In the
same time, a partial description of the domain of the corresponding genera-
tor onLp is given.

Throughout this chapter,(X, µ) will denote aσ-finite measure space. For
u ∈ Lp(X, µ,C) andv ∈ Lq(X,µ,C) with 1

p + 1
q = 1, weuse the notation

(u; v) :=
∫

X
u(x)v(x)dµ(x).

If u ∈ Lp(X,µ,C) with p ∈ [1,∞), we set

F (u) := |u|p−1sign u, (3.1)

where sign denotes the signum function defined in (2.2). Ifp = 1, then
F (u) = sign u. As in the previous chapter, all inequalities between measur-
able functions are understood in theµ a.e. sense. We use again the notation
(e−tA)t≥0 for the strongly continuous semigroup generated by the operator
−A.

3.1 SUB-MARKOVIAN SEMIGROUPS AND KATO TYPE INEQUALITIES

We consider a strongly continuous semigroup(e−tA)t≥0 on Lp(X,µ,C)
for somep, the following result characterizes in terms of its generator the
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L∞-contractivity of the semigroup.

THEOREM 3.1 Let (e−tA)t≥0 be a contraction semigroup onLp(X, µ,C)
for somep ∈ [1,∞). The following assertions are equivalent:
1) The semigroup(e−tA)t≥0 is L∞-contractive.
2)< (Au;F ((|u| − 1)+sign u)) ≥ 0 for all u ∈ D(A).
3) There exists a coreD of A such that< (Au; F ((|u| − 1)+sign u)) ≥ 0
for all u ∈ D.

Proof. We use the obvious fact that forp > 1

F ((|u| − 1)+sign u) = [(|u| − 1)+]p−1sign u,

and forp = 1, the term in the right-hand side is replaced byχ{|u|>1}sign u,
whereχ{|u|>1} denotes the characteristic function of the set where|u| > 1.

Of course, 2) implies 3). Assume now that assertion 3) holds. By a den-
sity argument, it is clear that the inequality there extends to allu ∈ D(A).
Fix now λ > 0, f ∈ Lp(X, µ,C) with |f | ≤ 1 and apply this inequality
with u = λ(λI + A)−1f. We obtain

<
∫

X
A(λI +A)−1f((|λ(λI +A)−1f |−1)+)p−1sign λ(λI + A)−1fdµ

≥ 0.

In other words, the term

<
∫

X
[fsign λ(λI + A)−1f−|λ(λI+A)−1f |][|λ(λI+A)−1f |−1)+]p−1dµ

is non-negative. Since|f | ≤ 1, it follows that

<[fsign λ(λI + A)−1f−|λ(λI+A)−1f |][(|λ(λI+A)−1f |−1)+]p−1 ≤ 0.

Thus,

<[fsign λ(λI + A)−1f−|λ(λI+A)−1f |][(|λ(λI+A)−1f |−1)+]p−1 = 0.

This implies that|λ(λI + A)−1f | ≤ 1. Since this is true for allλ > 0, we
obtain assertion 1) by the exponential formula as in the prooof of Proposi-
tion 2.1.

Assume that(e−tA)t≥0 is L∞-contractive and letu ∈ D(A). We have

<
(

Au;F ((|u| − 1)+sign u)
)

= lim
t→0

1
t
<(u−e−tAu;F ((|u|−1)+sign u)).

Let us writeu = 1∧|u|sign u+(|u|−1)+sign u, where1∧|u| := inf(1, |u|).
Thus,

<(u− e−tAu)F ((|u| − 1)+sign u) = I1 + I2
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where

I1 = <[1 ∧ |u| − e−tA(1 ∧ |u|sign u)sign u][(|u| − 1)+]p−1

and

I2 = <[(|u| − 1)+ − e−tA((|u| − 1)+sign u)sign u][(|u| − 1)+]p−1.

Since|1 ∧ |u|sign u| ≤ 1 and the semigroup isL∞-contractive, we have
I1 ≥ 0. On the other hand, the semigroup is contractive onLp(X, µ,C), so
it follows from Hölder’s inequality that

∫

X I2dµ ≥ 0. This implies assertion
2) of the theorem. 2

It is clear in this proof that for positive semigroups, one may consider
only non-negativeu ∈ D(A) in assertion 2). This leads to the following
result.

PROPOSITION 3.2 Assume that(e−tA)t≥0 is a positive contraction semi-
group onLp(X,µ,C) for somep ∈ [1,∞). Then the semigroup(e−tA)t≥0
is sub-Markovian if and only if(Au; F ((u − 1)+)) ≥ 0 for all 0 ≤ u ∈
D(A).

The result in this proposition is in the spirit of the following well-known
result which characterizes generators of positive contraction semigroups.

PROPOSITION 3.3 Assume that(e−tA)t≥0 is a contraction semigroup on
Lp(X,µ,C) for somep ∈ [1,∞). Then(e−tA)t≥0 is positive if and only if
it is real and(Au; F (u+)) ≥ 0 for all real u ∈ D(A).

Proof. Assume that(e−tA)t≥0 is a positive semigroup. Letu ∈ D(A) be
real. We have

(u− e−tAu)F (u+)= (u+)p − (e−tAu+)(u+)p−1 + (e−tAu−)(u+)p−1

≥ (u+)p − (e−tAu+)(u+)p−1.

Again,(u+)p−1 has to be replaced byχ{u>0} if p = 1.
The fact that the semigroup is contractive together with Hölder’s inequal-

ity imply that for all t > 0

(u− e−tAu;F (u+)) ≥ 0.

Thus,

(Au;F (u+)) = lim
t→0

1
t
(u− e−tAu;F (u+)) ≥ 0.
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Conversely, letf ∈ Lp(X,µ,C) be such thatf ≤ 0. We apply the in-
equality(Au;F (u+)) ≥ 0, with u = λ(λI + A)−1f whereλ > 0 is fixed.
This gives

∫

X
[f − λ(λI + A)−1f ][(λ(λI + A)−1f)+]p−1dµ ≥ 0.

Sincef ≤ 0, we have

[f − λ(λI + A)−1f ][(λ(λI + A)−1f)+]p−1 ≤ 0,

and hence

[f − λ(λI + A)−1f ][(λ(λI + A)−1f)+]p−1 = 0.

This gives(λ(λI+A)−1f)+ = 0, which means thatλ(λI+A)−1 is positive.
This implies the positivity of the semigroup. 2

In the rest of this section, we will consider only positive semigroups.
Thus, we can assume without restriction that ourLp-spaces are real. Indeed,
if the semigroup(e−tA)t≥0 is positive, then clearly<u ∈ D(A) for every
u ∈ D(A) and the restriction of(e−tA)t≥0 to real parts of elements ofLp is
again a strongly continuous semigroup whose generator is−A with domain
the set of<u with u ∈ D(A).

Recall also that if(e−tA)t≥0 is sub-Markovian, then it induces a strongly
continuous semigroup onLq, for eachq ∈ [p,∞). We will keep the same
notation(e−tA)t≥0 to denote the semigroup obtained onLq for everyq ∈
[p,∞).

Assume that(e−tA)t≥0 is a strongly continuous semigroup onLp(X,µ,R)
for somep ∈ [1,∞). Let J0 be the set of convex functionsj : R→ R such
thatj(0) = 0. We have the following Jensen’s inequality.

PROPOSITION 3.4 The semigroup(e−tA)t≥0 is sub-Markovian if and only
if it satisfies

j(e−tAu) ≤ e−tAj(u),

for all u ∈ Lp(X, µ,R) ∩ L∞(X,µ,R), t ≥ 0 and all j ∈ J0. Herej(u) is
the functionj(u)(x) = j(u(x)).

Proof. Note first thatj ∈ J0 is locally a Lipschitz function and hence for
u ∈ L∞(X,µ,R), j(u) ∈ L∞(X, µ,R). This shows that the quantity
e−tAj(u) makes sense.

Recall that every convex function onR is the supremum of affine func-
tions onR. Fix j ∈ J0 and lets 7→ (ans + bn) be a sequence of functions
onR such that

j(s) = sup
n

(ans + bn), s ∈ R.
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Sincej(0) = 0, it follows that bn ≤ 0 for all n ≥ 0. Thus, if (e−tA)t≥0
is sub-Markovian thenbn ≤ e−tAbn. Hence, for everyu ∈ Lp(X, µ,R) ∩
L∞(X, µ,R), we have the pointwise inequality

ane−tAu + bn ≤ e−tA(anu + bn), t ≥ 0.

Taking the supremum yields

j(e−tAu) ≤ sup
n

e−tA(anu + bn) ≤ e−tAj(u),

where we use the positivity of the semigroup to obtain the second inequality.
Conversely, choosingj(s) = |s|, we obtain for everyt ≥ 0 andu ∈

Lp(X,µ,R), |e−tAu| ≤ e−tA|u|. This gives the positivity of the semigroup.
Choosingj(s) = −(1∧ |s|), we obtaine−tA(1∧ |u|) ≤ 1∧ e−tA|u|, which
implies theL∞-contractivity. 2

Note that every functionj ∈ J0 has at each pointr ∈ R, left and right
derivativesj′L(r) andj′R(r). Recall that

j′L(r) ≤ j′R(r) ≤ j(s)− j(r)
s− r

≤ j′L(s) ≤ j′R(s) for all s > r. (3.2)

It is clear from (3.2) that the interval[j′L(r), j′R(r)] coincides with the set of
real elementsw such that

j(s) ≥ j(r) + w(s− r) for all s ∈ R

The set of suchw is called the subdifferential ofj at the pointr and is
denoted by∂j(r). For a functionu ∈ Lp(X,µ,R), we will write w ∈ ∂j(u)
to mean thatw(x) ∈ ∂j(u(x)) for µ a.e.x ∈ X.

Let us now denote byJ∞0 the subset ofJ0, of functions whose right and
left derivatives are bounded onR. Note that for everyj ∈ J∞0 , there exists
a constantM such that|j(r)| ≤ M |r| for all r ∈ R. Thus,

j(u) ∈ Lp(X, µ,R) for all j ∈ J∞0 and u ∈ Lp(X, µ,R).

It follows in particular that forj ∈ J∞0 the inequality in the previous propo-
sition holds for allu ∈ Lp(X, µ,R).

The sub-Markovian property can be characterized in terms of Kato type
inequalities. More precisely,

THEOREM 3.5 Let (e−tA)t≥0 be a strongly continuous and positive semi-
group onLp(X, µ,R) for somep ∈ [1,∞). The following assertions are
equivalent:
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1) The semigroup(e−tA)t≥0 is sub-Markovian.
2) For everyj ∈ J∞0 , we have

(j(u);A∗φ) ≤ (Au;wφ)

for all 0 ≤ φ ∈ D(A∗), 1 u ∈ D(A) andw ∈ ∂j(u).
3) For everyu ∈ D(A) and every0 ≤ φ ∈ D(A∗),

(χ{u<1}Au;φ) ≤ (1 ∧ u;A∗φ),

whereχ{u<1} denotes the indicator function of the set{x ∈ X,u(x) < 1}.

Proof. We show that 1) implies 2). Letu ∈ D(A), w ∈ ∂j(u), and0 ≤
φ ∈ D(A∗). Sincej ∈ J∞0 , it follows thatw ∈ L∞(X,µ,R). Moreover, we
have from the definition ofw ∈ ∂j(u) and from the previous proposition,

e−tAj(u) ≥ j(e−tAu) ≥ j(u) + w(e−tAu− u) for all t > 0.

Here the expressione−tAj(u) makes sense becausej(u) ∈ Lp(X,µ,R) as
explained above. Thus, since0 ≤ φ, we have fort > 0

1
t
(u− e−tAu; wφ)=

1
t
(w(u− e−tAu);φ)

≥ 1
t
(j(u)− e−tAj(u); φ)

=
1
t
(j(u);φ− e−tA∗φ)

=
(

j(u);
1
t

∫ t

0
e−tA∗A∗φ

)

.

The desired inequality holds by lettingt → 0.
Choosingj(s) = −(1 ∧ s), s ∈ R, we obtain that 2) implies 3).
Assume now that 3) holds. We want to show that(e−tA)t≥0 is sub-

Markovian. Using the formula

e−tAu = lim
n→∞

(

I +
t
n

A
)−n

u for all u ∈ Lp(X, µ,R),

it is enough to show thatλ(λI +A)−1 is sub-Markovian for allλ > 0, large
enough. Letv ∈ Lp(X, µ,R) and0 ≤ ψ ∈ Lq(X, µ,R) with 1

p + 1
q = 1.

We apply 3) withu = λ(λI + A)−1v andφ = ((λI + A)−1)∗ψ to obtain

(χ{λ(λI+A)−1v<1}A(λI + A)−1v; λ((λI + A)−1)∗ψ)

≤ (1 ∧ λ(λI + A)−1v;A∗((λI + A)−1)∗ψ).

1HereA∗ denotes the adjoint operator ofA.
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This inequality can be rewritten as

(χ{λ(λI+A)−1v<1}(v − λ(λI + A)−1v); λ((λI + A)−1)∗ψ)

≤ (1 ∧ λ(λI + A)−1v; ψ − λ((λI + A)−1)∗ψ).

Note that we always have the pointwise inequality

1 ∧ v − 1 ∧ λ(λI + A)−1v
≤ χ{λ(λI+A)−1v<1}(v − λ(λI + A)−1v).

Using this and the fact thatλ(λI + A)−1ψ ≥ 0 (remember that the semi-
group is assumed to be positive) we obtain from the preceding inequalities

(1 ∧ v − 1 ∧ λ(λ + A)−1v; λ((λI + A)−1)∗ψ)
≤ (1 ∧ λ(λI + A)−1v; ψ − λ((λI + A)−1)∗ψ),

and hence

(1 ∧ v;λ((λI + A)−1)∗ψ) ≤ (1 ∧ λ(λI + A)−1v;ψ).

Since this holds for all0 ≤ ψ ∈ Lq(X, µ,R), it follows that for all v ∈
Lp(X,µ,R),

λ(λI + A)−1(1 ∧ v) ≤ 1 ∧ λ(λI + A)−1v.

This implies thatλ(λI + A)−1 is sub-Markovian. 2

Note that the assumption of positivity of the semigroup plays an impor-
tant role in the previous result. The following example shows that without
positivity, the Kato type inequalities above do not imply the sub-Markovian
property.

Example 3.1.1 Consider onL2((0, 1), dx,R) (dx denotes the Lebesgue
measure) the operator

Au = −u′, D(A) = {u ∈ H1(0, 1), u(0) = −u(1)},

whereH1(0, 1) denotes the classical Sobolev space on(0, 1). The operator
−A generates the semigroup(e−tA)t≥0 given by

e−tAu(x) = (−1)nu(x + t− n) if x + t ∈ [n, n + 1] (n ∈ N).

Clearly, the semigroup(e−tA)t≥0 is not sub-Markovian. We show that the
operatorA satisfies assertion 2) of the previous theorem. It is not hard to
see that

D(A∗) = {u ∈ H1(0, 1), u(0) = −u(1)}, A∗u = u′.
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In particular, if φ ∈ D(A∗) is non-negative, thenφ(0) = φ(1) = 0.
Fix 0 ≤ φ ∈ D(A∗) and letu ∈ D(A), j ∈ J∞0 andw ∈ ∂j(u). We have

for a.e.x ∈ (0, 1) andδ small

j(u)(x + δ)− j(u)(x) ≥ w(x)(u(x + δ)− u(x)).

Therefore, forδ > 0
∫ 1

0

j(u)(x + δ)− j(u)(x)
δ

φ(x) ≥
∫ 1

0
w(x)φ(x)

u(x + δ)− u(x)
δ

dx.

Hence,

lim inf
δ↓0

∫ 1

0

j(u)(x + δ)− j(u)(x)
δ

φ(x) ≥ −(Au; wφ).

On the other hand, using the obvious equality

∫ 1

0
j(u)(x + δ)φ(x)dx =

∫ δ+1

δ
j(u)(x)φ(x− δ)dx

and the fact thatφ(0) = φ(1) = 0 one obtains

lim
δ↓0

∫ 1

0

j(u)(x + δ)− j(u)(x)
δ

φ(x)dx =−
∫ 1

0
j(u)(x)φ′(x)dx

=−(j(u);A∗φ).

This shows that the Kato’s inequality of Theorem 3.5 (assertion 2)) holds
for A.

Under an additional assumption, it is possible to characterize the sub-
Markovian property of the semigroup in terms of Kato’s inequality (without
assuming the positivity of the semigroup). We first recall the following
result which characterizes the positivity in terms of Kato’s inequality (see
Theorem 3.8 and Corollary 3.9 in Nagel [Nag86]).

THEOREM 3.6 Let (e−tA)t≥0 be a strongly continuous semigroup acting
on Lp(X, µ,R) for somep ∈ [1,∞). The semigroup(e−tA)t≥0 is positive
if and only if the following two assertions hold:
i) For everyu ∈ D(A) and every0 ≤ φ ∈ D(A∗),

(sign u Au; φ) ≥ (|u|; A∗φ).

ii) There existφ > 0, φ ∈ D(A∗) andλ ∈ R such thatA∗φ ≥ λφ.
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Hereφ > 0 means thatφ(x) > 0 for µ a.e.x ∈ X.
Assume now that the generator−A of (e−tA)t≥0 satisfies the inequality

of assertion 3) in Theorem 3.5. That is,

(χ{u<1}Au; φ) ≤ (1 ∧ u; A∗φ) for all u ∈ D(A), 0 ≤ φ ∈ D(A∗).

Applying this inequality tonu for all n > 0 and noting that1 ∧ nu =
n( 1

n ∧ u), we obtain

(χ{u<1/n}Au; φ) ≤
(

1
n
∧ u; A∗φ

)

for all u ∈ D(A), 0 ≤ φ ∈ D(A∗). Applying this inequality to−u yields

−(χ{u>−1/n}Au; φ) ≤
(

1
n
∧ (−u);A∗φ

)

for all u ∈ D(A), 0 ≤ φ ∈ D(A∗).
The sumof the two inequalities gives

([χ{u<1/n} − χ{u>−1/n}]Au;φ) ≤
(

1
n
∧ u +

1
n
∧ (−u); A∗φ

)

for all u ∈ D(A), 0 ≤ φ ∈ D(A∗). Now if n → +∞, we obtain Kato’s
inequality

(sign u Au;φ) ≥ (|u|;A∗φ) for all u ∈ D(A), 0 ≤ φ ∈ D(A∗).

As a consequence of this and Theorems 3.6 and 3.5, we have

THEOREM 3.7 Let (e−tA)t≥0 be a strongly continuous semigroup acting
on Lp(X,µ,R) for somep ∈ [1,∞). The semigroup(e−tA)t≥0 is sub-
Markovian if and only if the following two properties hold:
i) For everyu ∈ D(A) and every0 ≤ φ ∈ D(A∗),

(χ{u<1}Au;φ) ≤ (1 ∧ u; A∗φ).

ii) There existφ > 0, φ ∈ D(A∗) andλ ∈ R such thatA∗φ ≥ λφ.

It should be mentioned that, in contrast to Theorem 3.1 and Proposition
3.2, the characterization of the sub-Markovian property in terms of Kato
type inequalities holds without assuming that the original semigroup (de-
fined onLp(X,µ,R)) is contractive.

Theorems 3.6 and 3.7 can be used to prove the sub-Markovian property
for perturbed semigroups. We consider below the case of multiplicative
perturbations.
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Assume that(e−tA)t≥0 is a strongly continuous semigroup acting on
Lp(X, µ,R) for somep ∈ [1,∞). Let b : X → R+ be a measurable
function such thatb, 1

b ∈ L∞(X, µ,R). Assume in addition that the op-
erator−bA, with domainD(A), generates a strongly continuous semigroup
(e−tbA)t≥0 onLp(X,µ,R). We have

PROPOSITION 3.8 1) The semigroup(e−tA)t≥0 is positive if and only if
(e−tbA)t≥0 is positive.
2) The semigroup(e−tA)t≥0 is sub-Markovian if and only if(e−tbA)t≥0 is
sub-Markovian.

Proof. Assume that the semigroup(e−tA)t≥0 is positive. We denote by
Lq(X, µ,R) the dual space ofLp(X,µ,R). Clearly,

D((bA)∗) = {ψ ∈ Lq(X, µ,R), bψ ∈ D(A∗)}, (bA)∗ψ = A∗(bψ).

Now let 0 ≤ φ ∈ D((bA)∗) andu ∈ D(bA) = D(A). By Theorem 3.6 we
have

(sign u Au; bφ) ≥ (|u|; A∗(bφ)).

This means thatbA satisfies the Kato inequality of Theorem 3.6. To con-
clude that(e−tbA)t≥0 is positive we have to check condition ii) of the same
theorem. This follows easily since ifφ satisfies ii) forA, then 1

bφ satisfies
ii) for the operatorbA.

The converse follows as above, sinceA = 1
b (bA).

Assume that thesemigroup(e−tA)t≥0 is sub-Markovian. Assertion 1)
implies that the semigroup(e−tbA)t≥0 is positive. In order to conclude that
this semigroup is sub-Markovian, we apply Theorem 3.5. Let0 ≤ φ ∈
D((bA)∗)) andu ∈ D(bA). We have

(χ{u<1}bAu; φ) = (χ{u<1}Au; bφ) ≤ (1 ∧ u; A∗bφ) = (1 ∧ u; (bA)∗φ).

This shows that(e−tbA)t≥0 is sub-Markovian. 2

3.2 FURTHER INEQUALITIES AND THE CORRESPONDING DOMAIN

IN Lp

Let (X, µ) be aσ-finite measure space and assume thata is a densely de-
fined, accretive, and closed symmetric form onL2(X, µ,C). Denote byA
and(e−tA)t≥0 the self-adjoint operator and the semigroup associated with
a. As explained in the previous chapter, if(e−tA)t≥0 isL∞-contractive, then
(e−tA)t≥0 extends to a strongly continuous semigroup onLp(X, µ,C) for
1 ≤ p < ∞ and continuous onL∞(X, µ,C) for thew∗-topology. Denote
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by−Ap the generator of the semigroup obtained onLp(X, µ,C), 1 ≤ p <
∞ (A2 := A). The semigroup(e−tAp)t≥0 generated by−Ap coincides
with (e−tA)t≥0 onL2(X, µ,C)∩Lp(X,µ,C). This suggests that the opera-
tor Ap should have the same formal expression asA. However, it is not easy
in general to describe precisely the domain of the operatorAp. The follow-
ing result gives a partial description of this domain when the semigroup is
sub-Markovian. It also shows some interesting inequalities satisfied byAp.

THEOREM 3.9 Assume that(e−tA)t≥0 is a symmetric sub-Markovian semi-
group onL2(X, µ,C). For every fixedp ∈ (1,∞), we have the following
properties:
1) If f ∈ D(Ap), thenf |f |

p
2−1 ∈ D(a) and

4
p− 1
p2 a(f |f |

p
2−1, f |f |

p
2−1)≤<(Apf ; |f |p−1sign f),

<(Apf ; |f |p−1sign f)≤ 2a(f |f |
p
2−1, f |f |

p
2−1).

2) For everyf ∈ D(Ap), we have

|=(Apf ; |f |p−1sign f)| ≤ |p− 2|
2
√

p− 1
<(Apf ; |f |p−1sign f).

Proof. We show that for every fixedt > 0 and everyf ∈ L1(X,µ,C) ∩
L∞(X, µ,C) with µ({x, f(x) 6= 0}) < ∞,

4
p− 1
p2 (f |f |

p
2−1−e−tAf |f |

p
2−1; f |f |

p
2−1) ≤ <(f−e−tAf ; |f |p−1sign f),

(3.3)

<(f−e−tAf ; |f |p−1sign f) ≤ 2(f |f |
p
2−1−e−tAf |f |

p
2−1; f |f |

p
2−1), (3.4)

and

|=(f − e−tAf ; |f |p−1sign f)| ≤ |p− 2|
2
√

p− 1
<(f − e−tAf ; |f |p−1sign f).

(3.5)
By density,these inequalities will hold for allf ∈ D(Ap). The first assertion
of the theorem follows then by applying Lemma 1.56, (3.3), and (3.4). The
second assertion follows from (3.5).

The proof of these inequalities will be given in several steps.
We fix t > 0 andf ∈ L1(X,µ,C) ∩ L∞(X,µ,C) with µ({x, f(x) 6=

0}) < ∞.
(i) First, we may assume without loss of generality thatµ(X) < ∞.

Indeed, the operatorχ{x,f(x) 6=0}e−tA is sub-Markovian and clearly we may
replaceX by {x, f(x) 6= 0}.
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(ii) We can assume thatX is a compact topological space,e−tA is a sym-
metric sub-Markovian operator which leaves invariantC(X) (the space of
continuous functions onX), andf ∈ C(X). Indeed, letΓ : L∞(X,µ,C) →
C(K) be the Gelfand isomorphism, whereK is a compact space (the spec-
trum of the algebraL∞(X,µ,C)). The measureµ is transported to a mea-
sureµ̂ onK such that

∫

K
Γ(g)dµ̂ =

∫

X
gdµ.

We may now replace the operatore−tA byΓe−tAΓ−1. Note thatΓ(g)Γ(h) =
Γ(gh) for everyg, h ∈ L∞(X, µ,C). This implies thatΓe−tAΓ−1 is a sym-
metric sub-Markovian operator onL2(K, µ̂,C). In addition, this operator
leaves invariantC(K). Note also that sinceΓ(g) = Γ(sign g)Γ(|g|) and
Γ(|g|) = |Γ(g)|, the signum function is defined onC(K) by sign Γ(g) =
Γ(sign g).

ReplacingX by K, µ by µ̂ ande−tA by Γe−tAΓ−1, we see that we have
to show (3.3)-(3.5) withΓ(f) in place off.

(iii) Using (ii), e−tA now becomes a symmetric sub-Markovian operator
on L2(X,µ,C) and leavesC(X) invariant. It follows that there exists a
symmetric Radon measuremt onX ×X such that2

∫

X
(e−tAg)hdµ =

∫

X×X
g(x)h(y)dmt(x, y) for all g, h ∈ C(X). (3.6)

In order to prove this, we consider the subspaceE of C(X×X) of functions
of the typeh(x, y) =

∑n
k=1 fk(x)gk(y) (wheren ∈ N) and thefollowing

functional onE

φ(h) :=
n

∑

k=1

∫

X
e−tAfk(x)g(x)dµ(x).

One checks easilythatφ is well defined (i.e., it does not depend on the way
in which we expressh ∈ E). We prove thatφ is continuous. By the sub-
Markovian property,(e−tA)t≥0 is a contraction semigroup onC(X). Thus,

2see also Fukushima[Fuk80], Lemma 1.4.1.



INEQUALITIES FOR SUB-MARKOVIAN SEMIGROUPS 91

for everyh as above

|φ(h)| ≤µ(X) sup
x∈X

∣

∣

∣

∣

∣

∑

k

(e−tAfk)(x)gk(x)

∣

∣

∣

∣

∣

≤µ(X) sup
y

sup
x

∣

∣

∣

∣

∣

∑

k

(e−tAfk)(x)gk(y)

∣

∣

∣

∣

∣

= µ(X) sup
y

sup
x

∣

∣

∣

∣

∣

e−tA(
∑

k

fkg(y))(x)

∣

∣

∣

∣

∣

≤µ(X) sup
y

sup
x

∣

∣

∣

∣

∣

∑

k

fk(x)gk(y)

∣

∣

∣

∣

∣

=µ(X)‖h‖C(X×X).

By density,φ extends to a continuous linear functional onC(X×X). We
prove now that this extension is a positive functional. Let firsth(x, y) :=
∑

k fk(x)gk(y) ≥ 0 for all x, y ∈ X. This means that for everyy ∈ X, the
function

∑

k fkgk(y) is non-negative. By positivity of the semigroup, we
have

∑

k

e−tA(fk)gk(y)(x) ≥ 0 for all t ≥ 0, x, y ∈ X.

In particular,

∑

k

e−tAfk(x)gk(x) ≥ 0 for all t ≥ 0, x ∈ X

and this givesφ(h) ≥ 0. Thusφ is positive onE. In order to show that its
extension toC(X×X) is also positive, it is enough to prove thatφ(|h|) ≥ 0
for all real-valuedh ∈ E. Take a sequence of polynomialsPn such that
Pn(t) ≥ 0 for all t ∈ [−1, 1] andPn converges uniformly in[−1, 1] to
the functiont → |t|. Hence, the sequencePn(h/‖h‖C(X×X)) converges in
C(X ×X) to |h|/‖h‖C(X×X). Since,0 ≤ Pn(h/‖h‖C(X×X)) ∈ E andφ
is positive onE, we conclude thatφ(|h|) ≥ 0.

This proves existence of the positive measuremt. The symmetry ofmt
follows from the symmetry of the semigroup.

(iv) Let now

P := (f |f |
p
2−1 − e−tAf |f |

p
2−1; f |f |

p
2−1).
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Using (3.6),we have

P = (1− e−tA1; |f |p) + (e−tA1; |f |p)− (e−tAf |f |
p
2−1; f |f |

p
2−1)

= (1− e−tA1; |f |p) +
∫

X×X
|f(x)|pdmt(x, y)

−
∫

X×X
f(x)|f(x)|

p
2−1f(y)|f(y)|

p
2−1dmt(x, y).

Using thefact that the measuremt(., .) is symmetric, we can rewrite the last
equality as

P =(1− e−tA1; |f |p)

+
1
2

∫

X×X

[

|f(x)|p + |f(y)|p − f(x)|f(x)|
p
2−1f(y)|f(y)|

p
2−1

−f(y)|f(y)|
p
2−1f(x)|f(x)|

p
2−1

]

dmt(x, y).

Weuse the following notation. Set

f(x) = |f(x)|eiθ(x) = seiθ(x), f(y) = leiθ(y) and θ = θ(x)− θ(y).

We have

P = (1− e−tA1; |f |p) +
1
2

∫

X×X
[sp + lp− 2s

p
2 l

p
2 cos θ]dmt(x, y). (3.7)

Let Q := (f − e−tAf ; |f |p−1sign f). We have in a similar way

Q =(1− e−tA1; |f |p) + (e−tA1; |f |p)− (e−tAf ; |f |p−1sign f)

= (1− e−tA1; |f |p) +
1
2

∫

X×X

[

|f(x)|p + |f(y)|p

−f(x)|f(y)|p−2f(y)− f(y)|f(x)|p−2f(x)
]

dmt(x, y).

Hence,using the same notation as above, we obtain

<Q = (1−e−tA1, |f |p)+1
2

∫

X×X
[sp+lp−(sp−1l+slp−1) cos θ]dmt(x, y).

(3.8)
From (3.7), (3.8) and the Lemma below, we obtain (3.3) and (3.4).

From the previous expression ofQ we also have

|=Q| ≤ 1
2

∫

X×X
|sp−1l − slp−1|| sin θ|dmt(x, y).

Usingthis and (3.8) we deduce (3.5) by applying again the next lemma.2



INEQUALITIES FOR SUB-MARKOVIAN SEMIGROUPS 93

L EMMA 3.10 Let0 ≤ s, l < ∞ andθ ∈ R. Fix p ∈ (1,∞). The following
three inequalities hold:

4
p− 1
p2 [sp + lp − 2s

p
2 l

p
2 cos θ] ≤ sp + lp − (sp−1l + slp−1) cos θ,

sp + lp − (sp−1l + slp−1) cos θ ≤ 2[sp + lp − 2s
p
2 l

p
2 cos θ],

| sin θ||sp−1l − slp−1| ≤ |p− 2|
2
√

p− 1
[sp + lp − (sp−1l + slp−1) cos θ].

Proof. Note first that

2s
p
2 l

p
2 ≤ sp−1l + slp−1. (3.9)

This followsfrom the elementary inequality2a.b ≤ a2ε + 1
εb2 by choosing

ε = l
s .

The inequality (3.9)implies easily that the function

F (u) := 4
p− 1
p2 [sp + lp − 2s

p
2 l

p
2 u]− (sp + lp) + (sp−1l + slp−1)u

is nondecreasing. Hence,F (u) ≤ F (1) for all u ∈ [−1, 1]. Thus, we
merely need to prove thatF (1) ≤ 0 to obtain the first inequality. Assume,
for example, thatl < s and use the Cauchy-Schwarz inequality to obtain

4
p2 (s

p
2 − l

p
2 )2 =

(∫ s

l
v

p
2−1dv

)2

≤
∣

∣

∣

∣

∫ s

l
dv

∣

∣

∣

∣

∣

∣

∣

∣

∫ s

l
vp−2dv

∣

∣

∣

∣

=
1

p− 1
(s− l)(sp−1 − lp−1).

This gives the desired inequalityF (1) ≤ 0.
Now we prove the second inequality. We want to show that

Fs,l := sp + lp − 2s
p
2 l

p
2 cos θ − 2s

p
2 l

p
2 cos θ + (sp−1l + slp−1) cos θ ≥ 0.

If cos θ ≥ 0, then this inequality follows from (3.9). Ifcos θ < 0, then

Fs,l≥− cos θ[sp + lp + 4s
p
2 l

p
2 − (sp−1l + slp−1)]

=− cos θ[(s− l)(sp−1 − lp−1) + 4s
p
2 l

p
2 ]

≥ 0.

Finally, we show the third inequality. Consider the following function
with variableu ∈ [−1, 1],

F (u) :=
(sp−1l − slp−1)2(1− u2)

[sp + lp − (sp−1l + slp−1)u]2
.
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The third inequality of the lemma means thatF (u) ≤ (p−2)2

4(p−1) for all u ∈
[−1, 1].

We first optimizeF (u) with respect tou. A simple calculation shows that
the maximum ofF (u) is obtained whenu = u1 = sp−1l+slp−1

sp+lp . Thus

F (u) ≤ F (u1) =
(sp−2 − lp−2)2s2l2

(sp + lp)2 − (sp−1l + slp−1)2
.

Now wehave

(sp−2 − lp−2)2 = (p− 2)2
(∫ s

l
vp−3dv

)2

≤ (p− 2)2
∣

∣

∣

∣

∫ s

l
v−3dv

∣

∣

∣

∣

∣

∣

∣

∣

∫ s

l
v2p−3dv

∣

∣

∣

∣

=
(p− 2)2

4(p− 1)
(s2 − l2)(s2p−2 − l2p−2)

s2l2

=
(p− 2)2

4(p− 1)
(sp + lp)2 − (sp−1l + slp−1)2

s2l2
.

This showsthatF (u1) ≤ (p−2)2

4(p−1) and finishes theproof of the lemma. 2

We gave in the foregoing theorem a partial description of the domain
of the generator onLp(X, µ,C) when the semigroup is symmetric. For
nonsymmetric semigroups we have a less precise result. Namely,

THEOREM 3.11 Assume thata is a densely defined, non-negative, continu-
ous, and closed form onL2(X,µ,C). Assume that the associated semigroup
(e−tA)t≥0 is sub-Markovian. For eachp ∈ [2,∞), the following assertion
holds:

f ∈ D(Ap) ⇒ |f |
p
2 ∈ D(a) and a(|f |

p
2 , |f |

p
2 ) ≤ p

2
<(Apf ; |f |p−1sign f).

Proof. Fix p ∈ [2,∞) andlet f ∈ D(Ap). Since the semigroup(e−tA)t≥0
is positive, we have

|e−tAf | ≤ e−tA|f |.

By the sub-Markovian property and Proposition 3.4, we deduce that

|e−tAf |
p
2 ≤ e−tA|f |

p
2 .

Thus,

1
t
(|f |

p
2 − e−tA|f |

p
2 ; |f |

p
2 ) ≤ 1

t
(|f |

p
2 − |e−tAf |

p
2 ; |f |

p
2 ).
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The following elementary inequality holds:

|a|
p
2 − |b|

p
2 ≤ p

2
(|a| − |b|)|a|

p
2−1 for all a, b ∈ C, p ∈ [2,∞).

Hence,

(|f |
p
2 − |e−tAf |

p
2 ; |f |

p
2 ) ≤ p

2
(|f | − |e−tAf |; |f |p−1).

We have proved

1
t
(|f |

p
2 − e−tA|f |

p
2 ; |f |

p
2 ) ≤ p

2
1
t
(|f | − |e−tAf |; |f |p−1).

Sincef ∈ D(Ap), then 1
t (f − e−tAf) converges inLp(X,µ,C) to Apf (as

t ↓ 0). Hence, by composition1t (|f |−|e
−tAf |) converges to<(Apfsign f).

Consequently,

sup
t>0

1
t
(|f |

p
2 − e−tA|f |

p
2 ; |f |

p
2 ) < ∞.

We concludeby Lemma 1.56 that|f |
p
2 ∈ D(a) and that

a(|f |
p
2 , |f |

p
2 )= lim

t→0

1
t
(|f |

p
2 − e−tA|f |

p
2 ; |f |

p
2 )

≤ p
2

lim
t→0

1
t
(|f | − |e−tAf |; |f |p−1)

=
p
2
<(Apf ; |f |p−1sign f).

This proves the theorem. 2

3.3 Lp-HOLOMORPHY OF SUB-MARKOVIAN SEMIGROUPS

We start with a semigroup(e−tA)t≥0 which is bounded onL2(X, µ,C) and
onLp0(X, µ,C) for somep0 ∈ (2,∞]. As above, we may write−Ap to de-
note the generator of the corresponding semigroup onLp(X, µ,C) for p ∈
[2, p0). Assume that onL2(X, µ,C), the semigroup(e−tA)t≥0 is bounded
holomorphic on the sectorΣ(ψ) := {z ∈ C, z 6= 0 and | arg z| < ψ}
for someψ ∈ (0, π

2 ]. The holomorphyof the semigroup carries over from
L2(X,µ,C) to Lp(X, µ,C) (2 ≤ p < p0). However the sector of holomor-
phy depends onp, in general. More precisely, the following classical result
holds.

PROPOSITION 3.12 For eachp ∈ [2, p0), the semigroup generated by
−Ap is bounded holomorphic on the sectorΣ(ψp) whereψp = ψ(1

p −
1
p0

)(1
2 −

1
p0

)−1.
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Proof. Fix θ ∈ (−ψ, ψ) and r > 0. Define onL2(X,µ,C), the opera-
tor Tz := e−Areiθz

. By the holomorphy assumption,z 7→ Tz is bounded
and holomorphic on0 < Rez < 1. In addition, forz such that<z =
1, ‖Tzf‖2 ≤ Mθ‖f‖2, and if<z = 0, ‖Tzf‖p0 ≤ M‖f‖p0 , whereM and
Mθ are positive constants. By the Stein interpolation theorem, we conclude
thatTt ∈ L(Lp(X, µ,C)) for p andt ∈ [0, 1] such that1p = t

2 + 1−t
p0

. In

other words,e−zA extends to a bounded operator onLp(X, µ,C) for z such
that| arg z| ≤ ψ(1

p−
1
p0

)(1
2−

1
p0

)−1. Forz = t > 0 thisextension coincides

with e−tAp . By a density argument one shows thate−(z+z′)A = e−zAe−z′A

as operators onLp(X, µ,C) (for z, z′ ∈ Σ(ψp)). The strong continuity is
shown as follows. Fixν ∈ (0, ψp) andf ∈ Lp0(X, µ,C) ∩ L2(X, µ,C).
We write the classical interpolation inequality

‖e−zAf − f‖p ≤ ‖e−zAf − f‖s
p′‖e−zAf − f‖1−s

2

(

1
p

=
s
2

+
1− s

p′

)

,

where p′ ∈ (p, p0) is chosensuch thate−zA is uniformly bounded on
Lp′(X, µ,C) for z ∈ Σ(ν). By the strong continuity onL2(X, µ,C), we
obtain‖e−zAf − f‖p → 0 asz → 0, z ∈ Σ(ν). By a density argument this
holds for everyf ∈ Lp(X,µ,C).

Finally, the holomorphy ofz 7→ e−zA onLp(X, µ,C) (for z ∈ Σ(ν) with
ν as above) can be shown by applying Vitali’s theorem as in the proof of
Theorem 6.16 (or Corollary 7.5 below). 2

Note that the above proof gives a similar result if we start with a semi-
group which is holomorphic onLq(X,µ,C) in place ofL2(X, µ,C).

Assume now that the operatorA is associated with a non-negative, densely
defined, continuous, and closed form. Then, the semigroup(e−t(A+1))t≥0
is bounded holomorphic onL2(X, µ,C) on some sectorΣ(ψ) (cf. Theorem
1.52). If in addition,(e−t(A+w))t≥0 is L∞-contractive for some constant
w, then the induced semigroup(e−tAp)t≥0 on Lp(X,µ,C) is holomorphic
on the sectorΣ(2

pψ) for all p with 2 ≤ p < ∞. If the adjoint semigroup

(e−t(A∗+w))t≥0 is L∞-contractive, then one obtains by duality the holo-
morphy of the semigroup onLp(X,µ,C) for 1 < p ≤ 2 on the sector
Σ(ψ(2 − 2

p)). In the particularcase whereA is self-adjoint and the semi-

group(e−tA)t≥0 is L∞-contractive, this holds withψ = π
2 .

Using Theorem 3.9,we obtain a better result on the holomorphy for sym-
metric sub-Markovian semigroups. More precisely,

THEOREM 3.13 Assume thatA is the self-adjoint operator associated with
a non-negative closed form onL2(X, µ,C). Assume that the semigroup
(e−tA)t≥0 is sub-Markovian. Then for eachp ∈ (1,∞), the semigroup
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(e−tAp)t≥0 is holomorphic on the sectorΣ(π
2 −arctan |p−2|

2
√

p−1). In addition,

‖e−zAp‖L(Lp(X,µ,C)) ≤ 1 for all z ∈ Σ(π
2 − arctan |p−2|

2
√

p−1).

The proof isa simple adaptation of the arguments given in the proof of
Theorem 1.54. The sectoriality condition (1.27) is now replaced by

|=(Apf ; |f |p−1sign f)| ≤ |p− 2|
2
√

p− 1
<(Apf ; |f |p−1sign f),

which we proved in Theorem 3.9.

Remark. 1) It is an elementary fact that the sector of holomorphy obtained
in this result is larger than the one obtained in Proposition 3.12.

2) The previous results on the holomorphy does not give any information
for the extreme casep = 1. We will see later, as a consequence of Gaus-
sian upper bounds for heat kernels, that semigroups associated with several
classes of uniformly elliptic operators are holomorphic onC+ onLp for all
p, 1 ≤ p < ∞ (see Theorem 6.16).

In the general setting, the above theorem is optimal. The most significant
example showing this is given by the Ornstein-Uhlenbeck operator, that is,
the operatorA associated with the form

a(u, v) =
d

∑

k=1

∫

Rd
DkuDkve−x2/2dx.

It follows from Theorem 1 in Weissler [Wei79] or Theorem 1.1 (and Note
1.2) in Epperson [Epp89] that the maximal sector on which the semigroup
(e−tA)t≥0 is holomorphic onLp(Rd, e−x2/2dx) is Σ(π

2 − arctan |p−2|
2
√

p−1).

This semigroup isnot holomorphic onL1(Rd, e−x2/2dx).

As a consequence of the previous theorem and Theorem 1.45, we have the
following information on the spectrumσ(Ap) := C \ ρ(Ap) of the operator
Ap in Lp(X, µ,C).

COROLLARY 3.14 Under the assumptions of the previous theorem, we have
for eachp ∈ (1,∞), the spectrum ofAp satisfies

σ(Ap) ⊆
{

z ∈ C, | arg z| ≤ arctan
|p− 2|

2
√

p− 1

}

∪ {0}.

Notes
Section 3.1. Theorem 3.1 is proved in Ouhabaz [Ouh93]. Proposition 3.2 is taken
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from [Ouh93] and can also be found in Ma and Röckner [MaR̈o92] and Jacob
[Jac01]. Results of the same type are proved for the so-called completely mono-
tone (nonlinear) operators by Bénilan and Crandall [B́eCr91]. Proposition 3.3 is
well-known (see, e.g., Nagel [Nag86]). An operatorB acting onLp and such that
(Bu,F (u+)) ≤ 0 for all u ∈ D(B) is called dispersive.

Jensen’s inequality for sub-Markovian semigroups as stated in Proposition 3.4 is
taken from Arendt and B́enilan [ArBé92]. The fact that 1)⇔ 2) in Theorem 3.5 is
also proved in Arendt and B́enilan [ArBé92]. 1)⇔ 3) of the same theorem as well
as Theorem 3.7 are taken from Ouhabaz [Ouh93].

The original Kato’s inequality is the distributional inequality

(sign f)∆f ≤ ∆|f |

for f ∈ L1
loc such that∆f ∈ L1

loc. It was proved by Kato [Kat73] and was a
powerful tool in his proof of essential self-adjointness of Schrödinger operators on
C∞c (Rd). Theorem 3.6 is due to Arendt [Are84]. An exhaustive study of Kato’s in-
equality as stated in Theorem 3.6 as well as its relation to positivity of semigroups
can be found in Nagel [Nag86].

Section 3.2. This section follows mainly the works of Liskevich and Semenov
[LiSe93] and [LiSe96], from which Theorem 3.9 is taken. Assertion 1) of Theo-
rem 3.9 was first proved by Varopoulos [Var85] for non-negativef ∈ D(Ap). The
proof given here is taken from Nagel and Voigt [NaVo96] and Liskevich and Se-
menov [LiSe96]. The representation (3.6) in Part iii) of the proof is well-known
and can be found in Fukushima [Fuk80] and Davies [Dav80].

Section 3.3. Proposition 3.12 is well-known. The proof used here is taken from
Davies [Dav89] (Theorem 1.4.2) and Reed and Simon [ReSi75] (Theorem X.55).
Theorem 3.13 is due to Liskevich and Perelmuter [LiPe95] (see also [LiSe96]).
This theorem was proved previously by Bakry [Bak89] and Okazawa [Oka91] in
some special cases.



Chapter Four

UNIFORMLY ELLIPTIC OPERATORS ON

DOMAINS

This chapter is devoted to second-order uniformly elliptic operators con-
sidered on domains ofRd and subject to various boundary conditions. We
apply the criteria of positivity,L∞-contractivity, and domination of semi-
groups, stated in an abstract setting in the previous chapters, to concrete
situations of differential operators. The operators under consideration here
may have real- or complex-valued measurable coefficients. The aim is to
describe precisely how the above properties of the semigroup depend on the
boundary conditions and on the coefficients of the operator.

4.1 EXAMPLES OF BOUNDARY CONDITIONS

Let Ω be an open subset ofRd (d ≥ 1), endowed with the Lebesgue mea-
suredx. All the integrals overΩ are taken with respect todx. We write
Lp(Ω,K) := Lp(Ω, dx,K), whereK = R orC. We will often consider the
caseK = C. The scalar product ofL2(Ω,K) is denoted by(.; .). We denote
by W s,p(Ω),H1(Ω) = W 1,2(Ω) andH1

0 (Ω) the classical Sobolev spaces.
Recall thatH1

0 (Ω) is the closure inH1(Ω) of C∞
c (Ω), the space ofC∞-

functions which are compactly supported inΩ. The space of distributions
onΩ will be denoted by(C∞

c (Ω))′.
We consider measurable functionsajk, bk, ck, anda0 (1 ≤ j, k ≤ d) on

Ω. We assume that the following uniform ellipticity condition holds.

(U.Ell) The functionsakj , bk, ck, a0 are bounded onΩ, i.e.,

akj , bk, ck, a0 ∈ L∞(Ω,C) for all 1 ≤ j, k ≤ d (4.1)

and the principal part is elliptic; i.e., there exists a constantη > 0
such that

<
d

∑

j,k=1

akj(x)ξjξk ≥ η|ξ|2 for all ξ ∈ Cd, a.e. x ∈ Ω. (4.2)

The maximal possibleη in (4.2) is called the ellipticity constant of the
matrix (ajk)1≤j,k≤d.



100 CHAPTER 4

Let Dj = ∂
∂xj

and defineonL2(Ω,C) the sesquilinear form

aV (u, v) =
∫

Ω

[ d
∑

k,j=1

akjDkuDjv +
d

∑

k=1

(bkvDku + ckuDkv) + a0uv
]

dx,

with domain

D(aV ) = V,

whereV is a closed subspace ofH1(Ω) with H1
0 (Ω) ⊆ V ⊆ H1(Ω). If

w ∈ R is a constant, we denote byaV + w the form given by

(aV + w)(u, v) := aV (u, v) + w(u; v), u, v ∈ D(aV ).

Under the assumption (U.Ell), there exists a constantw such that

<aV (u, u) + w‖u‖2
2 ≥

η
2
‖u‖2

H1(Ω) for all u ∈ V (4.3)

and theform aV + w is continuous and closed. Indeed, Letu ∈ V and set
Mk := ‖|<(bk + ck)|+ |=(bk − ck)|‖∞. We have

<aV (u, u)=<
∑

k,j

∫

Ω
akjDkuDjudx +

∑

k

∫

Ω
<(bk + ck)<(uDku)dx

+
∑

k

∫

Ω
=(ck − bk)=(uDku)dx +

∫

Ω
<a0|u|2dx

≥ η
∑

k

∫

Ω
|Dku|2dx−

∑

k

Mk

∫

Ω
|uDku| −

∫

Ω
(<a0)−|u|2dx.

By theCauchy-Schwarz inequality, we have for everyε > 0

<aV (u, u)≥ η
∑

k

∫

Ω
|Dku|2dx− ε

∑

k

∫

Ω
|Dku|2dx

−

(

ε−1
∑

k

M2
k + ‖(<a0)−‖∞

)

∫

Ω
|u|2dx,

which implies (4.3).
The proof of the continuity ofaV +w follows from (4.3) and the inequal-

ity

|aV (u, v)| ≤ C
[

∑

k

‖Dku‖2
2 + ‖u‖2

2

]1/2[
∑

k

‖Dkv‖2
2 + ‖v‖2

2

]1/2
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which holds for some positive constantC and allu, v ∈ V. The latter in-
equality follows easily from the Cauchy-Schwarz inequality and the bound-
edness ofakj , bk, ck, anda0.

Finally, the fact that the formaV + w is closed follows from the assump-
tion thatV is a closed subspace ofH1(Ω). Note that the norm ofH1(Ω)
and

√

aV (., .) + w(.; .) are equivalent onV. Therefore, the formaV + w
satisfies the standard assumptions (1.2)−(1.5). One can then associate with
aV + w an operator onL2(Ω,C). This means that we can associate withaV
an operatorAV . Formally,AV is given by the expression

AV u = −
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

(bkDku−Dk(cku)) + a0u. (4.4)

The role of the spaceV is to impose boundary conditions. Although the
dependence onV is not visible in the formal expression ofAV , it must
be understood that for two different spacesV and W, the operatorsAV
andAW are different as they are subject to two different types of boundary
conditions.

We give now some examples of boundary conditions. We will say that
we have:
(i) Dirichlet boundary conditions if V = H1

0 (Ω);
(ii) Neumann boundary conditionsif V = H1(Ω);
(iii) mixed boundary conditions if

V = {u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
, (4.5)

whereΓ is aclosed subset of∂Ω, u|Ω denotes the restriction ofu to Ω, and

{. . .}H1(Ω)
denotes the closure inH1(Ω).

Roughly speaking, (i) corresponds to the conditionu = 0 on the boundary
∂Ω of Ω, whereas (ii) corresponds to the condition

d
∑

j=1

(

d
∑

k=1

akjDku + cju

)

nj = 0 on ∂Ω,

where~n = (n1, . . . , nd) denotes the outer unit normal on the boundary∂Ω.
Mixed boundary conditions correspond to Dirichlet condition onΓ and the
Neumann one on the rest of the boundary. All of this can be done pre-
cisely by applying Green’s formula if both∂Ω and the coefficientsakj , ck
are smooth enough.

If Γ is empty, then (4.5) becomes

V = Ĥ1(Ω) := {u|Ω, u ∈ C∞
c (Rd)}

H1(Ω)
. (4.6)
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The boundarycondition given by suchV is similar to the Neumann one. We
call this the good Neumann boundary conditions. It is well-known that
for domains with smooth boundary (Lipschitz boundary, for instance) one

hasH1(Ω) = Ĥ1(Ω). See, for instance, Adams [Ada75] or Brezis [Bre92].
The following is another type of boundary conditions.

(iv) Robin boundary conditions. Assume thatΩ is bounded and has smooth
boundary (e.g., Lipschitz boundary). In this case, everyu ∈ H1(Ω) has a
trace on∂Ω. One can then consider perturbations of the previous formaV
by integral terms on the boundary. More precisely, consider the sesquilinear
form

bV,α(u, v) := aV (u, v) +
∫

∂Ω
α(x)uvdσ, D(bV,α) = V, (4.7)

whereα is a non-negative and bounded function on∂Ω anddσ is the sur-
face measure. The operator associated with this form has the same formal
expression (4.4) but it is subject to different boundary conditions, called
Robin boundary conditions. In the case whereV = H1(Ω), they corre-
spond to the condition

d
∑

j=1

(

d
∑

k=1

akjDku + cju

)

nj + αu = 0 on ∂Ω.

For V as in (4.5), the condition looks like the previous one on∂Ω \ Γ and
u = 0 onΓ.

The boundary conditions in (i)−(iv) are only examples of boundary con-
ditions which fit into the framework of the present chapter. Other examples
can also be considered.

Consider now a general spaceV. It follows from Theorem 1.52 that the
operator−AV is the generator of a holomorphic semigroup(e−tAV )t≥0 on
L2(Ω,C). In particular, the parabolic equation (or the Cauchy problem)

(CP )







































∂
∂tu(t, x) =

n
∑

k,j=1

∂
∂xj

(

akj(x)
∂

∂xk
u(t, x)

)

−
n

∑

k=1

bk(x)
∂u(t, x)

∂xk

+
n

∑

k=1

∂
∂xk

(ck(x)u(t, x))− a0u(t, x)

= −AV u(t, x), t > 0,
u(0, .) = f ∈ L2(Ω,C)

has a unique solutionu(t, .) = e−tAV f ∈ D(AV ) for all t > 0. The solution
u(t, .) satisfies the boundary conditions imposed byV. Now, as explained
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in Chapter 2, if the semigroup(e−tAV )t≥0 is L∞-contractive, then it in-
duces a strongly continuous semigroup onLp(Ω,C) for eachp ∈ [2,∞)
and we obtain existence and uniqueness of the solution of the analog of
(CP ) in Lp(Ω,C). The same holds for1 ≤ p ≤ 2 if the adjoint semi-
group(e−tA∗V )t≥0 is L∞-contractive. For the parabolic equation(CP ), the
L∞-contractivity of the semigroup(e−tAV )t≥0 can be rephrased as:

|f | ≤ 1 ⇒ |u(t, .)| ≤ 1 for all t ≥ 0.

Thus, it is a maximum principle for(CP ). Note that the positivity of the
semigroup(e−tAV )t≥0 can also be interpreted as a maximum principle for
(CP ).

In the next sections we study positivity, irreducibility, domination, and
L∞-contractivity of semigroups(e−tAV )t≥0, associated with differentV ′s.

4.2 POSITIVITY AND IRREDUCIBILITY

We keep the framework and notation of the previous section. We assume
the uniform ellipticity condition (U.Ell).

An application of Proposition 2.5 shows that the semigroup(e−tAV )t≥0
is real if and only if<u ∈ V for all u ∈ V andaV (u, v) ∈ R for all real
u, v ∈ V. Clearly, this is again equivalent to the fact that<u ∈ V for all
u ∈ V and that for everyu, v ∈ V

aV (u, v) =
∫

Ω

[ d
∑

j,k=1

<(akj)DkuDjv+
d

∑

k=1

(<(bk)vDku+<(ck)uDkv)

+ <(a0)uv
]

dx. (4.8)

This means thatthe formaV (and hence the operatorAV ) is given by real-
valued coefficients.

PROPOSITION 4.1 The semigroup(e−tAV )t≥0 is real if and only if<u ∈
V for all u ∈ V andaV has real-valued coefficients.

The following result characterizes the positivity of the semigroup.

THEOREM 4.2 The semigroup(e−tAV )t≥0 is positive if and only if the fol-
lowing two conditions hold:
1) u ∈ V ⇒ (<u)+ ∈ V.
2) The formaV is given by real coefficients (i.e.,aV satisfies (4.8) for all
u, v ∈ V ).
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Proof. The fact that the conditions 1) and 2) are necessary follows immedi-
ately from the previous proposition and Theorem 2.6.

Assume now that 1) and 2) are satisfied. Applying 1) to−u shows that
<u = (<u)+ − (<u)− ∈ V for all u ∈ V. It follows from the previous
proposition that the semigroup is real. SinceDj(<u)+ = Dj(<u)χ{<u>0}
(see Proposition 4.4 below), one hasaV ((<u)+, (<u)−) = 0. Theorem 2.6
implies the positivity of the semigroup. 2

COROLLARY 4.3 Assume thataV is given by real coefficients. Then for
Dirichlet, Neumann, good Neumann, or mixed boundary conditions, the
corresponding semigroup(e−tAV )t≥0 is positive.

This result follows from Theorem 4.2 and the following proposition.

PROPOSITION 4.4 LetV be one of the spacesH1
0 (Ω), H1(Ω), Ĥ1(Ω), or

{u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
(whereΓ is a closed subset of∂Ω). Then for

everyu ∈ V, we have(<u)+, |u| ∈ V, and

Dj(<u)+ = Dj(<u)χ{<u>0} and Dj |u| = <(sign(u)Dju),

whereχ{<u>0} denotesthe characteristic function of the set where<u is
> 0.

Proof. Assume first thatV = H1(Ω). Consider onC, the function

fε(z) :=
√

|z|2 + ε2 − ε.

Clearlyfε has partial derivatives ∂
∂tfε and ∂

∂sfε which arecontinuous and
bounded onC (heret = <z ands = =z) andfε(0) = 0. Thus by a classical
resultfε(u) ∈ H1(Ω) for all u ∈ H1(Ω).1 Now

Djfε(u)=
∂
∂t

fε(<u,=u)Dj(<u) +
∂
∂s

fε(<u,=u)Dj(=u)

=
1

√

|u|2 + ε2
[<uDj(<u) + =uDj(=u)]

=<

[

Dju
u

√

|u|2 + ε2

]

.

Let φ ∈ C∞
c (Ω). We have for allε > 0,
∫

Ω
fε(u)Djφdx = −

∫

Ω
<

[

Dju
u

√

|u|2 + ε2

]

φdx.

1This factcan also be deduced from Theorem 2.25.
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Taking the limit whenε → 0, it follows that
∫

Ω
|u|Djφdx = −

∫

Ω
<[sign(u)Dju]φdx.

This implies that|u| ∈ H1(Ω) and Dj |u| = <[sign(u)Dju]. Applying
this to<u and using the fact that(<u)+ = 1

2(|<u| + <u), one obtains
(<u)+ ∈ H1(Ω) and Dj(<u)+ = Dj(<u)χ{<u>0}. For V = H1

0 (Ω),
the assertions follow from the facts thatu+ ∈ H1(Ω) for all real-valued
u ∈ C∞

c (Ω) and that functions inH1(Ω) which have compact supports in
Ω are inH1

0 (Ω).
We prove the proposition in the case of mixed boundary conditions, i.e., we

assume thatV = {u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
(the casewhereΓ is empty

gives the good Neumann boundary conditions). First, it is clear that<u ∈ V
for all u ∈ V. Fix nowu = <u ∈ V and letun ∈ C∞

c (Rd\Γ) be a sequence
of real-valued functions which converges tou in H1(Ω). It follows that(u+

n )
converges tou+ in H1(Ω). Let ρn ∈ C∞

c (Rd) be a regularizing sequence
and denote by∗ the convolution. Clearly, for each fixedn, the sequence
(ρm ∗ u+

n )m converges inH1(Rd) to u+
n andρm ∗ u+

n ∈ C∞
c (Rd \ Γ) for

largem. This givesu+
n ∈ V and henceu+ ∈ V. A similar argument shows

that|u| ∈ V for all u ∈ V. 2

Example 4.2.1 LetV = {u ∈ H1(0, 1), u(0) = iu(1)}. Define the form

aV (u, v) =
∫ 1

0
u′v′dx, D(aV ) = V.

This form has real coefficients, but the semigroup is not real becauseV is
not stable under the real part<. In particular, the semigroup is not positive.
If we choose now

V = {u ∈ H1(0, 1), u(0) = −u(1)},

then the semigroup is real but not positive (the positive partu+ does not
operate onV ).

We study now the irreducibility of the semigroup(e−tAV )t≥0. Since an
irreducible semigroup is in particular positive, it follows that the conditions
1) and 2) of Theorem 4.2 are necessary for irreducibility of(e−tAV )t≥0.

THEOREM 4.5 Assume that(<u)+ ∈ V for all u ∈ V and that the form
aV satisfies (4.8). Consider the following assertions:
1) The semigroup(e−tAV )t≥0 is irreducible.
2) The open subsetΩ is connected.
Then 2) implies 1). The converse holds ifAV is subject to Dirichlet, Neu-
mann, mixed, or good Neumann boundary conditions.
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Proof. Firstly, note that the semigroup(e−tAV )t≥0 is positive (cf. Corollary
4.3).

By Corollary 2.11, the irreducibility of(e−tAV )t≥0 is equivalent to the
following: if Ω1 is a subset ofΩ such that

u ∈ V ⇒ χΩ1u ∈ V, (4.9)

then eitherλ(Ω1) = 0 or λ(Ω \ Ω1) = 0, whereλ denotes the Lebesgue
measure onRd.

Assume thatΩ is connected. Suppose for a contradiction thatΩ1 satisfies
(4.9) andλ(Ω1) > 0, λ(Ω \ Ω1) > 0. We have in particular,

u ∈ C∞
c (Ω) ⇒ χΩ1u ∈ H1(Ω). (4.10)

The operatorDk satisfiesχ{v=0}Dkv = 0 for all v ∈ H1(Ω). This implies

thatDk(χΩ1u) = χΩ1Dku. Hence,χΩ1u ∈ W 1,p
0 (O) for all p ∈ [1,∞],

whereO is an open subset ofΩ with smooth boundary which contains the
support of a fixedu ∈ C∞

c (Ω). (Note that there always exists an increas-
ing sequence of open subsetsUn of Ω with smooth boundaries, such that
∪nUn = Ω. Using the fact that the support ofu is compact, one obtains
from this that suchO exists.) Choosingp large enough, we deduce from
Sobolev embedding theorems thatχΩ1u = v a.e. onO, with v being a
continuous function onO.

Assume for a moment that there existsx0 ∈ Ω such that for everyη > 0

λ(B(x0, η) ∩ Ω1) > 0 and λ(B(x0, η) ∩ Ω2) > 0, (4.11)

whereΩ2 = Ω\Ω1 andB(x0, η) denotes the open euclidean ball with center
x0 and radiusη. We takeη > 0 small enough such thatB(x0, 2η) ⊆ Ω and
consideru ∈ C∞

c (Ω) such thatu(x) = 1 for all x ∈ B(x0, η). We have for
a.e.x ∈ B(x0, η) ∩ Ω1 and a.e.y ∈ B(x0, η) ∩ Ω2

1 = |χΩ1u(x)− χΩ1u(y)| = |v(x)− v(y)|.

From the fact thatv is continuous, we see that this equality cannot hold.
Now we prove the existence ofx0 satisfying (4.11). Assume that for ev-

ery x ∈ Ω, there existsη > 0 such that eitherλ(B(x, η) ∩ Ω1) = 0 or
λ(B(x, η) ∩ Ω2) = 0. DefineO1 (respectivelyO2) as the union of all balls
B(x, η), wherex andη are such thatλ(B(x, η) ∩ Ω1) = 0 (respectively
λ(B(x, η) ∩ Ω2) = 0). One checks easily thatO1 andO2 are disjoint open
subsets such thatΩ ⊆ O1 ∪ O2. In addition, if Ω ⊆ Oi, thenλ(Ωi) = 0.
Since we have assumed thatλ(Ωi) > 0 for i = 1, 2, we obtain a contradic-
tion with the fact thatΩ is connected. This proves the existence ofx0.

Assume now that we have one of the boundary conditions listed in the
theorem. That is, respectively,V = H1

0 (Ω), V = H1(Ω), V is as in (4.5),
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or V is as in (4.6). IfΩ is not connected thenΩ = Ω1 ∪ Ω2, whereΩ1
andΩ2 are two disjoint open sets. It is not hard to see thatΩ1 satisfies (4.9)
in each of the four cases above and this implies that semigroup cannot be
irreducible. 2

In the above theorem, we can assert that 1) implies 2) for several other
boundary conditions. Those listed there are particular cases for which the
implication 1)⇒ 2) holds. However, this implication is not true for all
boundary conditions, as the following example shows.

Example 4.2.2 LetΩ = (0, 1) ∪ (2, 3). Define the form

aV (u, v) =
∫ 1

0
u′v′dx, D(aV ) = V = {u ∈ H1(Ω), u(0) = u(3)}.

This corresponds to periodic boundary conditions at0 and3 and the Neu-
mann conditions at1 and2. This form is well defined, sinceH1(Ω) ⊆ C(Ω)
by Sobolevembedding. The semigroup(e−tAV )t≥0 associated with this
form is irreducible. Indeed, by Theorem 4.2 and the fact thatu+ ∈ H1(Ω)
for every realu ∈ H1(Ω) and (u+)′ = u′χ{u>0}, it follows that the semi-
group is positive. Now ifΩ1 satisfies (4.10) and has nonzero measure, then
one deduces easily that eitherΩ1 = (0, 1), Ω1 = (2, 3), or Ω1 = Ω. As-
sume thatΩ1 = (0, 1). Hence(χ(0,1)u)(0) = (χ(0,1)u)(3) for all u ∈ V.
We deduce thatu(0) = 0 for all u ∈ V, which is not the case. The same
conclusion holds ifΩ = (2, 3). Thus,Ω1 = Ω and we conclude by Theorem
2.10 or Theorem 4.5 that the semigroup is irreducible.

4.3 L∞-CONTRACTIVITY

This section is devoted to theL∞-contractivity property of the semigroup
(e−tAV )t≥0. Our aim is to describe precisely in terms of the coefficients and
also in terms of the boundary conditions imposed byV , whether or notL∞-
contractivity holds. In order to do this, we apply the criteria given in Chapter
2. Recall that by Theorem 2.15, the following condition is necessary for
L∞-contractivity:

u ∈ V ⇒ (1 ∧ |u|)sign u ∈ V. (4.12)

This restricts, independently of the coefficients of the formaV , the range of
boundary conditions for whichL∞-contractivity of(e−tAV )t≥0 may hold.

We first state and prove the following result.

THEOREM 4.6 The semigroup(e−tAV )t≥0 is L∞-contractive if and only if
the following two conditions are satisfied:
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i) V satisfies (4.12).
ii) For all u ∈ V such thatr ϕkϕj ∈ L1(Ω,C) andϕkDjr ∈ L1(Ω,C) for

everyj, k = 1, . . . , d, wherer = |u| andϕj = ϕj(u) := =(sign(u)Dju)
r χ{u 6=0},

we have

∫

Ω

[ d
∑

j,k=1

<(akj)ϕkϕjr −
d

∑

j,k=1

=(akj)ϕkDjr +
d

∑

j=1

=(cj − bj)ϕjr

+
d

∑

j=1

(<cj)Djr + <(a0)r
]

dx ≥ 0.

Proof. Let u ∈ V and putv = (r − 1)+ sign u. We haveDj |u| =
<(sign(u)Dju) for everyu ∈ H1(Ω) (cf. Proposition 4.4), and by Propo-
sition 4.11 below, we haveDkv = (Dkr + i(r − 1)ϕk) sign u χ{r>1} and
Dk((r ∧ 1) sign u) = i ϕk sign u χ{r>1} + Dku χ{r≤1}. Hence

<aV ((r ∧ 1) sign u, (r − 1)+ sign u)

=
∫

Ω

[

∑

j,k

<(akj)ϕkϕj(r − 1)+ −
∑

j,k

=(akj)ϕkDjr χ{r>1}

+
∑

j=1

=(cj − bj)ϕj(r − 1)+

+
∑

j

(<cj)Djr χ{r>1} + <(a0)(r − 1)+
]

dx. (4.13)

Assume now that conditions i) and ii) are satisfied. We havev := (r −
1)+ sign u ∈ V and|v| = (r − 1)+, ϕj(v) = ϕj(u) χ{r>1}. It follows that
ϕkϕj |v| andϕkDj |v| ∈ L1(Ω,C). We apply ii) forv and obtain

<aV ((|u| ∧ 1) sign u, (|u| − 1)+ sign u) ≥ 0.

Theorem 2.15 implies that(e−tAV )t≥0 is L∞-contractive.
Conversely, assume that(e−tAV )t≥0 is L∞-contractive. As mentioned

above, (4.12) holds. Again Theorem 2.15 implied tou
k for k > 0 gives

(4.13) with(r − k)+ in place of(r − 1)+ andχ{r>k} in place ofχ{r>1}.
Lettingk → 0, we obtain with the help of the dominated convergence theo-
rem the assertion ii). 2

In the case of Dirichlet boundary conditions, i.e.,V = H1
0 (Ω), a more

precise result holds.

THEOREM 4.7 The semigroup(e
−tAH1

0 )t≥0 is L∞-contractive if and only
if the following four conditions are satisfied:
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i) =(akj + ajk) = 0 for all j, k ∈ {1, . . . , d},

ii) f0 = <a0 −
d

∑

j=1

Dj(<cj) is a positive Radon measure onΩ,

iii) fk =
d

∑

j=1

Dj=(akj) ∈ L1
loc(Ω), k ∈ {1, . . . , d},

iv)
d

∑

k,j=1

<(akj)ξkξj+
d

∑

j=1

(=(cj−bj)+fj)ξj+f0,r ≥ 0 a.e.onΩ for all ξ ∈

Rd, wheref0,r is the regular part of the measuref0 (i.e., the absolutely
continuous part).

Proof. Note thatH1
0 (Ω) satisfies condition (4.12) (see Proposition 4.11). It

follows that the semigroup(e
−tAH1

0 )t≥0 is L∞-contractive if and only if for
everyu ∈ H1

0 (Ω) such thatϕkϕjr, ϕk Djr ∈ L1(Ω,C), we have
∫

Ω

[

∑

k,j

<(akj)ϕk ϕj +
∑

j

=(cj − bj)ϕj + <a0

]

rdx

≥
∫

Ω

[

∑

k,j

=(akj)ϕk −
∑

j

(<cj)
]

Djrdx, (4.14)

wherer = |u| andϕj = 1
r =(Dju sign u) χ{u 6=0} as above. Assume

that(e
−tAH1

0 )t≥0 is L∞-contractive. We apply (4.14) withu = reiϕ, where
r ∈ C∞

c (Ω,R+) andϕ ∈ C∞(Rd,R). Sinceϕj = Djϕ χ{r>0}, we obtain
∑

k,j

<(akj)Dkϕ Djϕ +
∑

j

=(cj − bj)Djϕ + f0

+
∑

j

fj Djϕ +
∑

k,j

=(akj)DjDk ϕ ≥ 0 in (C∞
c (Ω))′ (4.15)

for all ϕ ∈ C∞(Rd,R), wheref0, fj are the distributions defined in ii) and
iii), respectively.

We apply (4.15) withϕ = 0 and obtainf0 ≥ 0 in (C∞
c (Ω)′, that is, ii).

On the other hand, it follows from (4.15) thatf0 +
∑

j fjDjϕ is a Radon

measure onΩ whose singular part is non-negative for allϕ ∈ C∞(Rd,R).
For k = 1, . . . , d, chooseϕ(x) = λxk, λ ∈ R, we deduce thatfk is a
Radon measure with a trivial singular part and hencefk ∈ L1

loc(Ω), that is,
iii).

Now let x0 ∈ Ω be a Lebesgue point forakj , cj , bj , fj , f0,r and apply
(4.15) withϕ(x) = λ

2((x − x0). ξ)2, ξ ∈ Rd, andλ ∈ R (where. denotes
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the classicalinner product ofRd). We obtain

λ2
∑

k,j

<(akj)ξk ξj((x−x0).ξ)2 +λ
∑

j

(=(cj − bj)+ fj)((x−x0).ξ)ξj

+ f0,r + λ
∑

k,j

=(akj)ξk ξj ≥ 0 (a.e. x ∈ Ω).

Forx = x0, this gives

f0,r(x0) + λ
∑

k,j

=akj(x0) ξk ξj ≥ 0 for all λ ∈ R.

Sinceλ is arbitrary inR, we obtain
∑

k,j =akj ξk ξj = 0 a.e. onΩ, for all

ξ ∈ Rd, that is, i).
Finally, we apply (4.15) withϕ(x) = ξ. x to obtain iv).
Conversely, we assume that the four conditions i)−iv) are satisfied. We

show that(e
−tAH1

0 )t≥0 is L∞-contractive.
Using (4.13), Theorem 2.15 and the fact thatC∞

c (Ω) is dense inH1
0 (Ω), it

is enough to check that for everyu ∈ C∞
c (Ω),

0 ≤
∫

Ω

[

∑

k,j

<(akj)ϕk ϕj(r − 1)+ −
∑

k,j

=(akj)ϕk Dj(r − 1)+

+
∑

j

=(cj − bj)ϕj(r − 1)+ +
∑

j

(<cj)Dj(r − 1)+

+ <a0(r − 1)+
]

dx, (4.16)

wherer andϕj are as above. Since(r − 1)+ ∈ W 1,∞(Ω) and has compact
support and

∑

j Dj(<cj) = <a0 − f0 is a Radon measure onΩ (condition
ii)), we have

∫

Ω

∑

j

<cj Dj(r − 1)+ =
∫

Ω
(f0 −<a0)(r − 1)+.

On the other hand,ϕk ∈ C∞({r > 0}) and∂ϕk
∂xj

= ∂ϕj
∂xk

. Indeed, onthe open

set{r > 0}, ϕk = −i sign u Dk(sign u), henceDjϕk = −i(−ϕjϕk +
(sign u)DkDj(sign u)), which is symmetricwith respect to(k, j).
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Hence using iii) and i), we have

∑

k,j

Dj=(akjϕk)=
∑

k

(

∑

j

Dj=akj

)

ϕk +
∑

k,j

=akj Djϕk

=
∑

k

fkϕk in (C∞
c ({r > 0}))′.

Since(r − 1)+ has compact support in{r > 0}
∫

Ω
−

∑

k,j

(=akj)ϕk Dj(r − 1)+ =
∫

Ω

∑

k

fk ϕk(r − 1)+.

Hence the right-hand side term of (4.16) is given by
∫

Ω

[

∑

<akjϕkϕj +
∑

(=(cj − bj) + fj)ϕj + f0,r

]

(r − 1)+dx

+
∫

Ω
(r − 1)+ d(f0,s),

wheref0,s = f0− f0,r is the singular part off0. From iv) and ii) we deduce
that this quantity is nonnegative. 2

COROLLARY 4.8 Assume that<cj and=akj = −=ajk ∈ W 1,∞(Ω) for
k, j ∈ {1, . . . , d}. Letw ∈ R be any constant such that

w + f0 −
1
4η

d
∑

j=1

|=(cj − bj) + fj |2 ≥ 0 on Ω,

whereη is the ellipticity constant. Then, the semigroup(e
−t(AH1

0
+w)

)t≥0 is
L∞-contractive.

Proof. The following trivial inequality holds

d
∑

j=1

(=(cj−bj)+fj)ξj ≥ −(4η)−1
d

∑

j=1

|=(cj−bj)+fj |2−η
d

∑

j=1

ξ2
j . (4.17)

This together with the ellipticity property (4.2) show that conditions i)−iv)
of the Theorem 4.7 hold witha0 + w in place ofa0. 2

Note that the conditions i)−iv) in Theorem 4.7 are necessary conditions
for the L∞-contractivity of(e−tAV )t≥0 for everyV satisfying (4.12). In-
deed, by Theorem 2.15, theL∞-contractivity of(e−tAV )t≥0 implies (4.12)
and

<aV ((|u| ∧ 1) sign u, (|u| − 1)+ sign u) ≥ 0
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for all u ∈ V. SinceH1
0 (Ω) ⊆ V, this inequality holds foru ∈ H1

0 (Ω). In
particular, theL∞-contractivity of(e−tAV )t≥0 implies theL∞-contractivity

of (e
−tAH1

0 )t≥0. We conclude by applying Theorem 4.7.

4.3.1 Validity of L∞-contractivity: real principal part

As previously, we assume the uniform ellipticity condition (U.Ell). Recall
again thatη denotes the ellipticity constant in (4.2).

THEOREM 4.9 Assume that for allj, k ∈ {1, . . . , d}, the coefficientsakj
are real-valued and that<cj = 0. Then the following assertions are equiv-
alent:
i) V satisfies (4.12).
ii) There exists a constantw ∈ R such that the semigroup(e−t(AV +w))t≥0
is L∞-contractive.
In this case, ii) holds with any constantw such that

w + <a0 −
1
4η

d
∑

j=1

|=(cj − bj)|2 ≥ 0 on Ω. (4.18)

In particular, (e−tAV )t≥0 is L∞-contractive if<a0 − 1
4η

∑d
j=1 |=(cj −

bj)|2 ≥ 0 onΩ.

Proof. Since (e−t(AV +w))t≥0 is the semigroup associated with the form
aV (., .) + w(.; .), with domainV , it follows from Theorem 2.15 that ii)
implies i).

Assume now that i) holds. We apply Theorem 4.6. Letϕj be as in that
theorem. It is enough to prove that

d
∑

j,k=1

<(akj)ϕkϕj +
d

∑

j=1

=(cj − bj)ϕj + <a0 + w ≥ 0 on Ω.

Using the ellipticity assumption (U.Ell), we see that this inequality holds for
everyw satisfying (4.18). 2

In the next result, we assume that the coefficients satisfy the hypothesis
of the previous theorem.

COROLLARY 4.10 If AV is subject to Dirichlet, Neumann, good Neumann,
or mixed boundary conditions, then(e−t(AV +w))t≥0 is L∞-contractive for
everyw satisfying (4.18).
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This result follows from the previous theorem and the next proposition.
Note that for Dirichlet boundary conditions, we had a better result in Corol-
lary 4.8. Note also that by combining Corollary 4.10 with Corollary 4.3,
one obtains that, if all the coefficients are real-valued, then(e−t(AV +w))t≥0
is sub-Markovian for everyw ∈ R such thatw + a0 ≥ 0.

PROPOSITION 4.11 The spacesH1
0 (Ω), H1(Ω), Ĥ1(Ω), and

{u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
satisfy (4.12).Moreover,

Dj((1 ∧ |u|)sign u) = i
=(sign(u)Dju)

|u|
sign uχ{|u|>1} + χ{|u|≤1}Dju

for all u ∈ H1(Ω) and all j ∈ {1, . . . , d}.

Proof. We first consider the caseV = H1(Ω). Since the idea of proof is
similar to that of Proposition 4.4, we only sketch the proof. Let

fε(t) :=
{ √

(t− 1)2 + ε2 − ε if t > 1,
0 if t ≤ 1.

As in the proof of Proposition 4.4, sincefε has bounded derivative onR,
fε(u) ∈ H1(Ω) for all real-valuedu ∈ H1(Ω). Again, by Proposition 4.4,
we conclude thatfε(|u|) ∈ H1(Ω) for all u ∈ H1(Ω). Lettingε → 0 in the
expression ofDkfε(|u|) one obtains(|u| − 1)+ ∈ H1(Ω) with

Dk(|u| − 1)+ = χ{|u|>1}Dk|u| = χ{|u|>1}<(sign(u)Dku).

From this, itfollows that u√
|u|2+ε

(|u|− 1)+ ∈ H1(Ω) for all ε > 0 andu ∈

H1(Ω). Letting ε → 0 in the expression ofDk

[

u√
|u|2+ε

(|u| − 1)+
]

and

arguingas in the proof of Proposition 4.4, it follows that(|u|−1)+sign u ∈
H1(Ω). The equalityu − (1 ∧ |u|)sign u = (|u| − 1)+sign u gives the
desired assertion.

The corresponding result forV = H1
0 (Ω) follows from the fact that(1 ∧

|u|)sign u ∈ H1
0 (Ω) for all u ∈ C∞

c (Ω) (since it is inH1(Ω) and has
compact support inΩ).

Finally, if V = {u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
, the resultfollows as in

Proposition 4.4 by considering(1 ∧ |u|)sign u in place ofu+. 2

If no regularity assumption is imposed on<cj , the conclusions of Theo-
rem 4.9 and Corollary 4.10 do not hold. This is shown in the first example
below. The same example shows also that the situation for the adjoint semi-
group(e−tA∗V )t≥0 is different, even whenV = H1

0 (Ω).
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Example 4.3.1 LetΩ = (0, 1) andb, c ∈ L∞(Ω). Consider the form

aV (u, v) =
∫ 1

0
[u′v′ + b(x)u′v + c(x)uv′]dx, D(aV ) = V.

1) Let c(x) =
√

x and V = H1
0 (Ω). If there exists a constantw such

that (e−t(AV +w))t≥0 is L∞-contractive, then by ii) of Theorem 4.7, we must
havew − c′ is non-negative on(0, 1). This is not the case for anyw. If we
takeb(x) =

√
x andc = 0, then there exists now such that(e−t(A∗V +w))t≥0

is L∞-contractive.

2) Let V = H1(Ω), b(x) = 1 and c(x) = 0. By Corollary 4.10, the
semigroup(e−tAV )t≥0 is L∞-contractive. However, there exists now ∈ R
such that(e−t(A∗V +w))t≥0 isL∞-contractive (despite the fact the coefficients
are inW 1,∞(Ω)). Indeed, if suchw exists, then for every0 ≤ u ∈ V,

aV ((u− 1)+, 1 ∧ u) + w((u− 1)+; 1 ∧ u) ≥ 0. (4.19)

This gives

∫ 1

0
χ{u>1}u

′dx + w
∫ 1

0
(u− 1)+dx ≥ 0.

Applying this forku in place ofu and lettingk →∞, we obtain

∫ 1

0
u′dx + w

∫ 1

0
udx ≥ 0.

In other words, for every non-negativeC1-functionu onΩ,

w
∫ 1

0
udx ≥ u(0)− u(1).

Applying this for the sequenceun = (1 − x)n yieldsw ≥ n + 1 for every
n ∈ N which is not possible. Hence (4.19) cannot hold for anyw.

3) Let nowV = {u ∈ H1(0, 1), u(0) = αu(1)}, whereα ∈ C. Assume
that b = c = 0. It is easy to check thatV satisfies (4.12) if and only if
|α| = 1. Thus, the semigroup(e−tAV )t≥0 is L∞-contractive if and only
if |α| = 1. In particular, for α = i one obtains a semigroup which isL∞-
contractive but not positive (it is not even real) and forα = 2, the semigroup
is positive but notL∞-contractive.
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4.3.2 Absence ofL∞-contractivity: complex principal part

We consider in this section the formaV given by the principal part, that is,

aV (u, v) =
d

∑

k,j=1

∫

Ω
akjDkuDjvdx, D(aV ) = V. (4.20)

We assume as previously that the uniform ellipticity (U.Ell) holds.
We have seen in the previous subsection that ifV satisfies (4.12) and if the

coefficientsakj are real, then the semigroup(e−tAV )t≥0 is L∞-contractive.
This paragraph is devoted to the necessity of having theakj to be real-
valued. More precisely, we study the question whether theL∞-contractivity
of (e−tAV )t≥0 implies that

aV (u, v) =
d

∑

k,j=1

∫

Ω
<(akj)DkuDjvdx for all u, v ∈ V, (4.21)

which entails that the formaV (and hence the operatorAV ) has real-valued
coefficients.

For Dirichlet boundary conditions, the answer follows from Theorem 4.7.

COROLLARY 4.12 Suppose that the formaV is given by (4.20). The fol-
lowing assertions are equivalent:

i) (e
−tAH1

0 )t≥0 is L∞-contractive.

ii) (e
−tAH1

0 )t≥0 is real.
iii) aH1

0 (Ω)(u, v) =
∑

k,j

∫

Ω<(akj) DkuDjv, for all u, v ∈ H1
0 (Ω).

iv) =(akj + ajk) = 0, 1 ≤ k, j ≤ d and
∑

j Dj(=akj) = 0 in (C∞
C (Ω))′

for 1 ≤ k ≤ d.

Proof. The equivalence i)⇐⇒ iv) follows from Theorem 4.7. The implica-
tion iv) =⇒ iii) follows from the equality

∫

Ω

∑

k,j

(=akj)DkuDjdx

= −
∫

Ω
v
[

∑

k,j

Dj(=akj)Dku +
1
2

∑

k,j

=(akj + ajk) DkDju
]

dx

for all u, v ∈ C∞
c (Ω). iii) =⇒ i) follows from Theorem 4.7. Finally, ii)⇐⇒

iii) follows from Proposition 4.1. 2

We consider now more general boundary conditions. Recall that con-
dition (4.12) is necessary forL∞-contractivity of (e−tAV )t≥0. Thus, we
consider only spacesV that satisfy (4.12).
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PROPOSITION 4.13 Suppose that the formaV is given by (4.20) and sup-
pose thatakj = ajk for j, k ∈ {1, . . . , d}. If (e−tAV )t≥0 is L∞-contractive,
thenakj are real-valued for everyj andk. In particular, the formaV satis-
fies (4.21).

Proof. As explained after the proof of Corollary 4.8, if(e−tAV )t≥0 is L∞-

contractive, then the same holds for(e
−tAH1

0 )t≥0. Therefore, condition iv)
of Corollary 4.12 and the symmetry assumptionakj = ajk give the propo-
sition. 2

This result answers the above question for general boundary conditionsV.
However, we have assumed a rather restrictive condition on the coefficients.
For general coefficients, we will see later that the result does not hold for
generalV .

We assume thatV satisfies the following property:

u ∈ V ⇒ (<u)+, (1 ∧ |u|)sign u ∈ V. (4.22)

We have

THEOREM 4.14 Assume that the formaV is given by (4.20) and assume
thatV satisfies (4.22). If the semigroup(e−tAV )t≥0 is L∞-contractive, then
aV satisfies (4.21).

Proof. We show that theL∞-contractivity of(e−tAV )t≥0 implies that

d
∑

k,j=1

∫

Ω
(=akj)DkuDjv dx = 0 for all u, v ∈ V. (4.23)

It follows from (4.22) that<u, =u ∈ V for all u ∈ V. Hence, it is enough
to prove (4.23) for all realu, v ∈ V.

Sinceu+, u− ∈ V for all real u ∈ V, it is enough to prove (4.23) for
u, v ∈ V such thatu ≥ 0 andv ≥ 0.

Assume for a moment that we have established (4.23) for non-negative
u, v ∈ V ∩ L∞(Ω,R). Let 0 ≤ u, v ∈ V. It follows from (4.22) thatt ∧ u
ands ∧ v ∈ V for all t, s ∈ R+. Thus we have

d
∑

k,j=1

∫

Ω
(=akj)Dk(t ∧ u)Dj(s ∧ v)dx = 0.

In other words,

d
∑

k,j=1

∫

Ω
(=akj)Dku χ{u<t}Djvchi{v<s}dx = 0.
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Letting t → +∞ ands → +∞, we obtain (4.23) foru andv. This shows
that it is enough to prove (4.23) for non-negativeu, v ∈ V ∩ L∞(Ω,R).
It follows from (4.22) and Theorems 4.2 and 4.9 that the semigroup associ-
ated with the symmetric form

b(u, v) =
d

∑

k=1

∫

Ω
DkuDkvdx, D(b) = V

is sub-Markovian. On the other hand, the functionp(s) = 1
2 (eis − 1) is

a normal contractiononR. Theorems 2.25 and 2.28 assert thatp(V ) ⊆ V
andV ∩L∞(Ω,C) is an algebra for the standard multiplication of functions.
Thus, for0 ≤ u, v ∈ V ∩L∞(Ω,R), we writeueiv = 2up(v)+u and deduce
thatueiv ∈ V.
Now we apply Theorem 2.15 withueiv ∈ V in place ofu. We obtain

<
d

∑

k,j=1

∫

Ω
akj Dk((1 ∧ u)eiv) Dj((u− 1)+ e−iv)dx ≥ 0.

SinceDk(1∧ u) = Dkuχ{u<1} andDk(u− 1)+ = Dkuχ{u>1}, we obtain

d
∑

k,j=1

∫

Ω
<(akj)DkvDjv(u− 1)+dx

≥
d

∑

k,j=1

∫

Ω
=(akj)DjuDkvχ{u>1}dx.

We apply the same arguments toue−iv to obtain

d
∑

k,j=1

∫

Ω
<(akj)DkvDjv(u− 1)+dx

≥
∣

∣

∣

∣

d
∑

k,j=1

∫

Ω
=(akj)DjuDkvχ{u>1}dx

∣

∣

∣

∣

.

Applying this inequality withu
ε (with ε > 0) insteadof u and lettingε → 0,

we obtain by the help of the dominated convergence theorem

d
∑

k,j=1

∫

Ω
<(akj)DkvDjvudx ≥

∣

∣

∣

∣

∣

∣

d
∑

k,j=1

∫

Ω
=(akj)DjuDkvdx

∣

∣

∣

∣

∣

∣

. (4.24)
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Replacingv by λv in (4.24)and lettingλ → 0 yields

d
∑

k,j=1

∫

Ω
(=akj)DjuDkvdx = 0,

which is the previous assertion. 2

The next example shows that the assumption (4.22) cannot be omitted in
the previous theorem.

Example 4.3.2 LetΩ = (0, 1)× (0, 1) and

V0 = {v ∈ H1(Ω,C), v(x, 0) = v(x, 1) = 0 and v(0, y) = v(1, y)}.

Letϕ ∈ C∞(R2,R) such that∂ϕ
∂y (0, y) < ∂ϕ

∂y (1, y) for all y ∈ R. Set

V := eiϕV0.

Fix 0 < θ < 1 and consider the sesquilinear form defined onV by

aV (u, v) =
∫∫

Ω

(

∂u
∂x

∂v
∂x

+
∂u
∂y

∂v
∂y

)

dxdy

+iθ
∫∫

Ω

(

∂u
∂x

∂v
∂y

− ∂u
∂y

∂v
∂x

)

dxdy.

Thecoefficients ofaV satisfy the uniform ellipticity assumption (U.Ell) and
we have

PROPOSITION 4.15 The semigroup(e−tAV )t≥0 associated with the form
aV is L∞-contractive but the formaV does not satisfy (4.21).

Proof. Consider foru, v ∈ V

I(u, v) :=
∫∫

Ω

(

∂u
∂x

∂v
∂y

− ∂u
∂y

∂v
∂x

)

dxdy.

For u, v ∈ V ∩ C2(Ω,C), we have by the Green-Riemann formula and the
fact thatu(x, 0) = u(x, 1) = 0,

I(u, v)=
∫∫

Ω

(

∂
∂x

(

u
∂v
∂y

)

− ∂
∂y

(

u
∂v
∂x

))

dxdy

=
∫

~∂Ω
u

∂v
∂x

dx + u
∂v
∂y

dy

=
∫ 1

0

(

u(1, y)
∂v
∂y

(1, y)− u(0, y)
∂v
∂y

(0, y)
)

dy.
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Sinceue−iϕ, ve−iϕ ∈ V0 it follows that

u(1, y) e−iϕ(1,y) = u(0, y) e−iϕ(0,y),

d
dy

(v(1, y) e−iϕ(1,y)) =
d
dy

(v(0, y) e−iϕ(0,y)).

Hence

u(1, y)
∂v
∂y

(1, y)− u(0, y)
∂v
∂y

(0, y)

= i u(0, y) v(0, u)
(

∂ϕ
∂y

(0, y)− ∂ϕ
∂y

(1, y)
)

.

Thus,

I(u, v) = i
∫ 1

0
u(0, y) v(0, y)

(

∂ϕ
∂y

(0, y)− ∂ϕ
∂y

(1, y)
)

dy. (4.25)

This extends to allu, v ∈ V by a density argument. From this expression
and the assumption∂ϕ

∂y (0, y) − ∂ϕ
∂y (1, y) < 0, we deduce thatI(u, u) 6= 0

for all u such thatu(0, . ) is not the zero function on]0, 1[. This proves that
the formaV cannot satisfy (4.21).

Now we show that(e−tAV )t≥0 is L∞-contractive. For this, we apply
Theorem 2.13.
Firstly, it is easy to check that(|u| − 1)+ sign u ∈ V for all u ∈ V. Thus,
we only have to check that

<aV ((|u| ∧ 1) sign u, (|u| − 1)+ sign u) ≥ 0.

Clearly, it is enough to prove that

<(iI ((|u| ∧ 1) sign u, (|u| − 1)+ sign u)) ≥ 0.

But this follows from (4.25) since

iI ((|u| ∧ 1) sign u, (|u| − 1)+ sign u)

=
∫ 1

0

(

|u(0, y)| − 1)+ (
∂ϕ
∂y

(1, y)− ∂ϕ
∂y

(0, y)
)

dy

≥ 0.

Thisfinishes the proof of the proposition. 2

We point out that the conclusion of Theorem 4.14 does not hold if we
merely assume that there exists a positive constantw such that the semi-
group(e−t(AV +w))t≥0 is L∞-contractive. This can be seen from Corollary
4.8.

In the two-dimension case, we have the following result.
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PROPOSITION 4.16 Assume thatd = 2 and letaV be as in (4.20). Then

there exists a non-negative constantw such that(e
−t(AH1

0
+w)

)t≥0 is L∞-
contractive if and only if=a11 = =a22 = 0 and =a12 = −=a21 ∈
W 1,∞(Ω).

Proof. It follows from Theorem 4.7 that the semigroup(e
−t(AH1

0
+w)

)t≥0
is L∞-contractive if and only if=a11 = =a22 = 0, =(a12 + a21) = 0,
∂

∂x2
=a12, ∂

∂x1
=a21 ∈ L1

loc(Ω) and

2
∑

k,j=1

<akjξkξj +
∂

∂x2
(=a12) ξ1+

∂
∂x1

(=a21) ξ2+w ≥ 0 for all ξ1, ξ2 ∈ R.

(4.26)
Seth = =a12 = −=a21 and let

C := max
ξ2
1+ξ2

2=1

2
∑

k,j=1

<akj ξk ξj , and c := min
ξ2
1+ξ2

2=1

2
∑

k,j=1

<akj ξk ξj .

Clearly, (4.26) implies that

|∇h(x)|2 ≤ 4wC a.e. x ∈ Ω

and (4.26) holds if

|∇h(x)|2 ≤ 4wc a.e. x ∈ Ω.

This proves the proposition. 2

4.4 THE CONSERVATION PROPERTY

In this section we discuss the conservation property

e−tAV 1 = 1 for all t ≥ 0. (4.27)

Here1 denotes the constant function with value1. Clearly, this property
cannot hold for all boundary conditions. To see this, one can consider the
case of a bounded domain with smooth boundary andAV the Laplacian with
Dirichlet boundary conditions. In this case,e−tAV 1 ∈ H1

0 (Ω) for all t > 0
and cannot coincide with1.

For the same reason, the conservation property cannot hold for mixed
boundary conditions (ifΓ in (4.5) is not empty). We will see that it does
hold for Neumann and good Neumann boundary conditions.
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The notation and assumptions here are the same as in Section 4.1, that is,
the formaV is given by

aV (u, v)=
∫

Ω

[ d
∑

k,j=1

akjDkuDjv +
d

∑

k=1

(bkvDku + ckuDkv) + a0uv
]

dx

with domain

D(aV ) = V with V = H1(Ω) or = Ĥ1(Ω). (4.28)

We assume again that the coefficientsakj , bk, ck, anda0 are bounded mea-
surable (possibly complex-valued) functions and satisfy the uniform ellip-
ticity condition (U.Ell). LetΩ be an open subset ofRd.

THEOREM 4.17 LetV be eitherH1(Ω) or Ĥ1(Ω). Assume that
∫

Ω

(

∑

j

bjDju + a0u
)

dx = 0 for all u ∈ V ∩W 1,1(Ω). (4.29)

Assume in addition that the semigroup(e−tAV )t≥0 extends fromL2(Ω,C)∩
L1(Ω,C) to a strongly continuous semigroup onL1(Ω,C). Then
∫

Ω
e−tAV u dx =

∫

Ω
u dx for all t ≥ 0, u ∈ L2(Ω,C)∩L1(Ω,C). (4.30)

In other words, if we also denote by(e−tAV )t≥0 the strongly continuous
semigroup inL1(Ω,C), then the adjoint(e−tA∗V )t≥0 satisfies the conserva-
tion property (4.27).

If there exists a constantw such that the semigroup(e−t(A∗V +w))t≥0 is
L∞-contractive, then the semigroup(e−tAV )t≥0 extends fromL2(Ω,C) ∩
L1(Ω,C) to a strongly continuous semigroup onL1(Ω,C) (see Chapter 2).
In this case, one has only to check condition (4.29) to obtain (4.27) for the
adjoint semigroup.

The assumptions of the previous theorem hold in the particular case where
akj are real-valued functions andbk = ck = a0 = 0 for 1 ≤ k, j ≤ d.

In order to prove Theorem 4.17, we will need the following lemma.

L EMMA 4.18 Suppose thatV = H1(Ω) or V = Ĥ1(Ω). Then there exist
two constantsC1 andω1 such that for everyR > 0, everyu ∈ L2(Ω,C)
with support contained in{|x| ≤ R} and everyr > 0, we have

(∫

Ω∩{|x|≥R+r}
(|e−tAV u|2 +

∑

j

|Dje−tAV u|2)dx
)1/2

≤ C1(1 + t−1)1/2e−r+ω1t‖u‖2, (4.31)
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for all t > 0.

Proof. Assume first thatV = H1(Ω).
Setψ(x) := (|x| − R)+ ∧ r and letS(t) := eψe−tAV e−ψ. We have

ψ ∈ W 1,∞(Rd), ψ(x) = r on the set{|x| ≥ R + r}, |Djψ| ≤ 1 a.e. onRd

for j ∈ {1, . . . , d}, andu = ue−ψ onΩ. Hence

e−tAV u= e−ψS(t)u
Dj(e−tAV u)= e−ψ(DjS(t)u− S(t)uDjψ),

and the term in the left-hand side of (4.31) is bounded by

e−r
(

(1 + 2d)‖S(t)u‖2
2 + 2

∑

j

‖DjS(t)u‖2
2

)1/2

. (4.32)

Now we estimate (4.32). Note thatS(t) = e−tBV , whereBV is the
operator associated with the form

bV (f, g) = aV (e−ψf, eψg) for all f, g ∈ V = H1(Ω).

The formbV has the same principal part asaV . Hence there existω1 andC
such that

‖S(t)‖L(L2) ≤ eω1t, ‖BV S(t)‖L(L2) ≤
Ceω1t

t
,

η
2

∑

j

‖Djf‖2
2 ≤ <

∫

BV ffdx + ω1‖f‖2
2 for all f ∈ D(BV ).

From this and the bound (4.32) we obtain the lemma for the caseV =
H1(Ω).

If V = Ĥ1(Ω), the proof is similar. It only remains to check that the form
bV is well defined. That is, we need that

f ∈ Ĥ1(Ω) ⇒ e−ψf, eψf ∈ Ĥ1(Ω).

We show that for everyφ ∈ W 1,∞(Rd) we have

f ∈ Ĥ1(Ω) ⇒ φf ∈ Ĥ1(Ω). (4.33)

Let fn ∈ C∞
c (Rd) be such thatfn|Ω converges tof in H1(Ω). Let ρn be a

regularizing sequence. Fixn. For eachm, we have(φ ∗ ρm)fn ∈ C∞
c (Rd)

and this sequence converges inH1(Rd) to φfn. Sinceφfn converges toφf

in H1(Ω) we deduce thatφf ∈ Ĥ1(Ω). 2
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Proof of Theorem 4.17.By a density argument, it is enough to prove (4.30)
for u ∈ L2(Ω,C) with compact support. LetR > 0 be such that the support
of u is contained in{|x| < R}. Let ρ ∈ C∞

c (Rd) with 0 ≤ ρ ≤ 1, ρ = 1
on{|x| ≤ 1}. Setρn(x) := ρ(x

n) andu(t) := e−tAV u. For everyt > 0, we
have

In(t) :=
∫

Ω
(AV u(t))ρn dx = aV (u(t), ρn)

=
∫

Ω

∑

j

(

∑

k

akjDku(t) + (cj − bj)u(t)

)

Dj ρndx,

where we have used the fact thatρn ∈ V and the following consequence of
(4.29):

∫

Ω
(
∑

j

bjρnDju(t) + a0u(t)ρn)dx = −
∫

Ω

∑

j

bju(t)Djρndx.

SinceDjρn(x) = 1
n Djρ(x

n) = 0 for |x| ≤ n, we have

|In(t)|

≤ M
∑

j

‖Djρn‖2

(

∫

Ω∩{|x|≥n}

(

|u(t)|2 +
∑

k

|Dku(t)|2
)

dx

)1/2

,

whereM = max (‖akj‖∞, ‖cj − bj‖∞).
Now using Lemma 4.18, we see that forn > R

|In(t)| ≤ M C1

∑

j

‖Djρ‖2 n
d
2−1e−n(1 + t−1)

1
2 eR+ω1t‖u‖2.

But In(t) = − d
dt

∫

Ω u(t)ρndx and u(t) is continuous from[0,∞[ into
L1(Ω,C) by our assumption on the semigroup. Hence for0 < s < t,
we have

∫

Ω
u(t)dx−

∫

Ω
u(s)dx = lim

n→∞

(∫

Ω
u(t)ρndx−

∫

Ω
u(s)ρndx

)

= lim
n→∞

∫ t

s
In(τ)dτ = 0.

Lettings → 0, we obtain (4.30). 2

As an application of Theorem 4.17, we have the following stronger ver-
sion of Theorem 4.14 which in turn is limited to Neumann and good Neu-
mann boundary conditions.
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THEOREM 4.19 LetaV be as above and assume thatV is eitherH1(Ω) or

Ĥ1(Ω). Assume that
∫

Ω

(

∑

j

cjDju + a0u
)

dx = 0 for all u ∈ V ∩W 1,1(Ω). (4.34)

If the semigroup(e−tAV )t≥0 is L∞-contractive, then

aV (u, v) =
∫

Ω

∑

k,j

<(akj)DkuDjvdx +
∑

j

<(bj − cj)vDjudx (4.35)

for all u, v ∈ V.

We first show the following elementary lemma.

L EMMA 4.20 Let T ∈ L(L∞(Ω,C)) be a contraction operator such that
T1 = 1. ThenT is real; that is,Tu ∈ L∞(Ω,R) for all u ∈ L∞(Ω,R).

Proof. Let u ∈ L∞(Ω,R) with ‖u‖∞ ≤ 1. Fix λ ∈ R. Using the assump-
tions onT, we have

(1− λ=Tu)2 + λ2(<Tu)2 = |1 + iλ Tu|2

= |T (1 + iλu)|2

≤‖1 + iλu‖2
∞ ≤ 1 + λ2.

Hence

λ2(1− |Tu|2) + 2λ=Tu ≥ 0 for all λ ∈ R.

This implies that=Tu = 0. 2

Proof of Theorem 4.19.If the semigroup(e−tAV )t≥0 isL∞-contractive, then
the adjoint semigroup(e−tA∗V )t≥0 extends to a strongly continuous contrac-
tion semigroup onL1(Ω,C) (see Chapter 2). Using (4.34) we can apply
Theorem 4.17 and obtain thate−tAV 1 = 1 for all t > 0. The previous
lemma implies then that(e−tAV )t≥0 is real. By Proposition 4.1 it follows
that for allu, v ∈ V

aV (u, v) =
∫

Ω

[ d
∑

k,j=1

<(akj)DkuDjv+
d

∑

k=1

(<(bk)vDku+<(ck)uDkv)

+ <(a0)uv
]

dx.
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But if u, v ∈ V ∩ L∞(Ω,R) we haveu.v ∈ V and it follows from (4.34)
that for allu, v ∈ V ∩ L∞(Ω,R)

∫

Ω

[

∑

j

<cj(uDjv + vDju) + <a0uv
]

dx

= <
∫

Ω

[

∑

j

cjDj(uv) + a0uv
]

dx

= 0.

This implies (4.35) foru, v ∈ V ∩ L∞(Ω,R). As in the proof of Theorem
4.14, by applying this tou∧ t andu∧ s and lettingt →∞ ands →∞, we
extend this to all realu, v ∈ V. Now since<u ∈ V for all u ∈ V, we obtain
(4.35) for allu, v ∈ V. 2

4.5 DOMINATION

The aim of this section is to study the domination property for semigroups
generated by uniformly elliptic operators. For general semigroups associ-
ated with sesquilinear forms, criteria for the domination property are given
in Chapter 2. We apply some of those criteria to the semigroups(e−tAV )t≥0.
As previously, we define the formaV by

aV (u, v) =
∫

Ω

[ d
∑

k,j=1

akjDkuDjv +
d

∑

k=1

(bkvDku + ckuDkv) + a0uv
]

dx.

The domain ofaV is V. HereΩ is any open subset ofRd and we assume
again that the coefficients satisfy the uniform ellipticity condition (U.Ell).

THEOREM 4.21 Assume thatakj , bk, ck, and a0 are real-valued for all
j, k ∈ {1, . . . , d}. The following assertions are equivalent:
1) u ∈ V implies(<u)+ ∈ V.

2) The semigroup(e
−tAH1

0 )t≥0 is dominated by the semigroup(e−tAV )t≥0.
That is, the following inequality holds for allt > 0 and allf ∈ L2(Ω,C) :

|e−tAH1
0 f | ≤ e−tAV |f |. (4.36)

Now letV = {u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
, whereΓ is a closed subset of

∂Ω. Then(e−tAV )t≥0 is dominated by the semigroups(e−tAH1(Ω))t≥0 and

(e
−tA

Ĥ1(Ω))t≥0.
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Proof. By Theorem 4.2, the positivity of the semigroup(e−tAV )t≥0 implies
assertion 1). In particular, 2)=⇒ 1).

Assume now that assertion 1) is satisfied. Again, Theorem 4.2 shows that
the semigroup(e−tAV )t≥0 is positive. For the same reason, the semigroup

(e
−tAH1

0 )t≥0 is also positive. To establish the domination, we show that
H1

0 (Ω) is an ideal ofV and apply Corollary 2.22.
By Proposition 2.23, it suffices to show that if0 ≤ v ≤ u, u ∈ H1

0 (Ω)
andv ∈ V, thenv ∈ H1

0 (Ω).
Let (un)n ∈ Cc

∞(Ω) be such that(un)n converges tou in H1(Ω). Set
vn = inf(|un|, v). For eachn, vn has compact support inΩ and hence
vn ∈ H1

0 (Ω). But (vn)n converges tov in H1(Ω) (this follows from the
continuity of the absolute value inH1(Ω)). Thus,v ∈ H1

0 (Ω). This shows
thatH1

0 (Ω) is an ideal ofV and assertion 2) holds.
In order to show the last claim of the theorem we have to show, as above,

that V is an ideal ofH1(Ω) and ofĤ1(Ω). SinceĤ1(Ω) ⊆ H1(Ω), it is
enough to prove thatV is an ideal ofH1(Ω). Let 0 ≤ v ≤ u with u ∈ V
andv ∈ H1(Ω). Let un ∈ C∞

c (Rd \ Γ) be a sequence which converges to
u in H1(Ω). Let vn = inf(un, v). As mentioned above,vn converges tov
in H1(Ω) and thus it suffices to prove thatvn ∈ V for each fixedn. Let
ρn ∈ C∞

c (Rd) be a regularizing sequence. The sequenceρm ∗ vn converges
in H1(Ω) to vn asm → ∞. Sincevn has compact support contained in
Rd \Γ, it follows that form large,ρm ∗ vn is in C∞

c (Rd \Γ) and this proves
thatvn ∈ V. 2

It follows from the above result that the semigroup associated with the
Dirichlet boundary conditions is the smallest semigroup (for the domination
property). However, the semigroup associated with the Neumann boundary
conditions does not dominate all the others. Indeed, it is easy to construct
subspacesV which are not ideals ofH1(Ω). For example

V = {u ∈ H1(0, 1), u(0) = u(1)}

is not an ideal ofH1(0, 1). To see this, pick a functionv ∈ H1(0, 1) with
0 ≤ v ≤ 1 andv(0) 6= u(1). Thenv /∈ V but0 ≤ v ≤ 1 ∈ V.

Now let V be a closed subspace ofH1(Ω) which containsH1
0 (Ω), and

let φ ∈ W 1,∞(Ω). Define

W = eiφV.

We have

PROPOSITION 4.22 Assume thatakj , bk, ck, anda0 are real-valued for all
j, k ∈ {1, . . . , d}. Assume also that(<u)+ ∈ V for all u ∈ V. Then, the
semigroup(e−tAW )t≥0 is dominated by(e−tAV )t≥0.
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Proof. By Corollary 2.22 (or Theorem 2.21) it is enough to prove thatW
is an ideal ofV. So letu ∈ W andv ∈ V such that|v| ≤ |u|. We need
to show thatvsign u ∈ W. Let now u0 ∈ V such thatu = eiφu0. Thus
|v| ≤ |u0|. The assumption onV implies that the semigroup(e−tAV )t≥0 is
positive and henceV is an ideal of itself (cf. Proposition 2.20). This implies
thatvsign u0 ∈ V. Now vsign u = vsign u0eiφ ∈ W. 2

The next result shows that for Dirichlet boundary conditions, the semi-
group increases as the domain increases. To be more precise, letΩ1 ⊆ Ω2,
whereΩi are open sets ofRd. Define now the form

aH1
0 (Ω2)(u, v)=

∫

Ω2

d
∑

k,j=1

akjDkuDjv+
d

∑

k=1

(bkvDku+ckuDkv)+a0uvdx,

where thecoefficients satisfy (U.Ell) inΩ2. We can now define the form
aH1

0 (Ω1) by the same expression by taking the restrictions of the coefficients
akj , bk, ck, a0 to Ω1. Then we have

PROPOSITION 4.23 Assume thatakj , bk, ck, anda0 are real-valued for all

j, k ∈ {1, . . . , d}. Then the semigroup(e
−tAH1

0(Ω1))t≥0 is dominated by

(e
−tAH1

0(Ω2))t≥0.

Proof. SinceΩ1 ⊆ Ω2, the formaH1
0 (Ω1) is seen as a non-densely defined

form onL2(Ω2,C). Applying the results of Sections 2.3 and 2.6 (for non-
dense forms), it is enough to prove thatH1

0 (Ω1) is an ideal ofH1
0 (Ω2). In

order to do this, consider0 ≤ v ≤ u, whereu ∈ H1
0 (Ω1) andv ∈ H1

0 (Ω2).
Let (un) ∈ C∞

c (Ω1) which converges tou in H1(Ω1) and(vn) ∈ C∞
c (Ω2)

which converges tov in H1(Ω2). The sequenceinf(un, vn) converges tov
in H1(Ω2), and for eachn, inf(un, vn) has a compact support contained in
Ω1. This implies thatinf(un, vn) ∈ H1

0 (Ω1) and hencev ∈ H1
0 (Ω1). 2

We consider now elliptic operators with Robin boundary conditions. As-
sume thatΩ is a bounded smooth domain ofRd and letbV,α be the form
defined in (4.7). We denote byBV,α the operator associated with the form
bV,α and setAV := BV,0 (i.e., the operator corresponding to the caseα = 0
on∂Ω).

PROPOSITION 4.24 Assume thatakj , bk, ck, anda0 are real-valued for all
j, k ∈ {1, . . . , d}. Assume also that(<u)+ ∈ V for all u ∈ V and thatα ≥
0 on∂Ω. Then the semigroup(e−tBV,α)t≥0 is dominated by(e−tAV )t≥0.

Proof. By assumption onV, the semigroups(e−tAV )t≥0 and(e−tBV,α)t≥0
are positive (see Theorem 4.2; the proof of positivity of(e−tBV,α)t≥0 is
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similar tothat of(e−tAV )t≥0). It follows from Proposition 2.20 thatV is an
ideal of itself. Thus we only have to check that

bV,α(u, v) ≥ aV (u, v)

for all 0 ≤ u, v ∈ V and apply Theorem 2.24. This inequality is satisfied
sinceα is non-negative on∂Ω. 2

An immediate consequence of the previous proposition and Theorem 4.9
is that if V satisfies in addition (4.12) andck = 0 for all k ∈ {1, . . . , d},
then the semigroup(e−t(BV,α+w))t≥0 is L∞-contractive for some constant
w.

We have seen above that many results on domination and contractivity
hold for elliptic operators with real-valued coefficients. In order to con-
sider operators with complex-valued coefficients, we may ask whether one
can dominate the associated semigroup when the coefficients are complex-
valued by the semigroup of a similar operator having only real-valued co-
efficients. We show that it is possible to prove such domination under an
appropriate condition on the imaginary parts of the principal coefficients
akj .

We first consider the case of Dirichlet boundary conditions and then show
how the domination result extends to other boundary conditions.

We suppose that

=(akj + ajk) = 0, fk :=
d

∑

j=1

Dj(=akj) ∈ L1
loc(Ω) (4.37)

for all k, j ∈ {1, . . . , d}, whereDj=akj is taken in the distributional sense.
Let η be the ellipticity constant of(akj) and set

m(x) :=

d
∑

k=1

[fk + =(ck − bk)]2

4η
. (4.38)

Define the form

bH1
0
(u, v) =

∫

Ω

[ d
∑

k,j=1

<(akj)DkuDjv +
d

∑

k=1

(<(bk)vDku + <(ck)uDkv)

+<(a0)uv
]

dx−
∫

Ω
muvdx

=: EH1
0
(u, v)−

∫

Ω
muvdx.
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We assume that the potential functionm is form-bounded with respect to the
form EH1

0
, with relative bound< 1, that is, there existβ ∈ R and0 ≤ α < 1

such that
∫

Ω
m(x)|u|2dx ≤ β

∫

Ω
|u|2dx + α<EH1

0
(u, u) for all u ∈ H1

0 (Ω). (4.39)

It follows from Theorem 1.19 that the formbH1
0
, with domainD(bH1

0
) =

H1
0 (Ω), is well defined and there exists a constantw ∈ R suchb + w is

accretive, continuous, and closed. Let us denote byBH1
0

the operator asso-
ciated with the formbH1

0
. Recall thatAH1

0
is the operator associated with

the form

aH1
0
(u, v) =

∫

Ω

[ d
∑

k,j=1

akjDkuDjv+
d

∑

k=1

(bkvDku+ckuDkv)+a0uv
]

dx,

where the coefficientsakj , bk, ck, a0 are complex-valued and satisfy (U.Ell).
We have

THEOREM 4.25 Assume that (4.37) and (4.39) hold. Then, for everyt ≥ 0
and everyf ∈ L2(Ω)

|e−tAH1
0 f | ≤ e

−tBH1
0 |f |.

We first prove the following lemma.

L EMMA 4.26 Let u, v ∈ H1(Ω) be such thatu(x)v(x) ≥ 0 (for a.e.
x ∈ Ω). Wehave for eachk ∈ {1, . . . , d}
1)=(vDku) = |v|=(sign(u)Dku).
2) |v|=(sign(u)Dku) = |u|=(sign(v)Dkv).

Proof. Let u andv beas in the lemma. Sinceχ{u=0}Dku = 0, we have

vDku = vDku
vu
|u||v|

χ{u 6=0}χ{v 6=0} = |v|Dku
u
|u|

χ{u6=0}.

Assertion 1) follows then by taking the imaginary parts.
In order to prove assertion 2), we write

|v|u = |v|u vu
|u||v|

χ{u 6=0}χ{v 6=0} = |u|v.

Hence,

uDk|v|+ |v|Dku = vDk|u|+ |u|Dkv.
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We multiply each term bysignu = u
|u|χ{u6=0} and takethe imaginary parts

to obtain

|v|=(sign(u)Dku) = =(uχ{u6=0}Dkv) = =(uDkv).

This together withassertion 1) (withu in place ofv and vice-versa) gives
2). 2

Proof of Theorem 4.25.SinceH1
0 (Ω) is an ideal of itself (see, e.g. the proof

of Theorem 4.21), it suffices to prove that

<aH1
0
(u, v) ≥ bH1

0
(u, v) for u, v ∈ H1

0 (Ω) with uv ≥ 0 (4.40)

and then applyTheorem 2.21.
Let u, v ∈ H1

0 (Ω) be such thatuv ≥ 0. We have

DkuDjv = Dku
u
|u|

χ{u6=0}Djv
v
|v|

χ{v 6=0}.

Hence

I1 :=<
d

∑

k,j=1

∫

Ω
<(akj)DkuDjvdx

=
d

∑

k,j=1

∫

Ω
<(akj)<(sign(u)Dku)<(sign(v)Djv)dx

+
d

∑

k,j=1

∫

Ω
<(akj)=(sign(u)Dku)=(sign(v)Djv)dx

=
d

∑

k,j=1

∫

Ω
<(akj)<(sign(u)Dku)<(sign(v)Djv)dx

+
d

∑

k,j=1

∫

Ω
<(akj)=(sign(u)Dku)=(sign(u)Dju)

|v|
|u|

χ{u 6=0}dx,

where we have used Lemma 4.26 in order to write the last equality. By
Proposition 4.4,

Dk|u| = <(sign(u)Dku) for all u ∈ H1(Ω).
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This gives

I1 =
d

∑

k,j=1

∫

Ω
<(akj)Dk|u|Dj |v|dx (4.41)

+
d

∑

k,j=1

∫

Ω
<(akj)=(sign(u)Dku)=(sign(u)Dju)

|v|
|u|

χ{u6=0}dx.

We have now to handle the imaginary part. For arbitraryu, v ∈ C∞
c (Ω),

I2 :=<
d

∑

k,j=1

∫

Ω
i=(akj)DkuDjvdx

= −=
d

∑

k,j=1

∫

Ω
=(akj)DkuDjvdx

= =
d

∑

k,j=1

∫

Ω
Dj=(akj)vDkudx + =

d
∑

k,j=1

∫

Ω
=(akj)vDkDjudx.

By assumptions=(akj + ajk) = 0, hence

I2 =
d

∑

k=1

∫

Ω
fk=(vDku)dx. (4.42)

Using theCauchy-Schwarz inequality and assumption (4.39), we see that
(4.42) extends to allu, v ∈ H1

0 (Ω).
Assume again thatuv ≥ 0. By Lemma 4.26,(4.42) becomes

I2 =
d

∑

k=1

∫

Ω
fk=(sign(u)Dku)|v|dx. (4.43)

We comenow to the terms of order1. We have foru, v ∈ H1
0 (Ω) with

uv ≥ 0,

I3 =<
d

∑

k=1

∫

Ω
bkvDku + ckuDkvdx

=
d

∑

k=1

∫

Ω

[

<(bk)<(vDku)−=(bk)=(vDku) + <(ck)<(uDkv)

+=(ck)=(uDkv)
]

dx.
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As in the proof of Lemma 4.26, we have

vDku = Dku
vu
|u||v|

vχ{u 6=0}χ{v 6=0} = uDku
|v|
|u|

χ{u6=0}χ{v 6=0}dx

and thus,

<(vDku) = <(sign(u)Dku)|v| = |v|Dk|u|.

Using this andLemma 4.26, we can rewriteI3 as

I3 =
d

∑

k=1

∫

Ω
<(bk)|v|Dk|u|+ <(ck)|u|Dk|v|dx

+
d

∑

k=1

∫

Ω
(=ck −=bk)=(sign(u)Dku)|v|dx. (4.44)

Concerning the terma0, wehave

I4 := <
∫

Ω
a0uvdx =

∫

Ω
<a0|u||v|dx (4.45)

for all u, v ∈ H1
0 (Ω) such thatuv ≥ 0.

Since<aH1
0
(u, v) = I1 + I2 + I3 + I4, we obtain from (4.41), (4.43),

(4.44), and (4.45),

<aH1
0
(u, v)=

∫

Ω

[ d
∑

k,j=1

<(akj)Dk|u|Dj |v|+
d

∑

k=1

(<(bk)Dk|u||v|

+<(ck)|u|Dk|v|) + <(a0)|u||v|
]

dx

+
d

∑

k,j=1

∫

Ω
<(akj)=(sign(u)Dku)=(sign(u)Dju)

|v|
|u|

χ{u6=0}dx

+
d

∑

k=1

∫

Ω

[

fk + =(ck − bk)
]

=(sign(u)Dku)|v|dx.
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It follows from the ellipticity assumption (4.2) that

d
∑

k,j=1

∫

Ω
<(akj)=(sign(u)Dku)=(sign(u)Dju)

|v|
|u|

χ{u6=0}

+
d

∑

k=1

∫

Ω

[

fk + =(ck − bk)
]

=(sign(u)Dku)|v|dx

≥−
∫

Ω
m(x)|u||v|dx,

and this gives (4.40). 2

It is clear from this proof that we may replace<a0 in the last theorem by
(<a0)−.

We want now to consider other boundary conditions in the previous theo-
rem. LetV, aV , andAV be as above. LetEV be the form given by the same
expression asEH1

0
, but with domainD(EV ) = V. Assume that (4.39) holds

with EH1
0

replaced byEV andH1
0 (Ω) is replaced byV , that is,

∫

Ω
m(x)|u|2dx ≤ β

∫

Ω
|u|2dx + α<EV (u, u) for all u ∈ V, (4.46)

with some constantsβ ∈ R andα < 1. Define

bV (u, v) := EV (u, v)−
∫

Ω
m(x)uvdx for all u, v ∈ D(bV ) = V.

Denote byBV the operator associated with the formbV .
The above theorem can be extended to the boundary conditions given byV
if we assume that

d
∑

k,j=1

∫

Ω
=(akj)φDjvdx

= −
d

∑

k,j=1

∫

Ω
Dj=(akj)φvdx−

d
∑

k,j=1

∫

Ω
=(akj)vDjφdx (4.47)

for all v ∈ V, φ ∈ C∞(Ω)∩H1(Ω) (this means that we assume thatDj=akj
exist as functions). Roughly speaking, this assumption means that=akj are
smooth and= 0 on parts of the boundary ofΩ, where functions inV do not
necessarily vanish.

We have
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THEOREM 4.27 Assume thatV satisfies

u ∈ V ⇒ (<u)+ ∈ V

and assume that (4.37), (4.46), and (4.47) hold. Then, for everyt ≥ 0 and
everyf ∈ L2(Ω)

|e−tAV f | ≤ e−tBV |f |.

Proof. The assumption onV together withbV (u+, u−) ≤ 0 implies the
positivity of the semigroup(e−tBV )t≥0.

Using again Theorem 2.21, it suffices to prove that

<aV (u, v) ≥ bV (|u|, |v|) for every u, v ∈ V such that uv ≥ 0. (4.48)

The proof isthe same as that of Theorem 4.25. The only place where we
used the fact thatV = H1

0 (Ω) is in the proof of (4.42). Now, in order to
prove (4.42) foru, v ∈ V we proceed as above by taking firstu ∈ C∞(Ω)∩
H1(Ω) andv ∈ V , then use (4.47) to integrate by parts. This gives (4.42)
for u andv as above. The Meyers-Serrin theorem ([Ada75], p. 52) and the
assumption thatm is EV -bounded show that (4.42) holds for allu ∈ H1(Ω)
andv ∈ V. 2

4.6 Lp-CONTRACTIVITY FOR 1 < p < ∞

We consider again the formaV defined by

aV (u, v)=
∫

Ω

[ d
∑

k,j=1

akjDkuDjv +
d

∑

k=1

(bkvDku + ckuDkv) + a0uv
]

dx,

where the coefficientsakj , bk, ck, a0 are complex-valued and satisfy (U.Ell).
We have seen in Section 4.3 that theL∞-contractivity of(e−t(AV +w))t≥0
does not necessarily hold with some constantw, even whenV = H1

0 (Ω)
and all the coefficients are real. Some regularity of the coefficients<ck is
necessary (see Theorem 4.7, ii)).
In this section, we prove that for eachp ∈ (1,∞), there exists a constant
wp, such that the semigroup(e−t(AV +wp))t≥0 is contractive onLp(Ω). This
holds without any further assumption on<bk and<ck.
Note first that the semigroup(e−tAV )t≥0 is defined onL2(Ω) and satisfies
the estimate

‖e−t(AV +w)‖L(L2) ≤ 1 for all t ≥ 0 (4.49)
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wherew may be chosen as follows

w =
1
4η

d
∑

k=1

‖|<(bk + ck)|+ |=(bk − ck)|‖2
∞ + ‖(<a0)−‖∞. (4.50)

This followsfrom the inequality<aV (u, u) + w(u; u) ≥ 0 (for all u ∈ V ),
which can be shown in the same way as (4.3).

The next result shows that this estimate extends toLp(Ω). More precisely,

THEOREM 4.28 Assume that (U.Ell) holds and that the coefficientsakj are
real-valued functions for1 ≤ k, j ≤ d. Suppose thatV satisfies (4.12).
Then for everyp ∈ (1, +∞), the semigroup(e−tAV )t≥0 extends boundedly
to Lp(Ω). In addition,

‖e−tAV ‖L(Lp(Ω)) ≤ ewpt for all t ≥ 0, (4.51)

where

wp = ‖(<a0)−‖∞ +
1
η

(

1
p

+
1
2

) d
∑

k=1

‖bk − ck‖2
∞ +

p
η

d
∑

k=1

‖<ck‖2
∞

for p ∈ [2,∞); and

wp =‖(<a0)−‖∞ +
1
η

3p− 2
2p

d
∑

k=1

‖bk − ck‖2
∞ +

p
η(p− 1)

d
∑

k=1

‖<bk‖2
∞

for p ∈ (1, 2].

Proof. Definefor eachz ∈ C, the formaV (z) by

aV (z)(u, v) :=
1
2

d
∑

k,j=1

∫

Ω
akjDkuDjvdx

+z
d

∑

k=1

∫

Ω

[

(<ck)vDku + (<ck)uDkv
]

dx,

with domainD(aV (z)) = V. We denote by(Tz(t))t≥0 the semigroup gen-
erated by (minus) the operator associated withaV (z). By Theorem 4.9, the
semigroup(Tis(t))t≥0 and its adjoint are bothL∞-contractive for every
s ∈ R.

For z = 1 + is (s ∈ R), the estimate (4.49) (applied to the semigroup
associated with the formaV (1 + is)) gives

‖T1+is(t)‖L(L2(Ω)) ≤ ew′2t,
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wherew′2 = 2
η

∑d
k=1 ‖<ck‖2

∞.
On the otherhand, it follows from Kato [Kat80], Theorems VII-4.2 and

IX-2.6 that Tz(t) depends analytically onz (for eacht ≥ 0). The Stein
interpolation theorem allows to interpolate between the previousL2- and
L∞-estimates. Thus, for everyp ∈ [2,∞]

‖T2/p(t)‖L(Lp(Ω)) ≤ e
2
p w′2t.

Applying this estimateto the semigroup associated with the form whereck
is changed intop2ck yields

‖T1(t)‖L(Lp(Ω)) ≤ e
p
2 w′2t = e

p
η

Pd
k=1 ‖<ck‖2∞t. (4.52)

Define nowthe form

bV (u, v) :=
1
2

d
∑

k,j=1

∫

Ω
akjDkuDjvdx

+
d

∑

k=1

∫

Ω

[

(bk −<ck)vDku + i=ckuDkv
]

dx +
∫

Ω
a0uvdx

(with domainD(bV ) = V ) and denote by(S(t))t≥0 the semigroup gener-
ated by (minus) its associated operator. By Theorem 4.9,(e−w0tS(t))t≥0 is
L∞-contractive for everyw0 such that

w0 + <a0 −
1
2η

d
∑

k=1

|=(ck − bk)|2 ≥ 0 on Ω.

In particular, this holds for

w0 = ‖(<a0)− +
1
2η

d
∑

k=1

|=(ck − bk)|2‖∞.

ThisL∞-estimate and (4.49)(applied to the semigroup associated withbV )
imply that for everyp ∈ [2,+∞]

‖S(t)‖L(Lp(Ω)) ≤ e[ 2p w′′2 +w0(1− 2
p )]t, (4.53)

wherew′′2 = 1
2η

∑d
k=1 ‖|<(bk − ck)|+ |=(bk − ck)|‖2

∞ + ‖(<a0)−‖∞.
Since the formaV is the sum

aV = aV (1) + bV
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it follows from the Trotter-Kato product formula (cf. [Kat78]) that

e−tAV f = lim
n→+∞

(T1(t/n)S(t/n))nf (4.54)

for everyf ∈ L2(Ω). This together with (4.52) and (4.53) gives

‖e−tAV ‖L(Lp(Ω)) ≤ e[ 2p w′′2 +w0(1− 2
p )+ p

2 w′2]t. (4.55)

This showsthe desired estimate onLp(Ω) for p ∈ [2,∞). The estimate on
Lp(Ω) for p ∈ (1, 2] is obtained by applying the previous one to the adjoint
semigroup(e−tA∗V )t≥0 and arguing by duality. 2

For complex-valued coefficientsakj , we have the following

THEOREM 4.29 Assume thatfk :=
∑d

k=1 Dj=akj ∈ L∞(Ω) for 1 ≤ k ≤
d and let m(x) be as in (4.38). Assume that=(akj + ajk) = 0 for all
1 ≤ k, j ≤ d (respectively, that the hypotheses of Theorem 4.27 are satis-
fied if V 6= H1

0 (Ω)). Then the conclusion of the above theorem holds for

the semigroup(e
−tAH1

0 )t≥0 (respectively, for(e−tAV )t≥0) with ‖(<a0)−‖∞
replaced by‖(<a0 −m)−‖∞ in the expression ofwp.

Proof. Apply Theorem 4.25 (respectively, Theorem 4.27) and the previous
result. 2

4.7 OPERATORS WITH UNBOUNDED COEFFICIENTS

In this section we show that some of the results presented in the foregoing
sections can be extended to operators having unbounded coefficients and to
Schr̈odinger type operators.

Let Ω be an open set ofRd. Assume that

akj = ajk ∈ L1
loc(Ω,R), 1 ≤ k, j ≤ d,<

d
∑

j,k=1

akjξkξj ≥ η|ξ|2 (4.56)

for all ξ ∈ Cd, whereη > 0 is a constant. Let0 ≤ m ∈ L1
loc(Ω) and define

the symmetric form

bV (u, v) :=
∫

Ω

d
∑

k,j=1

akjDkuDjvdx +
∫

Ω
muvdx.
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The domainof bV is given by

D(bV ) =
{

u ∈ V,
∫

Ω

d
∑

k,j=1

akjDkuDjudx < ∞ and
∫

Ω
m|u|2dx < ∞

}

,

whereV is a closed subspace ofH1(Ω) and such thatH1
0 (Ω) ⊆ V ⊆

H1(Ω).

PROPOSITION 4.30 The formbV is densely defined and closed.

Proof. The formbV is densely defined sinceC∞
c (Ω) ⊆ D(bV ). We show

that bV is closed. Let(un)n be a Cauchy sequence inD(bV ). It follows
from the ellipticity assumption (4.56) and the fact thatm is non-negative that
(un)n is a Cauchy sequence inV and hence it converges inV . Let u be its
limit. Taking a subsequence(unk) such thatDjunk(x) converges toDju(x)
for a.e.x ∈ Ω and allj ∈ {1, . . . , d}, one obtains by Fatou’s lemma thatu ∈
D(bV ). (To see that such a subsequence exists, one can argue as follows:
D1un converges toD1u in L2(Ω,C) and hence there exists a subsequence
D1uφ(n) which converges a.e. toD1u. NowD2uφ(n) converges inL2(Ω,C)
and hence we can extract a subsequence ofD2uφ(n) which converges a.e.
to D2u. Iterating thisd times one obtains the subsequence(unk) with the
desired property.)

Apply again the a.e. convergence of the subsequenceunk and Fatou’s
lemma to obtain

bV (un − u, un − u)

=
∫

Ω
lim
k

[

∑

k,j

akjDk(un − unk)Dj(un − unk) + m|un − unk |
2
]

dx

≤ lim inf
k

∫

Ω

[

∑

k,j

akjDk(un − unk)Dj(un − unk) + m|un − unk |
2
]

dx.

From this it follows thatbV (un − u, un − u) → 0 asn → ∞. Thus, the
form bV is closed. 2

Now let bk, ck, a0 ∈ L∞(Ω,C) for 1 ≤ k ≤ d and define the form

aV (u, v)= bV (u, v) +
d

∑

k=1

∫

Ω

[

bkvDku + ckuDkv
]

dx +
∫

Ω
a0uvdx,

D(aV )= D(bV ).

Using the fact thatbk, ck, a0 are bounded, one can check that there exists
a constantw′ such that the formaV + w′ is non-negative, continuous, and
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closed. Denote byAV the operator associated withaV . Several results given
in previous sections for operators with bounded coefficients can be extended
to the present situation. We summarize the relevant ones in the following

THEOREM 4.31 Assume that (4.56) holds and thatbk, ck, a0 ∈ L∞(Ω,C)
for 1 ≤ k ≤ d. We have:
1) Assume that for eachk, the coefficientsbk, ck anda0 are real. If(<u)+ ∈
V for all u ∈ V, then the semigroup(e−tAV )t≥0 is positive.
2) Assume that(1 ∧ |u|)sign u ∈ V for all u ∈ V and that<cj = 0 for all
j = 1, . . . , d. Then for every constantw such that

w + m + <a0 −
1
4η

d
∑

j=1

|=(cj − bj)|2 ≥ 0 on Ω,

the semigroup(e−t(AV +w))t≥0 is L∞-contractive.
3) Assume now that all the coefficientsbk, ck, anda0 are real.

i) If (<u)+ ∈ V for all u ∈ V, then the semigroup(e
−tAH1

0(Ω))t≥0 is domi-
nated by(e−tAV )t≥0.

ii) Let V = {u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
, where Γ is a closed subset of

∂Ω. Then(e−tAV )t≥0 is dominated by the two semigroups(e−tAH1(Ω))t≥0

and(e
−tA

Ĥ1(Ω))t≥0.

Proof. We only sketch the proof since there is no new difficulties.
Assertion 1) follows from Theorem 2.6 once we establish that(<u)+ ∈

D(aV ) for all u ∈ D(aV ). Since this is true by assumption on the spaceV
and sinceDj(<u)+ = χ{<u>0}Dj<u, it follows that(<u)+ ∈ D(aV ).

Assertion 2) holds as in Theorem 4.9 once we have(1 ∧ |u|)sign u ∈
D(aV ) for all u ∈ D(aV ). This follows from the assumption onV and
the expression ofDj [(1 ∧ |u|)sign u]. Finally, as in the previous section
we obtain assertion 3) once we establish the ideal property. It follows
easily from the definition ofD(aV ) and the fact thatH1

0 (Ω) is an ideal
of everyV (as in i)) thatD(aH1

0 (Ω)) is an ideal ofD(aV ). Again, since

{u|Ω, u ∈ C∞
c (Rd \ Γ)}

H1(Ω)
is anideal ofH1(Ω) and ofĤ1(Ω), we ob-

tain thatD(aV ) is an ideal ofD(aH1(Ω)) and ofD(a
Ĥ1(Ω)

). 2

It should be noted that the boundedness assumption of the coefficients
bk, ck, anda0 does not play any role in the proof. We have assumed that
these coefficients are bounded only for simplicity and also to ensure the
continuity and closability of the formaV + w′. We could, however, include
more general coefficients. For example, if we assume that|bk|2, |ck|2 and
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a0 are formbounded with respect to the form

cV (u, v) :=
∑

k

∫

Ω
DkuDkvdx

with form bound sufficiently small, then continuity and closability ofaV +
w′ for somew′ hold. In order to see this, we write

|<
∫

Ω
bkuDkudx| ≤ 1

2ε

∫

Ω
|bk|2|u|2dx +

ε
2

∫

Ω
|Dku|2dx

which is valid for all ε > 0. The fact that|bk|2 is cV -bounded means that for
some constantsαk, βk ≥ 0,

∫

Ω
|bk|2|u|2dx ≤ αk

∫

Ω
|Dku|2dx + βk

∫

Ω
|u|2dx.

Using this for eachbk, ck, a0 and using the ellipticity assumption (4.56), we
obtain the desired conclusion if the constantsαk are small enough.

Consider onL2(Ω,R) the symmetric form

a(u, v) =
∫

Ω

d
∑

k,j=1

akjDkuDjvdx +
∫

Ω
muvdx, D(a) = C∞

c (Ω),

where0 ≤ m ∈ L1
loc(Ω), the coefficientsakj ∈ L1

loc(Ω) and satisfy (4.56).
We have seen that the formbH1

0
, defined above, is closed. Hence,a is

closable. We denote again bya its closure and byA its associated operator.
We have

PROPOSITION 4.32 The semigroup(e−tA)t≥0 is sub-Markovian.

Proof. Assume for a moment that|u| ∈ D(a) for all u ∈ C∞
c (Ω). By The-

orem 4.31, the semigroup associated with the formbH1
0

is sub-Markovian
and hence Theorem 2.6 (or Corollary 2.18) implies

a(|u|, |u|) = bH1
0
(|u|, |u|) ≤ bH1

0
(u, u) = a(u, u). (4.57)

This implies thata(u+, u−) ≤ 0 and we conclude again by Theorem 2.6
that the semigroup(e−tA)t≥0 is positive.

It remains to prove that|u| ∈ D(a) for all u ∈ C∞
c (Ω). Fix u ∈ C∞

c (Ω)
and let(ρn) be a regularizing sequence. Forn large enough,ρn ∗ |u| ∈
C∞

c (Ω). We have for eachj ∈ {1, . . . , d}

|Dj(ρn ∗ |u|)−Dj |u|| = |ρn ∗Dj |u|)−Dj |u|| ≤ 2‖Dju‖∞.
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For n large enough,ρn ∗ |u| − |u| has support contained in a compact set
which is independent ofn. Thus, using the fact thatm, akj ∈ L1

loc(Ω), we
obtain by the dominated convergence theorem that

∫

Ω

d
∑

k,j=1

akjDk(ρn∗|u|−|u|)Dj(ρn∗|u|−|u|)dx+
∫

Ω
m|ρn∗|u|−|u||2dx

converges to0 asn →∞. This shows that|u| ∈ D(a).
The proof of theL∞-contractivity is similar. We just replace|u| in the

above arguments by1 ∧ u for non-negativeu and apply Corollary 2.18.2

Notes
Treatment of second-order elliptic operators can be found in several books. The
sub-Markovian property for second-order symmetric operators with real-valued co-
efficients is studied in Davies [Dav89], [Dav95d], Fukushima [Fuk80], Fukushima,
Oshima, and Takeda [FOT94]. Ma and Röckner [MaR̈o92] consider nonsymmetric
operators with real-valued coefficients.

The novelty in the present chapter is that we are able to treat operators with
complex-valued coefficients and describe precisely in terms of boundary conditions
and of the coefficients when positivity,L∞-contractivity, or domination properties
hold.

Section 4.2. The presentation of this section follows Ouhabaz [Ouh92b], [Ouh96],
and [Ouh02]. Proposition 4.1 and Theorem 4.2 are taken from [Ouh92b] and
[Ouh96]. As mentioned above, results of the same type are contained in [Dav89],
[Dav95d], [Fuk80], [FOT94], and [MaR̈o92]. In the symmetric caseakj = ajk

andbk = ck = 0 for all 1 ≤ k, j ≤ d, the fact that2) =⇒ 1) in Theorem 4.5 is
shown by Arendt [Are01] by using the maximum principle and by Davies [Dav89]
(cf. Theorem 3.3.5) as a consequence of lower bounds for the heat kernel.

Section 4.3. The results in this section are mainly taken from Ouhabaz [Ouh92b],
[Ouh96] and Auscher et al. [ABBO00]. Theorems 4.6 and 4.7 and Corollary
4.8 are proved in [ABBO00]. Theorem 4.9 and Corollary 4.10 are taken from
[Ouh92b] and [Ouh96]. Similar results for symmetric real-valued coefficients can
be found in [Dav89], [Fuk80], [FOT94] and in [MaR̈o92] for nonsymmetric opera-
tors (with real-valued coefficients). Related results to Proposition 4.11 can be found
in Dautray-Lions [DaLi88], Section 7 and Adams [Ada75], Lemma 8.31. The same
proposition is proved in Arendt and ter Elst [ArEl97]. Corollary 4.12 and Theorem
4.14 are proved in Auscher et al. [ABBO00]. Related results to Corollary 4.12
for weakly coupled systems are proved in the case of smooth coefficients (and also
smooth open setΩ) by Kresin and Maz’ya [KrMa94] and Langer [Lan99].
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Section 4.4. This section is taken from Auscher et al. [ABBO00] in which Theo-
rem 4.17 is proved. General criteria for the conservation property with applications
to second-order symmetric operators with real-valued coefficients are given in Os-
hima [Osh92] and Davies [Dav85]. Similar results to Lemma 4.18 can be found in
Auscher, Coulhon, and Tchamitchian [ACT96] and Davies [Dav95c]. Lemma 4.20
is taken from Cĺement et al. [CHADP87].

Section 4.5. Theorem 4.21 and Proposition 4.23 are taken from Ouhabaz [Ouh96].
These results show the role of the ideal property in the domination of semigroups.
We mention that a description of closed ideals of regular Dirichlet spaces is given
in Stollmann [Sto93]. See also the recent work by Arendt and Warma [ArWa03]
for related results to Theorem 4.21. Theorems 4.25 and 4.27 are shown in [Ouh02].
The idea behind the last two results is the well-known diamagnetic inequality for
Schr̈odinger operators with magnetic fields.

Section 4.6. Theorem 4.28 is proved in Ouhabaz [Ouh02]. It was proved for elliptic
operators with real-valued coefficients (but with less precise constantwp) by Robin-
son [Rob91], Daners [Dan00], and Karrmann [Kar01]. Note that Theorem 4.29
cannot hold for operators with arbitrary complex-valuedakj . For operatorsA =
−

∑

k,j Dj(akjDk) with complex-valued coefficients (considered onL2(Rd, dx)
with d ≥ 3), one obtains by using the Sobolev embedding that(e−tA)t≥0 extends
to a strongly continuous semigroup onLp(Rd) for p ∈ [ 2d

d+2 , 2d
d−2 ]; see Davies

[Dav95c]. It is proved in [Dav97a] that this result is sharp in the sense that for ev-
ery p /∈ [ 2d

d+2 , 2d
d−2 ], there existsan operatorA for which e−tA cannot be extended

from L2 ∩ Lp to a bounded operator onLp(Rd) for anyt > 0.

Section 4.7. Similar results to those in assertions 1) and 2) of Theorem 4.31 can be
found in Ma and R̈ockner [MaR̈o92]. More can be said on elliptic operators with
unbounded coefficients; see recent works by Liskevich [Lis96], Liskevich, Sobol
and Vogt [LSV02], Sobol and Vogt [SoVo02], Metafune et al. [MPRS02].



Chapter Five

DEGENERATE-ELLIPTIC OPERATORS

We have studied in the last chapter contractivity properties of semigroups
associated with second-order uniformly elliptic operators. In particular, we
have seen that it is possible in several cases to extend the semigroup initially
defined onL2(Ω,C) to Lp(Ω,C) for p 6= 2. In the present chapter, we
study similar questions for second-order degenerate-elliptic operators. More
precisely, we consider operators of the type

Au = −
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

bkDku + a0u, (5.1)

where the matrix(akj)k,j satisfies the following weaker assumption than
(4.2):

d
∑

j,k=1

akj(x)ξjξk ≥ 0 for all ξ ∈ Rd, a.e. x ∈ Ω. (5.2)

In this case, any realization of the operatorA is called a degenerate-elliptic
operator. For such operators, several difficulties which we did not meet
previously for uniformly elliptic operators occur now. The first one is the
L2-theory, that is, the construction of a realization ofA which generates a
strongly continuous semigroup onL2(Ω,R). If one applies the sesquilin-
ear form method, then because of the absence of the ellipticity assumption
(4.2), it becomes difficult to check continuity and closability of the form.
In the symmetric case, one can still apply this technique. We shall assume
a smoothness condition of the coefficients which guarantees the closability
of the symmetric form. One advantadge of the sesquilinear form method
is that it allows one to treat operators with unbounded coefficients. The
nonsymmetric case will be treated by a perturbation method, based on The-
orem 1.50. In both cases, we obtain a strongly continuous semigroup on
L2, which can be extended to otherLp-spaces. This extension toLp will
be achieved by applying the results of the previous chapter together with an
approximation argument.
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5.1 SYMMETRIC DEGENERATE-ELLIPTIC OPERATORS

Let Ω be an open subset ofRd. Assume thatajk (1 ≤ k, j ≤ d) anda0 are
measurable functions onΩ, such that

akj = ajk ∈ H1
loc(Ω,R), 1 ≤ k, j ≤ d and 0 ≤ a0 ∈ L1

loc(Ω). (5.3)

Here,u ∈ H1
loc(Ω,R) means thatu is a real-valued function such thatφu ∈

H1(Ω) for everyφ ∈ C∞
c (Ω).

Define onL2(Ω,R) the symmetric form

a(u, v) =
∫

Ω

[ d
∑

k,j=1

akj(x)DkuDjv + a0(x)uv
]

dx, D(a) = C∞
c (Ω).

Note that by assumptions (5.3), the operator

Au = −
d

∑

k,j=1

Dj(akjDku) + a0u, u ∈ D(A) = C∞
c (Ω)

is well defined. It is a symmetric and accretive operator. By Lemma 1.29,
the forma is closable. We denote bya its closure andkeep the same no-
tationA for the self-adjoint operator associated witha (i.e., the Friedrichs
extension of the initial operatorA with domainC∞

c (Ω)). Again,(e−tA)t≥0
denotes the semigroup generated by−A. We have

THEOREM 5.1 Assume that (5.2) and (5.3) are satisfied. Then the semi-
group(e−tA)t≥0 is sub-Markovian.

Proof. Define the following sequence of symmetric forms:

an(u, v)=
∫

Ω

[ d
∑

k,j=1

(akj(x) +
1
n

δkj)DkuDjv + a0(x)uv
]

dx,

D(an)= C∞
c (Ω),

whereδkj = 0 if k 6= j andδkk = 1 for all 1 ≤ k, j ≤ d.
Denote byan the closure ofan andby An the operator associated with

an. The sequence ofsymmetric forms(an)n is nonincreasing. This means
that an+1(u, u) ≤ an(u, u) for all n ≥ 0. The same property holds then
for the closures(an)n. In addition,it is clear thatD(an) ⊆ D(a) for all n.
Thus, themonotone convergence theorem for forms (see, e.g., Kato [Kat80],
Chap. VIII) implies that for eacht ≥ 0, the sequence(e−tAn)n converges
strongly inL2(Ω,R) to e−tA.

By Proposition 4.32, the semigroup(e−tAn)t≥0 is sub-Markovian. Let-
ting n →∞, we obtain that(e−tA)t≥0 is sub-Markovian. 2
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5.2 OPERATORS WITH TERMS OF ORDER 1

5.2.1 TheL2-theory

In this section, we study degenerate-elliptic operators of the type (5.1). We
consider here theL2-theory. This will be achieved by using Theorem 1.50.
We make the following assumption on the coefficients:

akj = ajk ∈ W 2,∞(Rd,R), bk ∈ W 1,∞(Rd,R), a0 ∈ L∞(Rd,R). (5.4)

Note that we assume here that all the coefficients are real-valued functions
and that (5.4) holds for allk, j = 1, ..., d.

Under the assumption (5.4), the operator

Au = −
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

bkDku + a0u, u ∈ D(A) = C∞
c (Rd)

is well defined as an operator onL2 = L2(Rd,R). Moreover, there exists
w ∈ R such thatA + wI is accretive. Indeed, letu ∈ C∞

c (Rd) and apply
(5.2) (withΩ = Rd here) to obtain



−
d

∑

k,j=1

Dj(akjDku);u



 =
d

∑

k,j=1

∫

Rd
akjDkuDjudx ≥ 0.

Fork ∈ {1, . . . , d},

(bkDku;u) = −
∫

Rd
[|u|2Dkbk + bkuDku]dx,

and thus,

(bkDku; u) = −1
2

∫

Rd
Dkbk|u|2dx ≥ −1

2
‖Dkbk‖∞(u; u).

Finally,

(a0u;u) ≥ −‖a0‖∞(u;u).

These inequalities show that for somew ∈ R, ((A + w)u;u) ≥ 0 for all
u ∈ C∞

c (Rd). This means thatA + wI is accretive. By Lemma 1.47,A is
closable. LetA denote its closure.We have
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THEOREM 5.2 Assume that (5.2) (withΩ = Rd) and (5.4) are satisfied.
Then there exists a constantw ∈ R such thatA + wI is m-accretive. More-
over, the domain ofA is the maximaldomain in the sense that

D(A) =
{

u ∈ L2,−
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

bkDku + a0u

(as a distribution) ∈ L2
}

.

As a consequence of this result and Theorem 1.49, we have

COROLLARY 5.3 Assume (5.2) and (5.4). Then−A generatesa strongly
continuous semigroup(e−tA)t≥0 onL2(Rd,R), suchthat

‖e−tAf‖2 ≤ ewt‖f‖2 for all f ∈ L2(Rd,C), t ≥ 0.

We also mention the following corollary.

COROLLARY 5.4 Assume (5.2), (5.4) and thatbk = 0 for k = 1, . . . , d.
ThenA is self-adjoint. Inother words, the operatorA is essentially self-
adjoint onC∞

c (Rd).

Proof. Under the assumptions of the corollary, the operatorA is symmetric
and henceA is symmetric, too.This means that(A)∗ is an extension ofA.
Recall the definitionof the adjoint operator

D(A∗) = {u ∈ L2, ∃v ∈ L2 : (Aφ, u) = (φ, v) ∀φ ∈ D(A)}, A∗u = v.

It follows from this that

D(A∗) =
{

u ∈ L2(Rd,R),−
d

∑

k,j=1

Dj(akjDku) + a0u

(as a distribution) ∈ L2(Rd,R)
}

.

Theorem 5.2 implies thatD(A∗) = D(A). SinceD((A)∗) ⊆ D(A∗) =
D(A), we conclude that(A)∗ = A. 2

In order toprove Theorem 5.2, we will need the following lemma. Denote
by tr(C) the trace of a given symmetric matrixC. We have

L EMMA 5.5 (Oleinik inequality) LetC(x) = (ckj(x))1≤k,j≤d be a real
symmetric matrix satisfying (5.2) forx ∈ Rd. Assume thatckj ∈ W 2,∞(Rd)
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for all 1 ≤ k, j ≤ d. Then, there exists a constantM depending only ond
and‖D2

hckj‖∞, such that for every real symmetric matrixU = (ukj)1≤k,j≤d,

[tr(DlC(x)U)]2 ≤ Mtr(UC(x)U) for all x ∈ Rd, l ∈ {1, . . . , d}.

Proof. Fix l ∈ {1, . . . , d} and a non-negative functionf ∈ W 2,∞(Rd).
Consider a regularizing sequenceρn ≥ 0. Sinceρn ∗ f is C2, one has by
Taylor’s formula,

0≤ (ρn ∗ f)(x + hel)

≤ (ρn ∗ f)(x) + h(ρn ∗Dlf)(x) +
h2

2
‖(ρn ∗D2

l f)‖∞

≤ (ρn ∗ f)(x) + h(ρn ∗Dlf)(x) +
h2

2
‖D2

l f‖∞

for all x ∈ Rd and allh ∈ R. Here(e1, . . . , ed) is the standard basis ofRd.
Lettingn →∞ yields

0 ≤ f(x) + hDlf(x) +
h2

2
‖D2

l f‖∞.

Since this inequalityholds for allh ∈ R, it follows that

|Dlf(x)|2 ≤ 2f(x)‖D2
l f‖∞ for all x ∈ Rd. (5.5)

Set

M0 := sup{| < D2
l C(x)ξ, ξ >Rd |, 1 ≤ l ≤ d, x ∈ Rd, ‖ξ‖Rd = 1},

where‖.‖Rd denotes the Euclidean norm ofRd and< ., . >Rd the Euclidean
scalar product.

Let U be a real symmetric matrix. LetP be an orthogonal matrix such
thatP−1UP is diagonal. We use the notationVjk to denote the coefficients
of a matrixV.

Since(P−1C(x)P )jj ≥ 0 for all x ∈ Rd we can use (5.5) to obtain

|Dl(P−1C(x)P )jj |2≤ 2(P−1C(x)P )jj‖D2
l (P

−1C(x)P )jj‖∞
=2(P−1C(x)P )jj sup

x
| < D2

l C(x)Pej , P ej > |

≤ 2M0(P−1C(x)P )jj .
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It follows that

|tr(DlC(x).U)|2 = |tr(P−1DlC(x)PP−1UP )|2

= |
d

∑

j=1

(P−1DlC(x)P )jj(P−1UP )jj |2

≤ d
d

∑

j=1

|(P−1DlC(x)P )jj |2|(P−1UP )jj |2

≤ 2M0d
d

∑

j=1

(P−1UP )jj(P−1C(x)P )jj(P−1UP )jj

= 2M0dtr(UCU).

This proves the lemma withM = 2dM0. 2

Note that the constantM in this lemma depends only ond and‖D2
hckj‖∞,

and hence we do not need to assume thatcjk ∈ W 2,∞. The lemma holds if
the coefficientscjk have only bounded second-order derivatives.

Proof of Theorem 5.2.Sincea0 ∈ L∞(Rd,R), then by bounded perturbation
arguments, we may assume thata0 = 0. Thus we consider thatA is given
by

Au = −
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

bkDku, u ∈ D(A) = C∞
c (Rd).

We have seen that for some constantw, the operatorA + wI is accretive.
This implies thatA + wI is accretive, too. In order to show thatA + wI is
m-accretive, we apply Theorem 1.50 withS = −∆ = − ∂2

∂x2
1
− · · · − ∂2

∂x2
d

((minus) theLaplace operator).
Since the coefficientsakj , bk are bounded, there exist positive constants

α0 andα, such that

‖Au‖2 ≤ α0‖u‖H2(Rd) ≤ α[‖u‖2 + ‖∆u‖2] for all u ∈ C∞
c (Rd). (5.6)

Using this and the density ofC∞
c (Rd) in H2(Rd) = D(S), we obtain

D(S) ⊆ D(A).

Now weshow that there exists a constantβ ∈ R such that

(Au;−∆u) ≥ −β(u;−∆u) for all u ∈ H2(Rd). (5.7)
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Note that because of (5.6), it suffices to prove (5.7) for allu ∈ C∞
c (Rd).

Fix u ∈ C∞
c (Rd) and letU := (DkDju)1≤k,j≤d be the Jacobian matrix of

u. Integration by parts gives


−
d

∑

k,j=1

Dj(akjDku);−∆u





=−
d

∑

k,j,l=1

∫

Rd

[

Dj(DlakjDku)Dlu + Dj(akjDlDku)Dlu
]

dx

=−
d

∑

k,j,l=1

∫

Rd
Dj(DlakjDku)Dludx +

d
∑

k,j,l=1

∫

Rd
akjDlDkuDjDludx.

The second term satisfies

d
∑

k,j,l=1

∫

Rd
akjDlDkuDjDludx =

∫

Rd
tr(U(x)(akj(x))U(x))dx (5.8)

and the first one can be rewritten as

−
d

∑

k,j,l=1

∫

Rd
DjDlakjDkuDludx−

d
∑

k,j,l=1

∫

Rd
DlakjDjDkuDludx

=: I + II.

Since all the termsDjDlakj are bounded onRd, we have

I ≥ −M1

∑

k

∫

Rd
|Dku|2dx = −M1(u;−∆u) (5.9)

for some positive constantM1. The termII satisfies

II =−
∑

l

∫

Rd
tr((Dlakj)U)Dludx

≥−ε
2

∑

l

∫

Rd
[tr((Dlakj)U)]2dx− 1

2ε

∫

Rd
|Dlu|2dx,

where the lastinequality is valid for everyε > 0. Applying now Lemma
5.5, we obtain

II ≥ −εM2

∫

Rd
tr(U(x)(akj(x))U(x))dx− 1

2ε
(u;−∆u), (5.10)



150 CHAPTER 5

whereM2 is a constant. Choosingε > 0 small enough and using (5.8),
(5.9), (5.10), we see that for some constantβ0 > 0



−
d

∑

k,j=1

Dj(akjDku);−∆u



 ≥ −β0(u;−∆u). (5.11)

We study now terms of order 1. We integrate again by parts
(

d
∑

k=1

bkDku;−∆u

)

=
d

∑

k,l=1

∫

Rd
DlbkDkuDludx +

d
∑

k,l=1

∫

Rd
bkDlDkuDludx

=
d

∑

k,l=1

∫

Rd
DlbkDkuDludx−

d
∑

k,l=1

∫

Rd
Dkbk|Dlu|2dx

−
d

∑

k,l=1

∫

Rd
bkDluDkDludx.

Using the assumptionbk ∈ W 1,∞(Rd), we can find two constantsM3 and
M4 such that
(

d
∑

k=1

bkDku;−∆u

)

≥−M3

∑

k

∫

|Dku|2dx− 1
2

d
∑

k,l=1

∫

Rd
Dkbk[Dlu]2dx

≥−M4

∑

k

∫

|Dku|2dx.

We have then shown that
(

d
∑

k=1

bkDku;−∆u

)

≥ −M4(u;−∆u). (5.12)

Combining (5.12) and (5.11), one obtains (5.7).
Theorem 1.50 implies thatA + wI is m-accretive for some constantw.
Finally, we show that

D(A) =
{

u ∈ L2,−
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

bkDku

(as a distribution) ∈ L2
}

.
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Note first that

−
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

bkDku

= −
∑

k,j

DjDk(akju) +
∑

j

[

Dj

(

∑

k

Dkakju + bju

)]

−
∑

j

Djbju.

Using the assumptions on the coefficientsakj andbk, we see that for each
u ∈ L2(Rd,R), the term on the right-hand side is a distribution.

Define now the operatorAmax by the same expression asA but with do-
main

D(Amax) =
{

u ∈ L2,−
d

∑

k,j=1

Dj(akjDku) +
d

∑

k=1

bkDku

(as a distribution) ∈ L2
}

.

Our aim is to show thatA = Amax. Obviously,Amax is an extension ofA.
Define the operator

Bu :=−
d

∑

k,j=1

Dj(akjDku)−
d

∑

k=1

bkDku−
d

∑

k=1

Dkbku,

D(B) = C∞
c (Rd).

Since the coefficients of the operatorB satisfy the same assumptions as
those ofA, there existsw ∈ R such that the operatorwI +B is m-accretive
(hereB denotes the closureof B).

Fix λ > 0 large enough and letu ∈ D(Amax) be such thatλu+Amaxu =
0. Then for everyφ ∈ C∞

c (Rd),

0 = (λu + Amaxu; φ) = (u; λφ + Bφ).

This implies that0 = (u; λφ + Bφ) for everyφ ∈ D(B). Thus, ifλ is large
enough,u = 0.

If u ∈ D(Amax), thenλu + Amaxu ∈ L2(Rd), and sincewI + A is
m-accretive,there existsψ ∈ D(A) such that

λu + Amaxu = λψ + Aψ.

Thusλ(u−ψ)+Amax(u−ψ) = 0 and we have just proved that this implies
u = ψ. This shows thatD(Amax) = D(A). 2
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5.2.2 Positivity and L∞-contractivity

We assume that the assumptions of Theorem 5.2 hold. By Corollary 5.3,
the operator−A generates a stronglycontinuous semigroup(e−tA)t≥0 on
L2(Rd,R). We canextend this semigroup to a strongly continuous semi-
group onLp(Rd,R) for all p ∈ [1,∞). More precisely,

THEOREM 5.6 Assume that the assumptions of Theorem 5.2 are satisfied.
Then the semigroup(e−tA)t≥0 is positive andthere exists a constantw such

that (e−t(A+w))t≥0 is L∞-contractive. Ifa0 ≥ 0, we may takew = 0.
In particular, (e−tA)t≥0 extends toa strongly continuous semigroup on
Lp(Rd,R) for all p ∈ [1,∞).

Proof. Define

An =−
d

∑

k,j=1

Dj

(

(akj(x) +
1
n

δkj)Dku
)

+
d

∑

k=1

bkDku + a0u,

D(An)= C∞
c (Rd).

Applying Theorem 5.2, we obtain thatAn is closable and there exists a con-
stantw′ (independent ofn) such thatAn + w′I is m-accretive. Corollaries
4.3 and 4.10 show that there existsw, such that for everyn, the semigroup
(e−t(An+w))t≥0 is sub-Markovian. In addition, ifa0 ≥ 0, then(e−tAn)t≥0
is sub-Markovian. Theorem 5.7 below shows that the same properties hold
for (e−tA)t≥0. As a consequence,(e−tA)t≥0 extends toLp(Rd,R) (as a
strongly continuous semigroup) for allp ∈ [2,∞). This also holds for
p ∈ [1, 2] by duality, since the coefficients of the adjointA∗ satisfy the
same assumptions as those ofA. The strong continuity onL1(Rd,R) was
shown in a general setting in Chapter 2. 2

We quote the following convergence theorem without proof (see, e.g.,
Pazy [Paz83], Chap. 3, Theorem 4.5)

THEOREM 5.7 Assume that−An and−A are generators of strongly con-
tinuous semigroups(e−tAn)t≥0 and (e−tA)t≥0 on a Banach spaceX. As-
sume that(e−tAn)t≥0 is uniformly bounded (with respect ton) in L(X) and
assume that there exists a coreD of A such that
1) D ⊆ D(An) for all n;
2) Anu converges toAu asn →∞, for everyu ∈ D.
Then for everyt ≥ 0, e−tAn converges strongly toe−tA.

Notes
Section 5.1. The smoothness condition (5.3) is assumed in order to guarantee the
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closability of the symmetric form defined there. More general results on closability
of such forms can be found in Ma and Röckner [MaR̈o92] and the references there.
Theorem 5.1 is well-known and even more general results of this type can be found
in Fukushima [Fuk80] and Fukushima, Oshima and Takeda [FOT94].
Degenerate-elliptic equations

∑d
k,j=1 Dk(akjDj)u + a(x)u = f(x) with bound-

ary conditions have been studied by several authors. See Fichera [Fic56], Oleinik
[Ole67], and Devinatz [Dev78]. More recent results dealing with regularity prop-
erties of solutions to degenerate-elliptic equations are proved by Fabes, Kenig, and
Serapioni [FKS82], Franchi and Serapioni [FrSe87], Franchi, Serapioni, and Serra
Cassano [FSSC98], and Taira, Favini, and Romanelli [TFR00].

Section 5.2. The idea of using Theorem 1.50 and the Oleinik inequality to prove
Theorem 5.2 is mentioned in Wong-Dzung [Won81]. A more elaborate proof is
used in Wong-Dzung [Won81] and [Won83] to prove anLp-version of Theorem 5.2
under the conditionakj ∈ C2 with bounded second order derivatives andbk ∈ C1

with bounded first order derivatives. Related results can also be found in Stroock
and Varadhan [StVa79], Chapter 3. Lemma 5.5 is proved in Oleinik [Ole67] and in
Stroock and Varadhan [StVa79] (Lemma 3.2.3).



This page intentionally left blank 



Chapter Six

GAUSSIAN UPPER BOUNDS FOR HEAT

KERNELS

6.1 HEAT KERNEL BOUNDS, SOBOLEV, NASH, AND

GAGLIARDO-NIRENBERG INEQUALITIES

Let (X, µ) be aσ-finite measure space and letLp := Lp(X, µ) be the
corresponding complex or real Lebesgue spaces. In this section we study
L2 − L∞ estimates of the type:

‖e−tA‖L(L2,L∞) ≤ ct−d/4 for all t > 0. (6.1)

Since the operators under consideration in this book are defined by sesquilin-
ear forms, we shall focus on characterizations of (6.1) in terms of forms. We
mainly concentrate on the case of symmetric forms and assume that the as-
sociated semigroup isL∞-contractive. The latter property can be removed
in the statements. It will be assumed only for simplicity.

We start with the following extrapolation result.

L EMMA 6.1 Let (T (t))t≥0 be a strongly continuous semigroup onL2. As-
sume that(T (t))t≥0 is L∞-contractive. If there existsr > 2 such thatT (t)
mapsL2 into Lr and

‖T (t)‖L(L2,Lr) ≤ ct−α for all t > 0,

wherec andα are positive constants, thenT (t) is bounded fromL2 into L∞

and

‖T (t)‖L(L2,L∞) ≤ c′t−
rα

r−2 for all t > 0,

wherec′ is a positive constant depending only onr, α, andc.

Proof. By the Riesz-Thorin interpolation theorem, we have for everyp ∈
[2,∞)

‖T (t)‖L(Lp,Lpr/2) ≤ c2/pt−2α/p for all t > 0. (6.2)
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Let tk := r−1
r r−k andpk := 2( r

2)k for k ≥ 0. Thus,

∞
∑

k=0

tk = 1 and
∞

∑

k=0

1
pk

=
r

2(r − 2)
.

Applying (6.2) withp = pk yields

‖T (t)‖L(L2,L∞)≤
∞
∏

k=0

‖T (ttk)‖L(Lpk ,Lpk+1 )

≤
∞
∏

k=0

c2/pkt−2α/pkt−2α/pk
k

= c′t−
rα

r−2 ,

which proves the lemma. 2

The conclusion of Lemma 6.1 holds without assuming that(T (t))t≥0 is
L∞-contractive; it is enough to assume that the semigroup is uniformly
bounded onL∞. We refer the reader to Coulhon [Cou91] and Varopoulos et
al. [VSC92].

Throughout this section,a denotes a densely defined, symmetric, accre-
tive, and closed form onL2. We denote byA its associated self-adjoint
operator and by(e−tA)t≥0 the semigroup generated by−A. We will use the
classical formula:

a(u, v) = (A1/2u,A1/2v) for all u, v ∈ D(A1/2) = D(a),

whereA1/2 is the square root ofA.1

The following result shows thatL2 − L∞ polynomial decay of the semi-
group (e−tA)t≥0 is equivalent to a Gagliardo-Nirenberg type inequality.
More precisely,

THEOREM 6.2 Assume that the semigroup(e−tA)t≥0 is L∞-contractive.
The following assertions are equivalent (herec, c′, andd are positive con-
stants):
1) ‖e−tA‖L(L2,L∞) ≤ ct−d/4 for all t > 0.
2) For everyq ∈ (2,∞] such thatd q−2

2q < 1, we have

‖u‖q ≤ c′a(u, u)d q−2
4q ‖u‖

1−d q−2
2q

2 for all u ∈ D(a).

1A1/2 is the self-adjointaccretive operator such that(A1/2)2 = A. See, e.g., Kato
[Kat80] or Chapter 8.
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3) There existsq ∈ (2,∞], d q−2
2q < 1 such that

‖u‖q ≤ c′a(u, u)d q−2
4q ‖u‖

1−d q−2
2q

2 for all u ∈ D(a).

Proof. Of course, 2)=⇒ 3). Assume now that 3) holds. For everyu ∈ D(a)
andt > 0,

‖e−tAu‖q ≤ c′a(e−tAu, e−tAu)d q−2
4q ‖e−tAu‖

1−d q−2
2q

2

≤ c′‖u‖
1−d q−2

2q
2 ‖Ae−tAu‖

d q−2
4q

2 ‖e−tAu‖
d q−2

4q
2

≤ c′′t−d q−2
4q ‖u‖2.

Assertion 1) holdsnow by applying the previous lemma.
It remains to prove that 1)=⇒ 2). By the Riesz-Thorin interpolation

theorem, it follows from 1) that

‖e−tA‖L(L2,Lq) ≤ c
q−2

q t−d q−2
4q for all t > 0. (6.3)

Let u ∈ D(a) \ {0} and writeu = e−tAu +
∫ t
0 Ae−sAuds. Using (6.3) we

have for some positive constantsci,

‖u‖q ≤‖e−tAu‖q +
∫ t

0
‖e−s/2AAe−s/2Au‖qds

≤ c1

[

t−d q−2
4q ‖u‖2 +

∫ t

0
s−d q−2

4q ‖A1/2e−s/2AA1/2u‖2ds
]

≤ c2

[

t−d q−2
4q ‖u‖2 +

∫ t

0
s−d q−2

4q −
1
2 ‖A1/2u‖2ds

]

≤ c3[t
−d q−2

4q ‖u‖2 + t−d q−2
4q + 1

2 a(u, u)1/2].

Assertion 2)follows by choosingt = ‖u‖2
2a(u, u)−1 (observe that 1) im-

plies that0 cannot be an eigenvalue ofA, and hencea(u, u) 6= 0). 2

Let (e−tB)t≥0 be a bounded holomorphic semigroup onLp for somep ∈
[1,∞). Using a similar proof to that of Theorem 6.2, one shows that the
estimate

‖e−tB‖L(Lp,L∞) ≤ ct−
d
2p for all t > 0

is equivalent to the inequality

‖u‖∞ ≤ c′‖u‖
1− d

pβ
p ‖Bβ/2u‖

d
pβ
p for all u ∈ D(Bβ/2) (6.4)
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for every (or some)β such thatβ > d/p.2

The next result gives a characterization in terms of the Nash inequality.

THEOREM 6.3 Assume that the symmetric semigroup(e−tA)t≥0 is
L∞-contractive. The following assertions are equivalent (herec, c′, andd
are positive constants):
1) ‖e−tA‖L(L1,L2) ≤ ct−d/4 for all t > 0.

2) ‖u‖2+4/d
2 ≤ c′a(u, u).‖u‖4/d

1 for all u ∈ D(a) ∩ L1.

Proof. Assume that 1) holds and letu ∈ D(a)∩L1 be a nontrivial function.
It follows from the equationu = e−tAu +

∫ t
0 A1/2e−sAA1/2uds that

‖u‖2≤ c1

[

t−d/4‖u‖1 +
∫ t

0

1√
s
‖A1/2u‖2ds

]

≤ c2[t−d/4‖u‖1 +
√

ta(u, u)1/2].

Assertion2) follows by choosingt = a(u, u)−
2

d+2 ‖u‖
4

d+2
1 .

Conversely, assume that 2) holds and letf ∈ L2 ∩ L1 be a nontrivial
function. Setφ(t) := 1

2‖e
−tAf‖2

2. We have for t > 0

d
dt

φ(t)=−a(e−tAf, e−tAf)

≤− 1
c′
‖e−tAf‖2+4/d

2 ‖e−tAf‖−4/d
1

≤−c1φ(t)1+2/d‖f‖−d/4
1 .

This means thatddtφ(t)−2/d ≥ c2‖f‖−4/d
1 . Integration from0 to t yields

assertion1). 2

We quote the following characterization by the Sobolev inequality.

THEOREM 6.4 Let d > 2 be a constant. Assume that the symmetric semi-
group (e−tA)t≥0 is L∞-contractive. The following assertions are equiva-
lent:
1) ‖e−tA‖L(L2,L∞) ≤ ct−d/4 for all t > 0.
2) ‖u‖2

2d
d−2

≤ c′a(u, u) for all u ∈ D(a).

Assertion 2) applied tou = e−tAf gives

‖e−tAf‖ 2d
d−2

≤ c1t−1/2‖f‖2.

2For moreinformation and details, see Coulhon [Cou92] or Varopoulos et al. [VSC92].
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This and Lemma 6.1 give 1). The converse holds as in Davies [Dav89],
p. 76, Varopoulos et al. [VSC92], p. 21, or Varopoulos [Var85] (there the
positivity of the semigroup is not needed in the proof). Assertion 2) means
that the operatorA−1/2 given by

A−1/2u = Γ
(

1
2

)−1 ∫ ∞

0
t−1/2e−tAudt

is bounded fromL2 into L
2d

d−2 .

Remark. i) As mentionedpreviously, the extrapolation result (Lemma 6.1)
holds without theL∞-contractivity assumption. Thus, the previous the-
orems hold as well without this assumption. One only assumes that the
semigroup(e−tA)t≥0 is uniformly bounded onL∞.

ii) In the above theorems, 2)=⇒ 1) does not use the fact thata is symmet-
ric. This implication holds in the more general situation of nonsymmetric
operators.

iii) If we apply the above theorems toe−te−tA instead ofe−tA, we obtain
that the bound in 1) for0 < t ≤ 1 is equivalent to 2), wherea(u, u) is now
replaced bya(u, u) + ‖u‖2

2.
iv) The L2 − L∞ estimate in 1) yields by duality the same estimate for

theL1 − L2 norm. Therefore

‖e−tA‖L(L1,L∞) ≤ Ct−d/2 for all t > 0,

whereC is a positive constant. This is equivalent to the fact thate−tA is
given by a kernelp(t, x, y), that is, a measurable function onX × X such
that

e−tAf(x) =
∫

X
p(t, x, y)f(y)dµ(y) a.e. x ∈ X for all t > 0, f ∈ L2

and such that

|p(t, x, y)| ≤ Ct−d/2 for all t > 0. (6.5)

We will call the kernelp(t, x, y) the heat kernel ofA.

The following lemma shows thatL2−L∞ estimates of a strongly contin-
uous semigroup can be improved by taking into accountL2−L2 estimates.
More precisely,

L EMMA 6.5 Let (T (t))t≥0 be a strongly continuous semigroup onL2 such
that

‖T (t)‖L(L2) ≤ Me−wt for all t ≥ 0 (6.6)
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for someconstantsM ≥ 1 andw ∈ R. Assume thatT (t) is bounded from
L2 into L∞ with norm satisfying

‖T (t)‖L(L2,L∞) ≤ Ct−d/4eαt for all t > 0 (6.7)

whereC, d > 0 andα are constants. Then

‖T (t)‖L(L2,L∞) ≤ CMet−d/4e−wt
[

1+max(α+w, 0)t
]d/4

for all t > 0.

(6.8)

Proof. Of course, we may assume thatβ := α + w > 0; otherwise the
conclusion follows directly from (6.7).

SetS(t) := ewtT (t) for t ≥ 0. By assumption,

‖S(t)‖L(L2) ≤ M and ‖S(t)‖L(L2,L∞) ≤ Ct−d/4eβt for all t > 0.

Clearly, if βt ≤ 1 then

‖S(t)‖L(L2,L∞) ≤ Cet−d/4.

Assume now thatβt > 1. We have

‖S(t)‖L(L2,L∞)≤
∥

∥

∥

∥

S(
1
β

)
∥

∥

∥

∥

L(L2,L∞)

∥

∥

∥

∥

S(t− 1
β

)
∥

∥

∥

∥

L(L2)

≤MCeβd/4

=MCet−d/4(tβ)d/4

≤MCet−d/4[1 + tβ]d/4.

Thus, we have proved

‖S(t)‖L(L2,L∞) ≤ MCet−d/4[1 + tβ]d/4

for everyt > 0. 2

6.2 HÖLDER-CONTINUITY ESTIMATES OF THE HEAT KERNEL

Theorem 6.2 (and the comments following its proof) shows that the estimate
(6.5) is equivalent to Gagliardo-Nirenberg inequalities. We prove now that
Hölder continuity of the heat kernel can also be characterized by inequalities
of similar type. Before we give the precise statement, we need to fix some
notation and assumptions.

Let−A be the generator of a bounded holomorphic semigroup(e−tA)t≥0
on L2(X, µ) (hereA is not necessarily self-adjoint). We assume that the
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semigroup(e−tA)t≥0 is uniformly bounded onLp := Lp(X,µ) for all 1 ≤
p ≤ ∞ and it is given by a heat kernelp(t, x, y). It follows that(e−tA)t≥0
is bounded holomorphic onLp, 1 < p < ∞ (cf. Section 3.3). Denote by
−Ap the corresponding generator onLp, 1 < p < ∞ (A2 = A). Let % be
a metric onX. Under these assumptions on the semigroup(e−tA)t≥0, we
have the following characterization of Hölder continuity ofp(t, x, y).

THEOREM 6.6 Assume thatp(t, x, y) satisfies

|p(t, x, y)− p(t, x′, y)| ≤ Ct−
d
2−

η
2 %(x, x′)η, (6.9)

for all t > 0, x, x′ ∈ X, andµ a.e.y ∈ X, whereη ∈ (0, 1), C, andd are
positive constants. Then there exists a constantC ′ > 0 such that

Supx6=x′
|f(x)− f(x′)|

%(x, x′)
η
p

≤ C ′‖f‖
1− 1

β ( η
p + d

p )
p ‖A

β
2
p f‖

1
β ( η

p + d
p )

p (6.10)

for all p ∈ (1,∞) andβ suchthatβ > η
p + d

p and allf ∈ D(A
β
2
p ).

Conversely, assume that (6.5) and (6.10) hold for someβ andp > 1 with
β > η

p + d
p . Then,p(t, x, y) satisfies(6.9) with η

p in place ofη.
The same conclusions hold withp = 1 if we assume that(e−tA)t≥0 is

bounded holomorphic onL1.

Proof. Throughout this proof, we will denote byC1, C2, . . . all inessential
constants.

Assume that (6.5) and (6.10) hold with someβ andp > 1 ( β > η
p + d

p ).

Using (6.5) andthe fact that the semigroup(e−tA)t≥0 is bounded holomor-
phic onLp, it is easy to see that fort > 0, e−tA mapsL1 into D(Am

p ) for
all m ≥ 0. We apply now (6.10) fore−tAf wheref is any function inL1.
We have

|e−tAf(x)− e−tAf(x′)|

≤ C ′%(x, x′)
η
p ‖e−tAf‖

1− 1
β ( η

p + d
p )

p ‖A
β
2
p e−tAf‖

1
β ( η

p + d
p )

p .

From (6.5) wehave

‖e−tAf‖p ≤ C1t
−d
2 (1−1/p)‖f‖1.

By analyticity ofthe semigroup,

‖A
β
2
p e−tAf‖p ≤ C2t

−β
2 ‖e−

t
2Af‖p.

Hence

|e−tAf(x)− e−tAf(x′)| ≤ C3t
− d

2−
η
2p %(x, x′)

η
p ‖f‖1.
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This implies(6.9) with η
p in place ofη.

The same argument shows that if the semigroup(e−tA)t≥0 is bounded
holomorphic onL1, then the conclusion holds withp = 1.

Conversely, assume that (6.9) holds. This implies that for everyx andx′

‖p(t, x, .)− p(t, x′, .)‖∞ ≤ Ct−
d
2−

η
2 %(x, x′)η.

The fact that the semigroup is uniformly bounded onL∞ implies that

‖p(t, x, .)‖1 ≤ C4 for all x ∈ X, t > 0.

Now the interpolation inequality implies that for allp ∈ (1,∞)

‖p(t, x, .)− p(t, x′, .)‖p ≤ C5t
(1− 1

p )(− d
2−

η
2 )%(x, x′)η(1− 1

p ). (6.11)

Let nowf ∈ Lp andt > 0. By Hölder’s inequality

|e−tAf(x)− e−tAf(x′)|=
∣

∣

∣

∣

∫

X
(p(t, x, y)− p(t, x′, y))f(y)dµ(y)

∣

∣

∣

∣

≤‖p(t, x, .)− p(t, x′, .)‖q‖f‖p,

where1
p + 1

q = 1. Using(6.11) we obtain

|e−tAf(x)− e−tAf(x′)| ≤ C6%(x, x′)
η
p t−

d
2p−

η
2p ‖f‖p. (6.12)

We prove now (6.10). Suppose first thatβ ≤ 2. Let f ∈ D(A
β
2
p ) with

β > η
p + d

p . Write

f = e−tAf +
∫ t

0
e−

s
2AA

1−β
2

p e−
s
2AA

β
2
p fds. (6.13)

Using (6.12)it follows that

|e−
s
2AA

1−β
2

p e−
s
2AA

β
2
p f(x)− e−

s
2AA

1−β
2

p e−
s
2AA

β
2
p f(x′)|

≤ C6%(x, x′)
η
p s−

d
2p−

η
2p ‖A1−β

2
p e−

s
2AA

β
2
p f‖p,

and since thesemigroup is bounded holomorphic onLp,

‖A1−β
2

p e−
s
2AA

β
2
p f‖p ≤ C7s

β
2−1‖A

β
2
p f‖p.

From (6.12), (6.13),and these two estimates, it follows that forx 6= x′

|f(x)− f(x′)|
%(x, x′)

η
p

≤C6t
− η

2p−
d
2p ‖f‖p + C8

∫ t

0
s

β
2−1− η

2p−
d
2p ds‖A

β
2
p f‖p

≤C9[t
− η

2p−
d
2p ‖f‖p + t

β
2−

η
2p−

d
2p ‖A

β
2
p f‖p].
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By choosingt = ‖f‖
2
β
p ‖A

β
2
p f‖

−2
β

p we obtain (6.10).
If β > 2, one iterates (6.13)n times and writes forn ≥ β

2

f = e−tAf + tApe−tAf + ... +
tn−1

(n− 1)!
An−1

p e−tAf

+
1

(n− 1)!

∫ t

0
sn−1e−

s
2AA

n−β
2

p e−
s
2AA

β
2 fds.

Arguingas previously, the desired conclusion follows. 2

Hölder continuity of the heat kernel can also be characterized by a Sobolev
type inequality. This was proved recently by Coulhon [Cou03]. He has
proved by interpolation methods that Hölder continuity of the heat kernel is
equivalent to

sup
x6=x′

|f(x)− f(x′)|

%(x, x′)β− d
p

≤ C ′‖Aβ/2
p f‖p (6.14)

for all p andβ > d
p .

Besides the fact that Ḧolder continuity of the heat kernel implies regular-
ity of the solution to the corresponding evolution equation, it is a very useful
tool in obtaining lower bounds for the heat kernel. We will come back to
this in Chapter 7 and show how Gaussian lower bounds can be deduced from
Gaussian upper bounds and Hölder continuity.

6.3 GAUSSIAN UPPER BOUNDS

We now consider uniformly elliptic operators as in Chapter 4. LetΩ be
an open subset ofRd, endowed with the Lebesgue measuredx. Define the
sesquilinear form

aV (u, v)=
∫

Ω

[ d
∑

k,j=1

akjDkuDjv +
d

∑

k=1

(bkvDku + ckuDkv) + a0uv
]

dx

with domainD(aV ) = V, whereV is a closed subspace ofH1(Ω) that
containsH1

0 (Ω). We assume the uniform ellipticity condition (U.Ell), which
we recall again:

(U.Ell) The functionsakj , bk, ck, a0 are bounded onΩ, that is,

akj , bk, ck, a0 ∈ L∞(Ω,C) for all 1 ≤ j, k ≤ d, (6.15)
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and thereexists a constantη > 0 such that

<
d

∑

j,k=1

akj(x)ξjξk ≥ η|ξ|2 for all ξ ∈ Cd a.e. x ∈ Ω. (6.16)

As in Chapter 4, we denote byAV the operator associated with the formaV .
In this section we study Gaussian upper bounds for heat kernels of operators
AV . In order to prove such bounds, we need to show the boundedness from
L1 into L∞ of e−tAV , with an estimate of the norm‖e−tAV ‖L(L1,L∞) which
depends in a good way on the coefficients of the operatorAV .

We have seen in the previous section thatL1 − L∞ estimates for the
semigroup can be deduced from the Sobolev inequality. For this reason, we
need to assume that

V is continuously embedded into L2∗(Ω), (6.17)

where2∗ = 2d
d−2 if d ≥ 3, 2∗ = ∞ if d = 1 and2∗ is any number in(2,∞)

if d = 2.
If V = H1

0 (Ω), whereΩ is an arbitrary domain ofRd, this embedding
holds and one has ford ≥ 3

∫

Ω
|∇u|2 ≥ c‖u‖2

2∗ for all u ∈ H1
0 (Ω). (6.18)

If V = H1(Ω), then (6.17) holds providedΩ has smooth boundary. For
example, ifΩ has the extension property (i.e., there exists a bounded linear
operatorP : H1(Ω) → H1(Rd) such thatPu is an extension ofu from Ω
to Rd), then (6.17) follows from the embedding ofH1(Rd) into L2∗(Rd).
In that case, every closed subspaceV of H1(Ω) satisfies (6.17).3 Note that
(6.18) for arbitrary open subsetΩ follows from the same inequality when
Ω = Rd (one uses the classical fact that for everyu ∈ H1

0 (Ω), the function
ũ which extendsu by 0 onRd \Ω is in H1(Rd)). The inequality (6.18) with
Ω = Rd follows from Theorem 6.4 applied to the Gaussian semigroup, that
is, the semigroup generated by the Laplacian onL2(Rd, dx).

Note that (6.17) means that
∫

Ω
|∇u|2 +

∫

Ω
|u|2 ≥ c‖u‖2

2∗ for all u ∈ V, (6.19)

wherec > 0 is a constant.

3There are several geometrical conditions onΩ that imply (6.17); see Maz’ya [Maz85],
Section 4.9
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If d ≤ 2, it is more convenient to work with Nash or Gagliardo-Nirenberg
inequalities. Recall that the Gagliardo-Nirenberg inequality is the inequality

c‖u‖q ≤ ‖u‖
1−d q−2

2q
2 (‖∇u‖2 + ‖u‖2)

d q−2
2q for all u ∈ V (6.20)

for all q ∈ (2,∞] suchthatd q−2
2q < 1. If V = H1(Ω), (6.20) holdsif and

only if (6.19) holds (see Theorems 6.2 and 6.4). As in (6.18), ifV = H1
0 (Ω),

the following stronger inequality holds:

c‖u‖q ≤ ‖u‖
1−d q−2

2q
2 ‖∇u‖

d q−2
2q

2 for all u ∈ H1
0 (Ω). (6.21)

We will also need the assumption (4.12) onV . That is,

u ∈ V ⇒ (1 ∧ |u|)sign u ∈ V. (6.22)

In the sequel,wp denotes the same constant as in Theorem 4.28.

L EMMA 6.7 Suppose thatV satisfies (6.19) and (6.22). Assume that (U.Ell)
holds and that the coefficientsakj are real-valued for1 ≤ k, j ≤ d.
1) If d ≥ 3, then for everyt > 0, e−tAV is bounded fromL2(Ω) into
L2∗(Ω). Moreover, for everyε > 0

‖e−tAV ‖L(L2,L2∗ ) ≤ Cεew2∗ teεtt−1/2 for all t > 0,

whereCε is a positive constant depending only onη, d, ε and the constantc
in (6.19).
2) If d ≤ 2, then for everyq ∈ (2,∞) and everyε > 0

‖e−tAV ‖L(L2,Lq) ≤ Cεewqteεtt−d q−2
4q for all t > 0,

whereCε is a positive constant depending only onη, d, ε and the constantc
in (6.20).
If V = H1

0 (Ω), the estimates in both assertions hold withε = 0.

Proof. Assume thatd ≥ 3. Note that (6.19) implies that for everyε > 0,
there exists a constantcε such that

∫

Ω
|∇u|2 + ε

∫

Ω
|u|2 ≥ cε‖u‖2

2∗ for all u ∈ V. (6.23)
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The assumption(U.Ell) implies:

η‖∇u‖2
2≤<

∑

k,j

∫

Ω
akjDkuDjudx

=<
[

aV (u, u)−
∑

k

∫

Ω
bkuDku + ckuDkudx−

∫

Ω
a0|u|2dx

]

≤<aV (u, u) +
∑

k

∫

Ω
(|<(bk + ck)|+ |=(ck − bk)|)|Dku||u|dx

+
∫

Ω
(<a0)−|u|2dx

≤<aV (u, u) +
η
2

∑

k

‖Dku‖2
2 + w‖u‖2

2,

wherew = 1
2η

∑d
k=1 ‖|<(bk + ck)|+ |=(ck− bk)|‖2

∞+‖(<a0)−‖∞. Using
this, it follows from (6.23) and the expression ofw2∗ in Theorem 4.28 that
for everyε > 0

<aV (u, u) + (w2∗ + ε)
∫

Ω
|u|2dx ≥ c′ε‖u‖2

2∗ for all u ∈ V, (6.24)

wherec′ε is a constant depending only onη, d, ε, and the constantc in (6.19).
Note that (6.24) holds withε = 0 if V = H1

0 (Ω) (apply (6.18) instead of
(6.19) in the proof).

We now define the semigroupT (t) := e−tAV e−w2∗ te−εt. By Theorem
4.28, e−tAV e−w2∗ t is a contraction operator onL2∗(Ω) (and so isT (t)).
This and (6.24) imply that for everyf ∈ L2(Ω) ∩ L2∗(Ω) andt > 0

c′εt‖T (t)f‖2
2∗ ≤ c′ε

∫ t

0
‖T (s)f‖2

2∗ds

≤
∫ t

0
<

[

aV (T (s)f, T (s)f) + (w2∗ + ε)(T (s)f ;T (s)f)
]

ds

=
∫ t

0
− d

ds
‖T (s)f‖2

2ds

= ‖f‖2
2 − ‖T (t)f‖2

2

≤‖f‖2
2.

Hence, we have proved

‖e−tAV f‖2∗ ≤
1
c′ε

t−1/2ew2∗ teεt‖f‖2



GAUSSIAN UPPER BOUNDS FOR HEAT KERNELS 167

and ifV = H1
0 (Ω), this estimate holds without the extra termeεt.

The proof of assertion 2) is similar; one uses (6.20) instead of (6.19) (or
(6.21) instead of (6.18) ifV = H1

0 (Ω)). The analog of (6.24) is

[

<aV (u, u) + (wq + ε)‖u‖2
2

]d q−2
4q

‖u‖
1−d q−2

2q
2 ≥ c′ε‖u‖q for all u ∈ V.

(6.25)
Thus,as previously, ifT (t) := e−tAV e−wqte−εt then

c′εt‖T (t)f‖
4q

d(q−2)
q

≤ c′ε

∫ t

0
‖T (s)f‖

4q
d(q−2)
q ds

≤
∫ t

0
‖T (s)f‖

4q
d(q−2)−2
2 <

[

aV (T (s)f, T (s)f) + (wq + ε)‖T (s)f‖2
2

]

ds

≤
∫ t

0
‖f‖

4q
d(q−2)−2
2 <

[

aV (T (s)f, T (s)f) + (wq + ε)‖T (s)f‖2
2

]

ds

= ‖f‖
4q

d(q−2)−2
2

∫ t

0
− d

ds
‖T (s)f‖2

2ds

= ‖f‖
4q

d(q−2)−2
2

[

‖f‖2
2 − ‖T (t)f‖2

2

]

≤‖f‖
4q

d(q−2)
2 .

This proves the lemma. 2

Define

s(AV ) := inf{<aV (u, u), u ∈ V and ‖u‖2 = 1}. (6.26)

Clearly, the formaV − s(AV ) is accretive. Hence‖e−t(AV −s(AV ))‖L(L2) ≤
1 for all t ≥ 0. That is,

‖e−tAV ‖L(L2) ≤ e−s(AV )t t ≥ 0. (6.27)

If bV := 1
2(aV + a∗V ) denotes the symmetricpart ofaV , then

s(AV ) = inf{bV (u, u), u ∈ V and ‖u‖2 = 1},

which is by the min-max principle the spectral bound of the self-adjoint
operatorBV associated withbV . That is,s(AV ) = inf σ(BV ).
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THEOREM 6.8 Suppose that the assumptions of Lemma 6.7 are satisfied.
Then, for everyt > 0, e−tAV is bounded fromL2(Ω) into L∞(Ω) and

‖e−tAV ‖L(L2,L∞) ≤ Cεt−d/4e−s(AV )t
[

1 + α1t + c′α2t + εt + s(AV )t
]d/4

for all t > 0, ε > 0, whereCε is a positive constant depending only onε, d,
the ellipticity constantη, and the constantc in (6.19),c′ ≥ 1 is a constant
depending only ond. The constantsα1 andα2 are given by

α1 := ‖(<a0)−‖∞ +
1
η

d
∑

k=1

‖bk − ck‖2
∞, α2 :=

1
η

d
∑

k=1

‖<ck‖2
∞.

If V = H1
0 (Ω), the aboveestimate holds withε = 0.

Proof. Using (4.49) and (4.50) one may choose a constantc′ ≥ 1 such that
α1 + c′α2 + s(AV ) ≥ 0. Therefore, by Lemma 6.5 and (6.27), it is enough
to prove the estimate

‖e−tAV ‖L(L2,L∞) ≤ C ′
εt
−d/4eα1teα2c′teεt. (6.28)

Assume first thatd ≥ 3. For everyr ≥ 2, we have by Theorem 4.28

‖e−tAV ‖L(Lr) ≤ ewrt for all t ≥ 0.

Using this and Lemma 6.7, we obtain by the Riesz-Thorin interpolation
theorem

‖e−tAV ‖L(Lpθ ,Lqθ ) ≤ Cθ
ε ewr(1−θ)tew2∗θteεθtt−θ/2 for all t > 0, (6.29)

where 1
pθ

= θ
2 + 1−θ

r , 1
qθ

= θ
2∗ + 1−θ

r for θ ∈ [0, 1].
Fix p ∈ (2,∞) and chooseθ = 1

p andr = 2(p − 1). Thus,pθ = p and

qθ = p d
d−1 . In addition,

(1− θ)wr + θw2∗ ≤ α1 + α2
2(p− 1)2 + 2d/d− 2

p
:= α1 + α2γp.

Inserting this in(6.29) gives that

‖e−tAV ‖L(Lp,Lpd/d−1) ≤ C1/p
ε eα1teα2γptetε/pt−1/(2p) for all t > 0. (6.30)

This estimate holds withε = 0 if V = H1
0 (Ω).

SetR := d
d−1 , tk := d+1

2d (2R)−k andpk = 2Rk for all integerk ≥ 0. We
have

∑

k≥0

tk = 1,
∑

k≥0

1
pk

=
d
2
, c′ := max



1,
∑

k≥0

tkγpk



 ,
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wherec′ is a positive constant depending only ond. Applying now (6.30)
(with pk in place ofp) yields for allt > 0

‖e−tAV ‖L(L2,L∞)≤
∏

k≥0

‖e−ttkAV ‖L(Lpk ,Lpk+1 )

≤
∏

k≥0

C1/pk
ε eα1ttkeα2γpk ttketε/pkt−1/(2pk)t−1/(2pk)

k

= C ′
εt
−d/4eεtd/2eα1tec′α2t,

which gives the estimate (6.28).
Assume now thatd ≤ 2. We use assertion 2) of the previous lemma with

q = 2n
n−2 wheren is anyconstant in(2,∞). We have

‖e−tAV ‖L(L2,Lq) ≤ Cεt−1/2t1/2−d q−2
4q ewqtetε for all t > 0.

We are in a position to apply the same proof as in the previous case withn
in place ofd. We obtain

‖e−tAV ‖L(L2,L∞)≤Cεt−n/4t(
1
2−d q−2

4q )n/2eεtn/2eα1tec′α2t

= Cεt−d/4eεtn/2eα1tec′α2t.

This proves (6.28). 2

For complex-valued coefficientsakj , one has by Theorems 4.25 and 4.27
the following corollary.

COROLLARY 6.9 Assume that
∑d

j=1 Dj=akj ∈ L∞(Ω),=(akj + ajk) =
0 for all 1 ≤ k, j ≤ d, and (4.47) holds ifV 6= H1

0 (Ω). Assume thatV sat-
isfies (6.22), (6.17) and that(<u)+ ∈ V for all u ∈ V. Then the conclusions
of the above theorem hold with‖(<a0)−‖∞ replaced by‖(<a0 −m)−‖∞
wherem is the function given by (4.38).

The previous results applied to the adjoint semigroup(e−tA∗V )t≥0 give an
estimate for theL1 −L2 norm of(e−tAV )t≥0. Thus, under the assumptions
of the last corollary or those of Theorem 6.8 (if theakj are real), one obtains

‖e−tAV ‖L(L1,L∞) ≤ Cεt−d/2e−s(AV )t
[

1 + εt + s(AV )
t
2

+ c0αt
]d/2

,

(6.31)
for all t > 0, ε > 0, whereCε is a positive constant depending only on
η, ε, d, and the constantc in (6.19), andc0 is a constant depending only on
d andη (the precise expression ofc0 in terms ofd andη can be obtained
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easily fromthe proof of the previous theorem). The constantα is given by

α = ‖(<a0−m)−‖∞+
d

∑

k=1

‖bk−ck‖2
∞+

d
∑

k=1

(‖<bk‖2
∞+‖<ck‖2

∞). (6.32)

In particular,α = ‖m‖∞ if <bk = <ck = =(bk − ck) = (<a0)− = 0, 1 ≤
k ≤ d. Again, (6.31) holds withε = 0 if V = H1

0 (Ω).

The estimate (6.31) implies thate−tAV is given by a kernelpV (t, x, y)4

such that

|pV (t, x, y)| ≤ Cεt−d/2e−s(AV )t
[

1 + εt + s(AV )
t
2

+ c0αt
]d/2

(6.33)

for all t > 0 andε > 0, where the constants are the same as in (6.31).
Using a perturbation technique due to E.B. Davies, (6.33) can be con-

verted into a Gaussian upper bound. This is possible because of the good
control of the constants involved in (6.33).
We shall first apply the following weaker inequality than (6.33):

|pV (t, x, y)| ≤ Cεt−d/2eεt+c0αt for all t > 0, ε > 0. (6.34)

We make the following additional assumption onV :

u ∈ V ⇒ eψu ∈ V (6.35)

for every real-valuedC∞(Rd)-functionψ such thatψ and|∇ψ| are bounded
onRd.

Fix λ ∈ R andφ a real-valued boundedC∞-function onRd such that
|∇φ| ≤ 1 onRd. Under assumption (6.35), one can define the form

bV (u, v) := aV (eλφu, e−λφv) for u, v ∈ V.

The form bV has a similar expression as that ofaV , but with the terms
bk−λ

∑d
j=1 akjDjφ in place ofbk, ck +λ

∑d
j=1 ajkDjφ in place ofck and

a0−λ2 ∑d
k,j=1 akjDkφ.Djφ+λ

∑d
k=1(bk−ck)Dkφ in place ofa0. Hence,

if the assumptions of Theorem 6.8 or those of Corollary 6.9 are satisfied,
one can apply (6.34) to the kernel of the semigroupT (t) := e−λφe−tAV eλφ

(generated by (minus) the operator associated withbV ). This and the as-
sumption|∇φ| ≤ 1 give

‖e−λφe−tAV eλφ‖L(L1,L∞) ≤ Cεt−d/2eεteδ(α+λ2)t, (6.36)

4This is theheat kernel ofAV .



GAUSSIAN UPPER BOUNDS FOR HEAT KERNELS 171

for all t > 0, ε > 0, whereCε is as in (6.31),δ is a constant depending only
ond, η and‖akj‖∞; andα is as in (6.32). This implies that

|pV (t, x, y)| ≤ Cεt−d/2eεteδαteλ(φ(x)−φ(y))+δλ2t for all t > 0, ε > 0.
(6.37)

Taking λ = φ(y)−φ(x)
2δt and optimizingover φ yields the Gaussian upper

bound

|pV (t, x, y)| ≤ Cεt−d/2eεt+δαt exp[−|x− y|2

4δt
] for all t > 0, a.e. x, y ∈ Ω.

(6.38)
We have proved the following theorem.

THEOREM 6.10 Assume that (U.Ell), (6.17), (6.22), and (6.35) hold. As-
sume in addition that one of the following conditions is satisfied:
i) The coefficientsakj are real-valued for1 ≤ k, j ≤ d.
ii)

∑d
j=1 Dj=akj ∈ L∞(Ω),=(akj + ajk) = 0 for 1 ≤ j, k ≤ d, (4.47)

holds and that(<u)+ ∈ V for all u ∈ V.
Then, the semigroupe−tAV is given by a kernelpV (t, x, y) which satisfies
the Gaussian upper bound:

|pV (t, x, y)| ≤ Cεt−d/2eεt+δαt exp
[

−|x− y|2

4δt

]

for all ε > 0, t > 0, anda.e. (x, y) ∈ Ω× Ω. Hereα is as in (6.32),Cε is
a positive constant depending only onη, ε, d and the constantc in (6.19),δ
is a constant depending only onη, d and‖akj‖∞.

If V = H1
0 (Ω), this estimate holds withε = 0.

Remark. We point out that when we apply the estimate (6.31) to the semi-
group(e−λφe−tAV eλφ)t≥0, we can actually obtain a better estimate in (6.36).
Simple calculations show that one can replace the termeδαt by e(1+ε′)αt for
everyε′ > 0 (δ will depend then onε′). Using this, the Gaussian upper
bound in the previous theorem can be replaced by

|pV (t, x, y)| ≤ Cεt−d/2eεte(ε′+1)αt exp
[

−|x− y|2

4δt

]

for all ε > 0, ε′ > 0, andt > 0. The constantsCε, α, δ are as in the theorem,
with the additional condition thatδ depends onε′.

We already know from Theorem 4.28 that the semigroup(e−tAV )t≥0 acts
on Lp(Ω) for all p ∈ (1,∞). We deduce from the previous result that the
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same holdsfor p = 1. More precisely, using the above remark, we have for
everyε, ε′ > 0

‖e−tAV ‖L(L1(Ω)) ≤ Cε,ε′eεte(1+ε′)αt for all t ≥ 0, (6.39)

whereCε,ε′ is a positive constant andα is as above. This estimate holds with
ε = 0 if V = H1

0 (Ω). In addition, the semigroup(e−tAV )t≥0 is strongly
continuous onL1(Ω) (see Theorem 6.16 below).

As mentioned previously, the assumptions onV in Theorem 6.10 are sat-
isfied forV = H1

0 (Ω), with Ω an arbitrary open set ofRd. They are satisfied
for V = H1(Ω) or V as in (4.5) if, for example,Ω satisfies the extension
property. (The fact that (6.35) holds forV as in (4.5) follows from the cor-
responding result forH1(Ω) and the fact thatV is an ideal ofH1(Ω); see
the proof of Theorem 4.21.)

The following example shows, however, that the previous theorem can-
not hold for mixed boundary conditions whenΩ is an arbitrary domain (in
particular, it cannot hold for the Neumann nor the good Neumann boundary
conditions on arbitrary domains).

Example 6.3.1 Consider the bounded open set

Ω = ∪n≥0]2−2n−1, 2−2n[.

Let Γ ⊆ ∂Ω be a finite set. Forn large enough, the functionun :=

χ]2−2n−1,2−2n[ belongs toV := {u|Ω ∈ C∞
c (R \ Γ)}H1(Ω)

. Indeed, letvn ∈
C∞

c (R), be such that vn = 1 on ]2−2n−1, 2−2n[ with support contained
in ]2−2n−1 − εn, 2−2n + εn[. Clearly, if εn > 0 is small enough, then
vn|Ω = un. Whenn is large enough,vn ∈ C∞

c (R \ Γ) sinceΓ is finite.
Define the form

aV (u, v) =
∫

Ω
u′v′dx, D(aV ) = V = {u|Ω ∈ C∞

c (R \ Γ)}H1(Ω)
.

Eachun (for n large enough) is an eigenfunction of the operatorAV , with
eigenvalue0. Thus,0 is an eigenvalue of infinite multiplicity. Hence,AV
does not have compact resolvent. As a consequence,e−tAV cannot be
bounded fromL2(Ω) into L∞(Ω) (otherwise, it will be a Hilbert-Schmidt
operator and hence compact). This shows in particular that the Gaussian
upper bound cannot hold for(e−tAV )t≥0.

We can also arrange to takeΓ to be infinite in this example.

We turn now to another problem. We have assumed in Theorem 6.10 that
the spaceV satisfies (6.35). This plays an important rôle in the proof of the
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Gaussian bound. Unfortunately, this assumption is not satisfied by several
spacesV ; and this reduces the range of boundary conditions to which the
previous theorem applies. IfV does not satisfy (6.35), one can still prove
a Gaussian upper bound by using another metric that takes into account the
boundary conditions.

Let us say that a real-valued functionφ ∈ W 1,∞(Rd) is V -admissible if

u ∈ V ⇒ eλφu ∈ V for all λ ∈ R.

We denote byW the set of allV -admissible functionsφ such that

φ ∈ W 1,∞(Rd) and |∇φ| ≤ 1.

Now we define a metric%V onΩ by

%V (x, y) := sup{φ(x)− φ(y), φ ∈ W}.

We can repeat the same proof as previously with nowφ ∈ W. We obtain
(6.37) withφ ∈ W . We optimize overφ and obtain (6.38) with%V (x, y)2

instead of|x− y|2. Hence, we have

THEOREM 6.11 Assume that (U.Ell), (6.22), and (6.17) hold. Assume in
addition that one of the following conditions satisfied:
i) The coefficientsakj are real-valued for1 ≤ k, j ≤ d.
ii)

∑d
j=1 Dj=akj ∈ L∞(Ω),=(akj + ajk) = 0 for 1 ≤ j, k ≤ d, (4.47)

holds, and(<u)+ ∈ V for all u ∈ V .
Then the semigroupe−tAV is given by a kernelpV (t, x, y) that satisfies

the Gaussian upper bound

|pV (t, x, y)| ≤ Cεt−d/2eεt+δαt exp
[

−%V (x, y)2

4δt

]

for all t > 0, ε > 0 anda.e.(x, y) ∈ Ω × Ω. Hereα is as in (6.32),Cε is
a positive constant depending only onη, ε, d, and the constantc in (6.19),
andδ is a constant depending only onη, d, and‖akj‖∞.

For everyV as in the above theorem,%V defines a metric onΩ. This
follows easily from the fact thatC∞

c (Ω) ⊆ W. In order to prove this in-
clusion, letφ ∈ C∞

c (Ω) andu ∈ V ∩ L∞(Ω). By Theorem 2.25, we have
(eφ − 1) ∈ H1

0 (Ω) and thus(eφ − 1)+ ∈ H1
0 (Ω). The fact thatH1

0 (Ω)
is an ideal ofH1(Ω) implies that(eφ − 1)+u ∈ H1

0 (Ω) ⊆ V. Similarly,
(eφ − 1)− ∈ H1

0 (Ω). Thus,eφu ∈ V for u ∈ V ∩ L∞(Ω). Approximating
u by (k ∧ |u|)sign u5 ask → ∞, we obtaineφu ∈ V for all u ∈ V and
φ ∈ C∞

c (Ω).

5By (6.22),(k ∧ |u|)sign u ∈ V for everyk ∈ N.
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6.4 SHARPERGAUSSIAN UPPER BOUNDS

We assume in this section that the leading coefficientsakj are real-valued
and symmetric. In this case we prove sharper Gaussian upper bounds on the
heat kernelpV (t, x, y). These estimates will be obtained by using (6.31) (or
(6.33)) rather than the weaker estimate (6.34) used in the proof of Theorem
6.10.

Recall the definition ofs(AV ) in (6.26):

s(AV ) := inf{<aV (u, u), u ∈ V and ‖u‖2 = 1}.

Define onΩ the metric

ρ(x, y) := sup
{

φ(x)− φ(y), φ ∈ C∞
c (Rd),

d
∑

k,j=1

akj(x)DkφDjφ ≤ 1
}

.

(6.40)
We have

THEOREM 6.12 Assume that (U.Ell), (6.17), (6.22), and (6.35) hold. As-
sume in addition thatakj = ajk and thatakj are real-valued for1 ≤ k, j ≤
d. Then for everyε > 0, t > 0 anda.e.x, y ∈ Ω :

|pV (t, x, y)| ≤ Mεt−d/2 exp
{

− ρ(x, y)2

4t
+

ρ(x, y)
2
√

η

d
∑

k=1

‖<bk−<ck‖∞
}

× e−s(AV )t
[

1 + εt +
s(AV )

2
t + αt +

ρ(x, y)
2

β +
ρ(x, y)2

4t
γ
]d/2

,

where

α =
1
2
‖(<a0)−‖∞ +

1
2
η−1

d
∑

k=1

(‖bk − ck‖2
∞ + max(‖<ck‖2

∞, ‖<bk‖2
∞)),

β =2η−3/2
d

∑

k,j=1

‖akj‖∞‖bk − ck‖∞

+η−3/2
d

∑

k,j=1

‖akj‖∞max(‖<ck‖∞, ‖<bk‖∞),

γ =
5
2
η−2

d
∑

k=1





d
∑

j=1

‖akj‖∞





2

.

The constantMε dependsonly on the constantc in (6.19),η, ε andd.
The above Gaussian upper bound holds withε = 0 if V = H1

0 (Ω).
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Proof. Fix λ ∈ R andφ ∈ C∞
c (Rd,R) such that

d
∑

k,j=1

akjDkφDjφ ≤ 1 a.e. on Ω.

Define the form

bV (u, v) := aV (eλφu, e−λφv).

As already mentioned in the proof of Theorem 6.10,

bV (u, v) =
∫

Ω

[ d
∑

k,j=1

akjDkuDjv +
d

∑

k=1

(bk,λ,φDku.v + ck,λ,φuDkv)

+ a0,λ,φuv
]

dx,

where

bk,λ,φ = bk − λ
d

∑

j=1

akjDjφ, ck,λ,φ = ck + λ
d

∑

j=1

ajkDjφ,

a0,λ,φ = a0 − λ2
d

∑

k,j=1

akjDkφDjφ + λ
d

∑

j=1

(bj − cj)Djφ.

Using the fact that

η
∑

k

|Dkφ|2 ≤
∑

k,j

akjDkφDjφ ≤ 1

we see that

<bV (u, u) ≥ wλ

∫

Ω
|u|2dx,

where

wλ := s(AV )− λ2 − |λ|η−1/2
d

∑

k=1

‖<bk −<ck‖∞.

Theorem 6.8 applied to the semigroup(e−λφe−tAV eλφ)t≥0 (associated
with the formbV ) gives for allt > 0

‖e−λφe−tAV eλφ‖L(L2,L∞) ≤ Cεt−d/4[1+max(wλ +αλ + ε, 0)t]d/4e−wλt,
(6.41)
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where

αλ = ‖(<a0,λ,φ)−‖∞+η−1
d

∑

k=1

‖bk,λ,φ−ck,λ,φ‖2
∞+c′η−1

d
∑

k=1

‖<ck,λ,φ‖2
∞.

Here c′ ≥ 1 is a constant depending only ond.6 Note that we may take
ε = 0 in (6.41) if V = H1

0 (Ω).
A similar estimate holds for the adjoint semigroup(eλφe−tA∗V e−λφ)t≥0

(now with bk,λ,φ in placeof ck,λ,φ, ck,λ,φ in placeof bk,λ,φ, anda0,λ,φ in
place ofa0,λ,φ). This allows to estimate theL1−L2 norm ofe−λφe−tAV eλφ

as follows:

‖e−λφe−tAV eλφ‖L(L1,L2) ≤ Cεt−d/4[1 + max(wλ + α′λ + ε, 0)t]d/4e−wλt,
(6.42)

with

α′λ =‖(<a0,λ,φ)−‖∞+η−1
d

∑

k=1

‖bk,λ,φ−ck,λ,φ‖2
∞+c′η−1

d
∑

k=1

‖<bk,λ,φ‖2
∞.

Therefore,

‖e−λφe−tAV eλφ‖L(L1,L∞)

≤‖e−λφe−
t
2AV eλφ‖L(L1,L2)‖e−λφe−

t
2AV eλφ‖L(L2,L∞)

≤C2
ε 2d/2t−d/2[1 + max(wλ + αλ + ε, 0)t/2]d/4

×[1 + max(wλ + α′λ + ε, 0)t/2]d/4e−wλt.

Using again the fact that|Dkφ|2 ≤ η−1, we estimateαλ as follows:

αλ≤‖(<a0)−‖∞ + η−1
d

∑

k=1

(‖bk − ck‖2
∞ + c′‖<ck‖2

∞)

+|λ|
[

η−1/2
d

∑

k=1

‖<(bk − ck)‖∞ + 4η−3/2
d

∑

k,j=1

‖akj‖∞‖bk − ck‖∞

+2c′η−3/2
d

∑

k,j=1

‖akj‖∞‖<ck‖∞
]

+λ2
[

1 + 4η−2
d

∑

k=1





d
∑

j=1

‖akj‖∞





2

+ c′η−2
d

∑

k=1





d
∑

j=1

‖akj‖∞





2
]

.

6The valueof c′ in terms ofd can be calculated; see the proof of Theorem 6.8.
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A similar estimate holds forα′λ.
It follows from this and the previousL1−L∞ estimate fore−λφe−tAV eλφ

that

‖e−λφe−tAV eλφ‖L(L1,L∞)

≤ C ′
εc
′d/2t−d/2e−wλt

[

1 + εt +
s(AV )

2
t + αt + |λ|βt + λ2γt

]d/2

,

(6.43)

whereC ′
ε = C2

ε 2d/2 andα, β, andγ are the constants in Theorem 6.12.
Thus, if we letMε := C ′

εc
′d/2 and use the expression ofwλ, the heat kernel

pV (t, x, y) of AV satisfies for a.e.x, y ∈ Ω and everyt > 0

|pV (t, x, y)|

≤Mεt−d/2e−wλteλ(φ(x)−φ(y))
[

1 + εt +
s(AV )

2
t + αt + |λ|βt + λ2γt

]d/2

= Mεt−d/2e−s(AV )teλ(φ(x)−φ(y)) exp

{

λ2t +
|λ|t
√

η

d
∑

k=1

‖<bk −<ck‖∞

}

.

×
[

1 + εt +
s(AV )

2
t + αt + |λ|βt + λ2γt

]d/2

.

Choosingλ = φ(y)−φ(x)
2t , we obtain

|pV (t, x, y)|
≤Mεt−d/2e−s(AV )t

× exp
{

− |φ(x)− φ(y)|2

4t
+
|φ(x)− φ(y)|

2
√

η

d
∑

k=1

‖<bk −<ck‖∞
}

×
[

1 + εt +
s(AV )

2
t + αt +

|φ(x)− φ(y)|
2

β +
|φ(x)− φ(y)|2

4t
γ
]d/2

≤Mεt−d/2e−s(AV )t

× exp
{

− |φ(x)− φ(y)|2

4t
+

ρ(x, y)
2
√

η

d
∑

k=1

‖<bk −<ck‖∞
}

×
[

1 + εt +
s(AV )

2
t + αt +

ρ(x, y)
2

β +
ρ(x, y)2

4t
γ
]d/2

.
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Optimizing overφ yields

|pV (t, x, y)| ≤Mεt−d/2e−s(AV )t

× exp
{

− ρ(x, y)2

4t
+

ρ(x, y)
2
√

η

d
∑

k=1

‖<bk −<ck‖∞
}

×
[

1 + εt +
s(AV )

2
t + αt +

ρ(x, y)
2

β +
ρ(x, y)2

4t
γ
]d/2

.

This estimate holdswith ε = 0 if V = H1
0 (Ω). 2

We make now some comments on the previous theorem, which we sum-
marize in the following corollaries.

COROLLARY 6.13 If <bk = <ck for 1 ≤ k ≤ d, then

|pV (t, x, y)| ≤ Mεt−d/2e−s(AV )t exp
{

−ρ(x, y)2

4t

}

×
[

1 + εt +
s(AV )t

2
+ αt +

ρ(x, y)β
2

+
ρ(x, y)2γ

4t

]d/2

.

Theorem 6.12 andthe trivial inequality

[1 + x]d/2 ≤ Cδeδx for all x > 0, δ > 0

imply the following corollary:

COROLLARY 6.14 For everyε > 0 and everyδ > 0, there exist constants
Cε,δ andwδ such that

|pV (t, x, y)| ≤ Cε,δt−d/2e−(1−δ)s(AV )teεtewδt exp
{

−(1− δ)
ρ(x, y)2

4t

}

for everyt > 0 anda.e.x, y ∈ Ω. The constantwδ equals0 if <bk = <ck =
(<a0)− = 0 and=bk = =ck for 1 ≤ k ≤ d.

The above estimate holds withε = 0 if V = H1
0 (Ω).

If we let µ be a positive constant such that

d
∑

k,j=1

akj(x)ξkξj ≤ µ|ξ|2 for all ξ ∈ Rd, a.e. x ∈ Ω,

then we have
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COROLLARY 6.15

|pV (t, x, y)| ≤Mεt−d/2e−s(AV )t

×
[

1 + εt +
s(AV )t

2
+ αt +

|x− y|β
2
√

η
+
|x− y|2γ

4ηt

]d/2

× exp

{

−|x− y|2

4µt
+
|x− y|

2η

d
∑

k=1

‖<bk −<ck‖∞

}

.

Again, thebound holds withε = 0 if V = H1
0 (Ω).

Proof. Observe that

ρ(x, y) = sup
{

φ(x)− φ(y),
d

∑

k,j=1

akjDkφDjφ ≤ 1
}

≥ sup
{

φ(x)− φ(y),
d

∑

k=1

|Dkφ|2 ≤
1
µ

}

=µ−1/2|x− y|.

Similarly, theellipticity assumption implies

ρ(x, y) ≤ η−1/2|x− y|.

The corollary follows from this and Theorem 6.12. 2

Remark. 1) The following example shows that one cannot get rid of the
termexp{ρ(x,y)

2
√

η
∑d

k=1 ‖<bk −<ck‖∞} in the upper bound given by Theo-
rem 6.12.

Let Au := −u′′ − u′ acting onL2(R). The heat kernel of this operator is
given by

p(t, x, y) = (4πt)−1/2e−t/4 exp
{

−|x− y|2

4t
− (x− y)

2

}

.

2) In thecase of real-valued but nonsymmetric coefficientsakj , one ob-
tains from the proof of Theorem 6.12 an estimate where the leading term

exp{−ρ(x,y)2
4t } is replaced byexp{−ρ(x,y)2

4wt } with w = 1+
∑

k(
∑

j ‖akj −
ajk‖∞)2; which takes into account the nonsymmetric part of the matrix
(akj).
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3) For complex-valuedakj , the following elementary example shows that
one cannot obtain a sharper upper bound by using the metric

ρ(x, y) = sup
{

φ(x)− φ(y), φ ∈ C∞
c (Rd,R),<

d
∑

k,j=1

akjDkφDjφ ≤ 1
}

.

(6.44)
Indeed, leta = 1 + is wheres ∈ R, s 6= 0 and considerA = −a∆ =
−∇a∇ onL2(Rd). In this case, the metricρ defined by (6.44) is simply the
Euclidean one. The heat kernel is of course

p(t, x, y) = (4π(1 + is)t)−d/2 exp
{

− |x− y|2

4(1 + is)t

}

.

Therefore,

|p(t, x, y)| = (4π|1 + is|t)−d/2 exp
{

− |x− y|2

4(1 + s2)t

}

,

from whichwe see that the bound in Theorem 6.12 cannot hold withρ de-
fined by (6.44).

6.5 GAUSSIAN BOUNDS FOR COMPLEX TIME AND Lp-ANALYTICITY

The next result shows that Gaussian upper bounds fort > 0 extend to com-
plex t. As a consequence, the semigroup is holomorphic onLp(Ω) for all
1 ≤ p < ∞.

Let Ω be an open set ofRd and let(e−tA)t≥0 be a bounded holomorphic
semigroup on the sectorΣ(ψ) := {z ∈ C, z 6= 0, | arg z| < ψ} on L2(Ω),
whereψ ∈ (0, π

2 ]. Suppose thate−tA is given by a kernelp(t, x, y). We have

THEOREM 6.16 Assume that

|p(t, x, y)| ≤ Ct−d/2 exp
[

−c|x− y|2

t

]

for all t > 0 anda.e.(x, y) ∈ Ω×Ω, whereC andc are positive constants.
Then for everyν ∈ [0, ψ), we have

|p(z, x, y)| ≤ Cν(<z)−d/2 exp
[

−cν |x− y|2

|z|

]

for all z ∈ Σ(ν) and a.e.(x, y) ∈ Ω × Ω, whereCν and cν are positive
constants (depending onν). In addition, (e−tA)t≥0 extends to a bounded
holomorphic semigroup on the sectorΣ(ψ) onLp(Ω) for all p ∈ [1,∞).
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In the case of self-adjoint operators, the proof below gives more precise con-
stants in the Gaussian estimate for complex time. This gives, in particular,
precise estimates for‖e−zA‖L(Lp) in terms ofarg z. Such precise estimates
have several interesting consequences. For example, they allow us to estab-
lish a functional calculus and also to proveLp properties of the Schrödinger
group(eitA)t∈R. We will turn to these questions in the next chapter.

Proof. Let E andF be compact disjoint subsets ofRd. Fix f, g ∈ L1(Ω) ∩
L2(Ω) and define the function

H(z) := (χEe−zAχF f ; g) :=
∫

Ω
χE(x)(e−zAχF f)(x)g(x)dx, (6.45)

whereχE denotes the characteristicfunction ofE.
It follows from the holomorphy of the semigroup onL2(Ω) that the func-

tion H is holomorphic onΣ(ν). On the other hand, it follows from the
Gaussian upper bound that

|H(t)| ≤ Ct−d/2e−c%(E,F )2/t‖f‖1‖g‖1 for all t > 0

where%(E, F ) denotes the Euclidean distance fromE to F. In addition

|H(z)| ≤ C ′(<z)−d/2‖f‖1‖g‖1 for all z ∈ Σ(ν). (6.46)

Indeed, fixν ′ ∈ (ν, ψ) and letε > 0 such that(1 − ε)t + is ∈ Σ(ν ′)
for all t + is ∈ Σ(ν). For everyz = t + is ∈ Σ(ν), write e−zA =
e−ε t

2Ae−((1−ε)t+is)Ae−ε t
2A and use thefact that‖e−zA‖L(L2) is bounded

(for z ∈ Σ(ν ′)) to obtain:

‖e−zA‖L(L1,L∞)

≤ ‖e−εt/2A‖L(L2,L∞)‖e−((1−ε)t+is)A‖L(L2)‖e−εt/2A‖L(L1,L2)

≤ Cν′t−d/2.

This proves (6.46).
An application of Lemma 6.18 below gives for allz = |z|eiθ ∈ Σ(ν) :

|H(z)| ≤ C ′′(<z)−d/2‖f‖1‖g‖1 exp
[

−c′%(E, F )2
sin(ν ′ − |θ|)

|z|

]

.

(6.47)
Since this istrue for all f and g in L1(Ω) ∩ L2(Ω), we conclude that
χEe−zAχF is a bounded operator fromL1(Ω) into L∞(Ω) and

‖χEe−zAχF ‖L(L1,L∞) ≤ C ′′(<z)−d/2 exp
[

−c′%(E, F )2
sin(ν ′ − |θ|)

|z|

]
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for all z ∈ Σ(ν).
In other words, for a.e.x, y ∈ Ω and allz ∈ Σ(ν ′) :

|χE(x)p(z, x, y)χF (y)| ≤ C ′′(<z)−d/2 exp
[

−c′%(E, F )2
sin(ν ′ − |θ|)

|z|

]

.

Choosing appropriateE andF we obtainthe Gaussian upper estimate for
p(z, x, y).

We prove the second assertion of the theorem. It is enough to prove this
for p = 1; the result forp ∈ (1, 2) follows then by interpolation, and for
p ∈ (2,∞) by duality. Letf ∈ L1(Ω), andfn ∈ L1(Ω) ∩ L2(Ω) be a
sequence that converges tof in L1(Ω). Let (Ωn)n be a sequence of subsets
of Ω such thatΩn has finite Lebesgue measure for eachn, Ωn ⊆ Ωn+1 and
Ω = ∪n≥0Ωn. Using the Gaussian upper estimate forz ∈ Σ(ν), we find a
constantMν such that

‖χΩne−zAfn‖1 ≤ Mν for all n, z ∈ Σ(ν).

Since the semigroup is holomorphic onL2(Ω), it follows that for eachn, the
function z → χΩne−zAfn is holomorphic onΣ(ν) with values inL1(Ω).
By Vitali’s theorem,7 the limit z → e−zAf is holomorphic onΣ(ν) (with
values inL1(Ω)).

It remains to prove that‖e−zAf − f‖1 → 0 asz → 0 (with z ∈ Σ(ν)).
Since(e−zA)z∈Σ(ν) is uniformly bounded onL1(Ω), it is engough to con-
siderf in a dense subset.

Let f ∈ L1(Ω) ∩ L2(Ω) with compact support and letB be a bounded
subset which contains supp(f) and such that dist(suppf, Ω \B) =: δ > 0.
We write

∫

Ω
|e−zAf − f |dx =

∫

Ω\B
|e−zAf |dx +

∫

B∩Ω
|e−zAf − f |dx.

Using the above estimate forp(z, x, y) and the Cauchy-Schwarz inequality,

7See Hille andPhillips [HiPh57], Theorem 3.14.1 or Arendt et al. [ABHN01], Theorem
A.5.
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we obtain
∫

Ω
|e−zAf − f |dx

≤Cν(<z)−d/2
∫

Ω\B

∫

supp(f)
exp

[

− cν
|x− y|2

|z|

]

|f(y)|dydx

+|B|1/2‖ezAf − f‖2

≤Cν(<z)−d/2 exp
[

− cνδ2

2|z|

] ∫

B

∫

Ω
exp

[

− cν

2
|x− y|2

|z|

]

dx|f(y)|dy

+|B|1/2‖ezAf − f‖2

≤C ′
ν exp

[

− cνδ2

2|z|

]

‖f‖1 + |B|1/2‖ezAf − f‖2,

whereC ′
ν is apositive constant independent ofz. From this and the fact that

e−zA is strongly continuous onL2(Ω), we obtain‖e−zAf − f‖1 → 0 as
z → 0. 2

As an application of the previous theorem, one obtains under the as-
sumptions of Theorem 6.10 that(e−tAV )t≥0 is a holomorphic semigroup on
Lp(Ω), 1 ≤ p < ∞ on some sector that contains at leastΣ(π

2 − arctanM),
whereM is the smallestpossible constant for which the inequality

|=aV (u, u)| ≤ M<(aV (u, u) + w(u; u)) for all u ∈ V

holds for some constantw (see Theorem 1.54). In particular, ifAV is self-
adjoint, then(e−tAV )t≥0 is holomorphic onΣ(π

2 ) on Lp(Ω) for all p ∈
[1, +∞).

The following result shows that Gaussian estimates for the time deriva-
tives of the heat kernel follow from the Gaussian estimate. This follows
from (6.47) and the classical Cauchy formula (applied to the functionH(z)
given by (6.45)), arguing as in the previous proof. We have

THEOREM 6.17 Under the assumptions of the previous theorem we have
for everyk ∈ N

∣

∣

∣

∣

∂k

∂tk
p(t, x, y)

∣

∣

∣

∣

≤ Ckt−d/2−k exp
[

−c|x− y|2

t

]

for all t > 0 anda.e.(x, y) ∈ Ω×Ω, whereCk andc are positive constants.

Note that the last two results hold in a more general setting. We do not
use the fact thatΩ is an open subset ofRd. They are stated in the present
form only for simplicity and because the present chapter is mainly devoted
to elliptic operatorsAV .
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L EM MA 6.18 Let ψ ∈ (0, π/2] and assume thatF : Σ(ψ) = {z ∈ C, z 6=
0, | arg z| < ψ} → C is a holomorphic function such that

|F (reiθ)| ≤ a(r cos θ)−β for all reiθ ∈ Σ(ψ),

|F (r)| ≤ ar−βe−br−α
for all r > 0,

wherea, b are positive constants,β ≥ 0, and0 ≤ α ≤ 1. Then for every
r > 0 andθ ∈ (−ψ, ψ)

|F (reiθ)| ≤ a2β(r cos θ)−β exp
[

−bα
2

r−α sin(ψ − |θ|)
]

.

Proof. Fix γ ∈ (0, ψ) and define the function

G(z) := z−βF (1/z) exp[bei(π
2−γα)zα/ sin(γα)].

ThefunctionG is holomorphic onΣ(ψ). Using the assumptions onF , we
obtain

|G(r)| ≤ a and |G(reiγ)| ≤ a(cos γ)−β for all r > 0.

In addition,G is exponentially bounded onΣ(γ). The Phragmen-Lindelöf
theorem implies that

|G(reiθ)| ≤ a(cos γ)−β for all θ ∈ [0, γ].

Similar arguments show that this estimate holds also forθ ∈ [−γ, 0]. Hence,

|F (reiθ)| ≤ a(r cos γ)−β exp[−br−α sin(γα− |θ|α)/ sin(γα)],

for all θ ∈ [−γ, γ]. We choose nowγ := (ψ + |θ|)/2. We have

cos γ≥ cos
(

π
4

+
|θ|
2

)

=sin
(

π
4
− |θ|

2

)

≥ 1
2

sin
(π

2
− |θ|

)

=
cos θ

2
.
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We also have the bound

sin[(γ − |θ|)α]
sin(γα)

≥ sin[(γ − |θ|)α]

= sin
[(

ψ
2
− |θ|

2

)

α
]

≥ α
2

sin(ψ − |θ|).

This proves the lemma. 2

6.6 WEIGHTED GRADIENT ESTIMATES

Assume that the assumptions of Theorem 6.10 hold. Observe that fort and
ε > 0

e−(t+ε)A∗V f(y) =
∫

Ω
pV (t + ε, x, y)f(x)dx = (f ; pV (t + ε, ., y))

and

e−(t+ε)A∗V f(y) = e−tA∗V e−εA∗V f(y)
= (e−tA∗V f ; pV (ε, ., y))
= (f ; e−tAV (pV (ε, ., y))).

Hence,

pV (t + ε, ., y) = e−tAV pV (ε, ., y) for all t > 0, ε > 0 and a.e. y ∈ Ω.
(6.48)

This implies in particular that for a.e.y, pV (t, ., y) ∈ V ⊆ H1(Ω) for
all t > 0. In particular,∇xpV (t, x, y) (the gradient with respect to thex
variable) is inL2(Ω). In Theorem 6.17 we obtained Gaussian upper bounds
for the time derivatives ofpV (t, x, y). In this section, we prove weighted
Lp-estimates for its space derivatives.

THEOREM 6.19 Assume thatV is eitherH1
0 (Ω) (with Ω an arbitrary open

set ofRd) or H1(Ω) or as in (4.5) and that the assumptions of Theorem 6.10
are satisfied.
1) There exists a constantβ > 0 such that the following estimate holds for
everyp ∈ [1, 2] :

[ ∫

Ω
|∇xpV (t, x, y)|peβp|x−y|2/tdx

]1/p

≤ Cεt−
d
2 [1−1/p]− 1

2 eεt+δαt
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for all t > 0, ε > 0 a.e.y ∈ Ω. Hereδ andα are as in Theorem 6.10.
2) If V = H1

0 (Ω) andbk = ck = a0 = 0 for all k, 1 ≤ k ≤ d, then

[ ∫

Ω
|∇xpH1

0
(t, x, y)|peβp|x−y|2/tdx

]1/p

≤ Ct−
d
2 [1−1/p]− 1

2

for all t > 0 anda.e.y ∈ Ω.

Proof. Let ε′ > 0. By Hölder’s inequality we have forp ∈ [1, 2)

∫

Ω
|∇xpV (t, x, y)|peβp|x−y|2/tdx

=
∫

Ω
|∇xpV (t, x, y)|pe(β+ε′)p|x−y|2/t.e−ε′p|x−y|2/tdx

≤
[∫

Ω
|∇xpV (t, x, y)|2e2(β+ε′)|x−y|2/tdx

]p/2

×
[∫

Ω
e−ε′p 2

2−p |x−y|2/tdx
](2−p)/p

,

from which wesee that it is enough to prove the theorem forp = 2.
By Theorem 6.10, we have

|pV (t, x, y)| ≤ Ct−d/2e−c|x−y|2/2 for 0 < t ≤ 1, (6.49)

whereC and c are positive constants. If the assumptions of assertion 2)
hold, then (6.49) holds for allt > 0.

Let β ∈ (0, c) be any fixed constant. We want to estimate

It :=
∫

Ω
|∇xpV (t, x, y)|2eβ|x−y|2/tdx.

Let ψ ∈ C∞
c (Rd) such that0 ≤ ψ ≤ 1 and set

It(ψ) :=
∫

Ω
|∇xpV (t, x, y)|2eβ|x−y|2/tψ(x)dx.
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Using (6.48), one obtains thatpV (t, ., y)eβ|.−y|2/tψ(.) ∈ V. Thus,

ηIt(ψ) ≤ <
d

∑

k,j=1

∫

Ω
akjDkpV (t, x, y)DjpV (t, x, y)eβ|x−y|2/tψ(x)dx

= <aV (pV (t, ., y), pV (t, ., y)eβ|.−y|2/tψ)

−<
d

∑

k,j=1

∫

Ω
akjDkpV (t, x, y)pV (t, x, y)Dj

[

eβ|x−y|2/tψ(x)
]

dx

−<
d

∑

k=1

∫

Ω
bkDkpV (t, x, y)pV (t, x, y)eβ|x−y|2/tψ(x)dx

−<
d

∑

k=1

∫

Ω
ckpV (t, x, y)Dk

[

pV (t, x, y)eβ|x−y|2/tψ(x)
]

dx

−<
∫

Ω
a0pV (t, x, y)pV (t, x, y)eβ|x−y|2/tψ(x)dx

:= J1(ψ) + J2(ψ) + J3(ψ) + J4(ψ) + J5(ψ).

Using (6.48), the first termJ1(ψ) = <aV (pV (t, ., y), pV (t, ., y)eβ|.−y|2/tψ)
satisfies

J1(ψ)=<(AV pV (t, ., y); pV (t, ., y)eβ|.−y|2/tψ)

=<(− ∂
∂t

pV (t, ., y); pV (t, ., y)eβ|.−y|2/tψ).

From (6.49) and Theorem 6.17, we see that for some constantC1

|J1(ψ)| ≤ C1t−
d
2−1 for all t ∈ (0, 1]. (6.50)

Wewant to estimate

J2(ψ) = −<
d

∑

k,j=1

∫

Ω
akjDkpV (t, x, y)pV (t, x, y)Dj

[

eβ|x−y|2/tψ(x)
]

dx.

We writeJ2(ψ) = J ′2(ψ) + J ′′2 (ψ), where

J ′2(ψ) = −<
d

∑

k,j=1

∫

Ω
akjDkpV (t, x, y)pV (t, x, y)2β(xj − yj)t−1

× eβ|x−y|2/tψ(x)dx
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and

J ′′2 (ψ) = −<
d

∑

k,j=1

∫

Ω
akjDjψ(x)DkpV (t, x, y)pV (t, x, y)eβ|x−y|2/tdx.

ThetermJ ′2(ψ) is estimated as follows:

|J ′2(ψ)| ≤
d

∑

k,j=1

‖akj‖∞t−1/2
∫

Ω

[

|DkpV (t, x, y)||pV (t, x, y)|ψ(x)

×2
β|xj − yj |√

t
eβ|x−y|2/t

]

dx

≤Mt−1/2
d

∑

k=1

∫

Ω
|DkpV (t, x, y)|ψ(x)|pV (t, x, y)|e

3
2β|x−y|2/tdx,

whereM is a constant.By (6.49) and the Cauchy-Schwarz inequality

|J ′2(ψ)|

≤MCt−1/2
d

∑

k=1

∫

Ω
|DkpV (t, x, y)||pV (t, x, y)|e

1
2β|x−y|2/tψ(x)

×eβ|x−y|2/tdx

≤MCt−1/2It(ψ)1/2
[ ∫

Ω
t−de2(β−c)|x−y|2/tdx

]1/2

.

Thus

|J ′2(ψ)| ≤ C2t−d/4−1/2It(ψ)1/2 for all t ∈ (0, 1]

and hence

|J2(ψ)| ≤ C2t−d/4−1/2It(ψ)1/2 + J ′′2 (ψ) for all t ∈ (0, 1]. (6.51)

The term

J3(ψ) = −<
d

∑

k=1

∫

Ω
bkDkpV (t, x, y)pV (t, x, y)eβ|x−y|2/tψ(x)dx

can be estimated as above by using (6.49) and the Cauchy-Schwarz inequal-
ity. One obtains

|J3(ψ)| ≤ C3t−d/4It(ψ)1/2 for all t ∈ (0, 1]. (6.52)
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We estimate

J4(ψ) = −<
d

∑

k=1

∫

Ω
ckpV (t, x, y)Dk

[

pV (t, x, y)eβ|x−y|2/tψ(x)
]

dx.

We write

J4(ψ) :=−<
d

∑

k=1

∫

Ω
ckpV (t, x, y)Dk[pV (t, x, y)eβ|x−y|2/tψ(x)]dx

= −<
d

∑

k=1

∫

Ω
ckpV (t, x, y)DkpV (t, x, y)eβ|x−y|2/tψ(x)dx

−<
d

∑

k=1

∫

Ω
ck|pV (t, x, y)|22β(xk − yk)t−1eβ|x−y|2/tψ(x)dx

−<
d

∑

k=1

∫

Ω
ckDkψ(x)|pV (t, x, y)|2eβ|x−y|2/tdx.

As above, using (6.49) and the Cauchy-Schwarz inequality, we can estimate
the first term byt−d/4It(ψ)1/2 (up to a constant). The second one is esti-
mated by

d
∑

k=1

∫

Ω
|ck|t−1/2|pV (t, x, y)|2e2β|x−y|2/tψ(x)dx

and hence byt−d/2−1/2 (up to a constant). We obtain

|J4(ψ)| ≤ C4[t−d/4−1/2It(ψ)1/2 + t−d/2−1/2] + J ′′4 (ψ) for all t ∈ (0, 1],
(6.53)

whereC4 is a constant and

J ′′4 (ψ) =
d

∑

k=1

‖ck‖∞
∫

Ω
|Dkψ(x)||pV (t, x, y)|2eβ|x−y|2/tdx.

Using (6.49), it is clear that

J5(ψ) = −<
∫

Ω
a0pV (t, x, y)pV (t, x, y)eβ|x−y|2/tψ(x)dx

is bounded by

|J5(ψ)| ≤ C5t−d/2 for all t ∈ (0, 1]. (6.54)
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We apply the above estimates withψj in place ofψ, whereψj(x) :=
ψ(x/j) andψ ∈ C∞

c (Rd), such that0 ≤ ψ ≤ 1, ψ(x) = 1 for |x| ≤ 1.
Simple computations show thatJ ′′2 (ψj) andJ ′′4 (ψj) converge to0 asj →
∞. This together with the estimates (6.50)−(6.54) and Fatou’s lemma gives

ηIt≤C1t−d/2−1 + C2t−d/4−1/2I1/2
t + C3t−d/4I1/2

t

+C4[t−d/4−1/2I1/2
t + t−d/2−1/2] + C5t−d/2.

This implies that

It ≤ Ct−d/2−1 for all t ∈ (0, 1]

and proves assertion 1).
If V = H1

0 (Ω) andbk = ck = a0 = 0, then we only haveJ1(ψ) and
J2(ψ) in the proof. In addition, (6.49) holds for allt > 0. The above proof
gives in this case

ηIt ≤ C1t−
d
2−1 + C2t−d/4−1/2I1/2

t for all t > 0,

from which we deduce the assertion 2). 2

Notes
Section 6.1. This section follows the books of Davies [Dav89], Robinson [Rob91],
and Varopoulos, Saloff-Coste, and Coulhon [VSC92]. As mentioned previously,
Lemma 6.1 holds without theL∞-contractivity assumption; see Coulhon [Cou92]
and Varopoulos et al. [VSC92]. Theorem 6.2 and other extensions can be found
in Coulhon [Cou92]. Theorem 6.3 is due to Fabes and Stroock [FaSt86] (see also
Carlen, Kusuoka, and Stroock [CKS87], Davies [Dav89]). The implication 1)⇒
2) in Theorem 6.4 was proved by Bénilan [B́en78] and the converse by Yoshikawa
[Yosh71]. The equivalence of the two parts was rediscovered by Varopoulos [Var85].
Theorem 6.3 is not limited to polynomial decay. Characterizations of the estimates
‖e−tA‖L(L1,L∞) ≤ θ(t) (for more general functionsθ) in terms of Nash type in-
equalities are given in Coulhon [Cou96]. Such estimates can also be characterized
by logarithmic Sobolev inequalities; see Davies [Dav89] and the references there.
Lemma 6.5 is extracted from Coulhon [Cou93]. See also Ouhabaz [Ouh03a].

Section 6.2. Theorem 6.6 is shown in Ouhabaz [Ouh98]. In a recent work, Coul-
hon [Cou03] has proved that Hölder continuity of the heat kernel is equivalent to
certain Sobolev inequalities and also to some embedding of Besov type spaces.
Hölder continuity of the heat kernel is intimately related to Gaussian upper and
lower bounds; see Saloff-Coste [SaC95], Coulhon [Cou03].

Section 6.3. Gaussian upper bounds were studied by several authors. For uni-
formly elliptic operatorsA = −

∑

k,j Dj(akjDk) (on L2(Rd)) with real-valued
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coefficients, Gaussian upper and lower bounds were proved by Aronson [Aro68],
see also Porper and Eidel’man [PrEi84]. The subject of Gaussian bounds was re-
vived by Davies [Dav87] who introduced the perturbation technique used here and
proved such bounds for symmetric operators on domains under Dirichlet or Neu-
mann boundary conditions; see [Dav89] and the references there. The Gaussian
upper bounds proved in [Dav87] and [Dav89] forA = −

∑

k,j Dj(akjDk) are the

same as those in Corollary 6.14 (but without the terme−s(AV )t).
Gaussian bounds for second-order operators with terms of order 1, acting on

L2(Rd), have been proved by Stroock [Str88] and Norris and Stroock [NoSt91].
Some smoothness of the coefficients is required there.

Gaussian bounds for Laplacians on Riemannian manifolds or sub-Laplacians on
Lie groups have been studied by several authors. We refer reader to the monographs
of Davies [Dav89], Varopoulos et al. [VSC92], Robinson [Rob91] and Saloff-Coste
[SaC02] for a systematic account and references.

There is a big difference between second order uniformly elliptic operators with
complex-valued coefficients and their relatives with real-valued ones. We have seen
in Chapter 4 that theL∞-contractivity property fails to hold if the coefficients are
complex-valued. Also the Gaussian upper bounds do not hold in general in this
case.

For operators with complex-valued coefficients, Gaussian upper bounds were
obtained by Auscher, McIntosh, and Tchamitchian [AMcT98] in the case where
Ω = Rd and the coefficients are smooth (see also Auscher and Tchamitchian
[AuTc98] and [AuTc01]). Note that ifd ≤ 2, the smoothness of the coefficients
is not needed. Ifd ≥ 5, a counterexample was given by Auscher, Coulhon, and
Tchamitchian [ACT96]. See also Davies [Dav97a]. The example used in [ACT96]
is taken from Maz’ya, Nazarov, and Plamenevskii [MNP85], who proved that De
Giorgi type result do not hold for operators with complex-valued coefficients.

The situation for uniformly elliptic operators with complex-valued coefficients
on arbitrary domains is more complicated. Proposition 6 in [AuTc01] shows that
the regularity of the coefficients does not ensure the validity of the Gaussian bound
if the operator is considered on a domain and is subject to Dirichlet boundary con-
ditions. The subject of complex-valued coefficients on arbitrary domains is not
very well understood yet.

For operators with terms of order one,A = −
∑

k,j Dj(akjDk+cj)+
∑

k bkDk

+ a0 and subject to boundary conditions, Gaussian bounds are studied in Ouhabaz
[Ouh02] where Theorems 6.10 and 6.11 are proved. The proof follows a similar
strategy as in Coulhon [Cou93] and Robinson [Rob91]. Previous results for such
operators but with real-valued coefficients (under Dirichlet, Neumann, or mixed
boundary conditions) were given by Arendt and ter Elst [ArEl97] (assuming some
smoothness on the first order terms), Daners [Dan00], and Karrmann [Kar01].

Note that the results in this section extend to operators of typebAV , where
b : Ω → C is a bounded measurable function with real-part bounded from be-
low by a positive constant. More generally, it is shown in Duong and Ouhabaz
[DuOu99] that Gaussian upper bounds carry over from operatorsA to mutiplica-
tive perturbationsbA.
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Section 6.4. Sharp bounds as in Theorem 6.12 where proved by Davies and Pang
[DaPa89] for symmetric operators. A weaker result was proved previously by
Varopoulos [Var88] in the setting of Lie groups; see also Coulhon [Cou93] and
Grigor’yan [Gri97]. Sharper estimates have been proved by Sikora [Sik96] for a
class of sub-Laplacians on Lie groups. Theorem 6.12 as stated here for complex-
valued coefficients is proved in Ouhabaz [Ouh03a]. Related results in Euclidean
space can be found in Norris and Stroock [NoSt91] and Stroock [Str88].

Section 6.5. The extension of the Gaussian upper bound fromt > 0 to complex
t was first proved by Davies [Dav89]. Lemma 6.18 and its proof are taken from
Davies [Dav95c].
The Lp-analyticity result (Theorem 6.16) was first proved in Ouhabaz [Ouh92a]
and [Ouh95] in the symmetric case. It was then extended to nonsymmetric opera-
tors by Hieber [Hie96] and Arendt and ter Elst [ArEl97]. Similar results are also
proved by Davies [Dav95b] and Duong and Robinson [DuRo96]. A previous re-
sult concerning analyticity of semigroups generated by some elliptic operators on
L1(Ω) was given by Amann [Ama83], who assumed that the coefficients as well as
the domain are smooth enough. According to Theorems 6.10 and 6.16, no smooth-
ness assumption is needed if the coefficients are real-valued and the operator is
subject to Dirichlet boundary conditions. For Neumann boundary conditions, one
needs some smoothness of the domain (e.g.,Ω has the extension property, which
holds for domains with Lipschitz boundary). An example of a domainΩ for which
the semigroup generated by the Laplacian with Neumann boundary conditions is
not holomorphic onL1(Ω) is given by Kunstmann [Kun02]. Results on the holo-
morphy of semigroups generated by elliptic operators onC0(Ω) can be found in
Ouhabaz [Ouh95].

Section 6.6. Weighted gradient estimates as in Theorem 6.19 were proved in the
Riemannian manifold setting by Grigor’yan [Gri95]. For uniformly elliptic opera-
tors with nonsmooth coefficients, results of the same type were proved by Auscher
and Tchamitchian [AuTc98], Duong and McIntosh [DuMc99b], and Coulhon and
Duong [CoDu99].



Chapter Seven

GAUSSIAN UPPER BOUNDS AND

Lp-SPECTRAL THEORY

The present chapter is devoted to applications of Gaussian upper bounds
to Lp-spectral theory. Although this monograph is mainly concerned with
second-order differential operators on domains of the Euclidean space, this
chapter is written in a general setting of operators on metric spaces. The
framework includes Laplacians on Riemannian manifolds or arbitrary do-
mains of manifolds as well as some higher-order differential operators on
domains of Euclidean space.

Let (X, ρ, µ) be a metricσ-finite measured space. Denote byB(x, r) the
open ball inX for the distanceρ, of centerx ∈ X and radiusr > 0, that is,

B(x, r) := {y ∈ X, ρ(x, y) < r},

and byV (x, r) its volume, that is,

V (x, r) := µ (B(x, r)) .

We shall always assumeV (x, r) < ∞ for everyx ∈ X andr ∈ (0,∞).
Throughout this chapter, we shall assume thatX has regular volume

growth (or it satisfies the doubling property), that is, there exists a positive
constantC such that

V (x, 2r) ≤ CV (x, r) for all x ∈ X, r > 0. (7.1)

Note that (7.1) implies easily that there existsd > 0 such that

V (x, s) ≤ C
(s

r

)d
V (x, r) for all x ∈ X, s ≥ r > 0. (7.2)

Let Ω be an open subset ofX and letA be a non-negative self-adjoint
operator onL2(Ω, µ). Assume that the semigroup(e−tA)t≥0 has a kernel
p(t, x, y)1, that is, a measurable function:Ω× Ω → C, such that

e−tAf(x) =
∫

Ω
p(t, x, y)f(y) dµ(y) for everyf ∈ L2(Ω) and a.e.x ∈ Ω.

1We again callp(t, x, y) the heat kernel ofA.
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The mainassumption onp(t, x, y) is the Gaussian upper bound:

|p(t, x, y)| ≤ C
√

V (x, t1/m)V (y, t1/m)
exp

{

−c
(

ρm(x, y)
t

) 1
m−1

}

(7.3)

for all t > 0 anda.e.x, y ∈ Ω, whereC, c > 0, andm > 1 are constants.
In (7.3),V (x, t1/m) is the volume of the ball inX and not inΩ. The open
subsetΩ is not supposed to satisfy the doubling volume property.

SinceB(x, r) ⊆ B(y, r + ρ(x, y)) for all x, y ∈ X andr > 0, one has,
thanks to (7.2),

V (x, r) ≤ V
(

y, r(1 +
ρ(x, y)

r
)
)

≤ C
(

1 +
ρ(x, y)

r

)d

V (y, r). (7.4)

Usingthis, it follows that one can replace in (7.3)
√

V (x, t1/m)V (y, t1/m)
by V (x, t1/m) provided one changes the constantsc, C. In other words,
(7.3) is equivalent to

|p(t, x, y)| ≤ C
V (x, t1/m)

exp

{

−c
(

ρm(x, y)
t

) 1
m−1

}

(7.5)

for some positive constantsc, C. Similarly, V (x, t1/m) can be replaced by
V (y, t1/m) in (7.5).

We describe now some situations where both properties (7.1) and (7.3)
are satisfied.

1) Second-order operators on domains
Let X = Rd endowed with the flat metric,Ω is an arbitrary open subset of
Rd andA = −

∑d
k,j=1 Dj(akjDk) be a self-adjoint uniformly elliptic op-

erator with real-valued coefficients and subject to Dirichlet boundary con-
ditions. By Theorem 6.10, the heat kernel ofA satisfies a Gaussian upper
bound. The bound given there coincides with (7.3) form = 2. Note that in
the present caseV (x, t1/2) = cdtd/2.

For other boundary conditions, the Gaussian upper bound holds with an
additional termeεt for everyε > 0, see Theorem 6.10.

2) Schrödinger operators
The Gaussian upper bound (7.3) holds also for Schrödinger operators−∆+
V.

If V ∈ L1
loc(Rd, dx) is non-negative, the operator−∆ + V is defined as

the operator associated with the form

a(u, v) :=
∫

Rd
∇u∇vdx +

∫

Rd
V uvdx,
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D(a) :=
{

u ∈ H1(Rd),
∫

Rd
V |u|2dx < ∞

}

.

The semigroup(e−t(−∆+V ))t≥0 is dominated by the Gaussian semigroup
(et∆)t≥0 (this follows immediately from Theorem 2.24). Hence,−∆ + V
has a heat kernelp(t, x, y) which satisfies

0 ≤ p(t, x, y) ≤ 1
(4πt)d/2 e−

|x−y|2
4t for all t > 0, x, y ∈ Rd. (7.6)

Now if V changes sign, we writeV = V + − V − and define−∆ + V :=
(−∆+V +)−V − as the perturbation of−∆+V + by−V −. If the negative
partV − is in the Kato class (see Kato [Kat73] or Simon [Sim82]), the heat
kernel of−∆ + V satisfies

0 ≤ p(t, x, y) ≤ eαt C
td/2 e−c |x−y|2

t for all t > 0, x, y ∈ Rd, (7.7)

for some constantα. This and other information on Schrödinger semigroups
can be found in Simon [Sim82].

3) Higher-order operators
For higher-order elliptic operators

Hf(x) =
∑

|α|=|β|=n

(−1)|α|Dα(aα,β(x)Dβf(x))

acting onL2(Rd), the Gaussian bound, when it holds, takes the form

|p(t, x, y)| ≤ Ct−d/2n exp

{

−c
(

ρ2n(x, y)
t

)
1

2n−1
}

.

This is again (7.3) withm = 2n andV (x, t1/2n) = cdtd/2n. This estimate
holds if the coefficientsaαβ are smooth enough or ifd ≤ 2n, see the survey
of Davies [Dav97b].

4) Laplacians on manifolds
Let X = Ω = M be a Riemannian manifold andA = −∆, where∆ is
the Laplace-Beltrami operator. Letρ be the geodesic distance andµ the
Riemannian measure.

If the manifold has non-negative Ricci curvature, then (7.3) withm = 2
was proved by Li and Yau [LiYa86]. See also Davies [Dav89]. The same
estimate holds if∆ is considered on an arbitrary domain ofM with Dirichlet
boundary conditions. The reason is that the heat kernel on a domain is
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pointwise dominatedby the heat kernel onM . This holds as in Proposition
4.23, stated for Euclidean domains.

Note that if the manifoldM satisfies the doubling condition (7.1) and the
heat kernelp(t, x, y) of ∆ satisfies the diagonal upper bound

p(t, x, x) ≤ C
V (x,

√
t)

for x ∈ M, t > 0, (7.8)

then, according to a result of Grigor’yan [Gri97], the heat kernel satisfies
(7.3) withm = 2.

Note that by the symmetry of the semigroup, one has

p(t, x, y) = p(t, y, x)

and thus

p(t, x, x)=
∫

M
p

(

t
2
, x, y

)

p
(

t
2
, y, x

)

dµ(y)

=
∫

M

∣

∣

∣

∣

p(
t
2
, x, y)

∣

∣

∣

∣

2

dµ(y).

Thus, the diagonal estimate (7.8) is precisely theL2-norm estimate:

‖p(
t
2
, x, .)‖2

2 ≤
C

V (x,
√

t)
, x ∈ M, t > 0.

There are many other interesting situations where (7.3) holds, for exam-
ple, sub-Laplacians on Lie groups (see Robinson [Rob91] and Varopoulos,
Saloff-Coste and Coulhon [VSC92]) or Laplacians on some fractals. In the
latter case, (7.3) may hold with somem > 2 although the operator is of
second order, see Barlow [Bar98].

7.1 Lp-BOUNDS AND HOLOMORPHY

Let (X, ρ, µ) be as above,Ω is an open subset ofX andA is a non-negative
self-adjoint operator onL2(Ω, µ) := L2(Ω, µ,C). We assume thatX satis-
fies the doubling condition (7.1) and that the heat kernelp(t, x, y) of A sat-
isfies the Gaussian upper bound (7.3). Under these assumptions, the semi-
group(e−tA)t≥0 extends toLp(Ω, µ) for all p ∈ [1,∞). More precisely,

PROPOSITION 7.1 If (7.1) and (7.3) are satisfied, then for eachp ∈ [1,∞],
e−tA extends fromL2(Ω, µ) ∩ Lp(Ω, µ) to Lp(Ω, µ) for all t ≥ 0 and
supt≥0 ‖e−tA‖L(Lp) < ∞.
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Proof. By the Riesz-Thorin interpolation theorem, we only have to prove
the result forp = 1. Since (7.3) is equivalent to (7.5), it is enough to show
that there exists a constantK such that

sup
y∈Ω,t>0

∫

Ω

exp{−c(ρm(x,y)
t )

1
m−1 }

V (y, t1/m)
dµ(x) ≤ K. (7.9)

Using (7.2), we have

∫

Ω

exp
{

− c(ρm(x,y)
t )

1
m−1

}

V (y, t1/m)
dµ(x)

≤
∑

k≥0

∫

{kt1/m≤ρ(x,y)≤(k+1)t1/m}

exp
{

− c(ρm(x,y)
t )

1
m−1

}

V (y, t1/m)
dµ(x)

≤
∑

k≥0

e−ck
m

m−1 V (y, (k + 1)t1/m)
V (y, t1/m)

≤C
∑

k≥0

e−ck
m

m−1 (k + 1)d < +∞.

Thisshows (7.9). 2

By a density argument, the familly(e−tA)t≥0 obtained inLp(Ω, µ) satis-
fies the semigroup property. It is even a strongly continuous semigroup on
Lp(Ω, µ) for 1 ≤ p < ∞. The strong continuity is proved in Corollary 7.5
below.

Our aim now is to extend the Gaussian upper bound fort > 0 to complex
t. LetC+ := {z ∈ C;<z > 0} be the open right half-plane. Note first that
by the semigroup property,

p(z, x, y) =
∫

Ω
p

(z
2
, x, u

)

p
(z

2
, u, y

)

dµ(u)

andhence ift = <z,

|p(z, x, y)| ≤
( ∫

Ω
|p(z/2, x, u)|2dµ(u)

)1/2( ∫

Ω
|p(z/2, u, y)|2dµ(u)

)1/2

=
( ∫

Ω
p(z/2, x, u)p(z/2, u, x)dµ(u)

)1/2

×
( ∫

Ω
p(z/2, u, y)p(z/2, y, u)dµ(u)

)1/2

=
√

p(t, x, x).p(t, y, y).
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Here thesymmetry of the semigroup is used in order to write

p(z/2, x, u) = p(z/2, u, x).

We have proved that

|p(z, x, y)| ≤
√

p(t, x, x).p(t, y, y) ≤ C
√

V (x, t1/m)V (y, t1/m)
. (7.10)

The Gaussian bound extends fromt > 0 to complext. The following result
is more precise than the bound in Theorem 6.16 in the sense that it holds
uniformly onC+.

THEOREM 7.2 Assume that the doubling volume condition (7.2) holds. As-
sume thatA is a non-negative self-adjoint operator onL2(Ω, µ) having a
heat kernelp(t, x, y) which satisfies the Gaussian upper bound (7.3). Then
there exist positive constantsC, c such that

|p(z, x, y)| ≤
C(cos θ)−d exp

{

−c
(

ρm(x,y)
|z|

) 1
m−1

cos θ

}

√

V (x, ( |z|
(cos θ)m−1 )1/m)V (y, ( |z|

(cos θ)m−1 )1/m)
,

for all z ∈ C+ anda.e.x, y ∈ Ω, whereθ = arg z.

Proof. It is enough to prove that there exist positive constantsC, c such that

|p(z, x, y)| ≤
Ce

<z
λ ( λ

<z )d/m
√

V (x, λ1/m)V (y, λ1/m)
exp{−c

(

ρm(x, y)
|z|

) 1
m−1

cos θ},

(7.11)
for all λ > 0, all z ∈ C+ and a.e.x, y ∈ Ω. Indeed, if (7.11) holds, then
choosingλ = |z|

(cos θ)m−1 yields the theorem.
Let us now prove (7.11). Fixλ ∈]0, +∞[. If z is such that<z ∈]0, λ],

apply (7.10) and write

V (x, λ1/m) ≤ C
(

λ
<z

)d/m

V (x, (<z)1/m),

which gives

|p(z, x, y)| ≤ C
√

V (x, (<z)1/m)V (y, (<z)1/m)

≤ C ′
√

V (x, λ1/m)V (y, λ1/m)

(

λ
<z

)d/m

.
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If moreoverz = t belongs to]0, λ[, use (7.3) and write

|p(t, x, y)| ≤
C ′(λ

t )
d/m

√

V (x, λ1/m)V (y, λ1/m)
exp

{

−c(
ρm(x, y)

t
)

1
m−1

}

.

If on thecontrary<z > λ, write

|p(z, x, y)| ≤ C
√

V (x, (<z)1/m)V (y, (<z)1/m)

≤ C ′
√

V (x, λ1/m)V (y, λ1/m)

(

λ
<z

)d/m

e
<z
λ ,

and if moreoverz = t belongs to]λ,+∞[,

|p(t, x, y)|

≤ C
√

V (x, t1/m)V (y, t1/m)
exp

{

−c(
ρm(x, y)

t
)

1
m−1

}

≤ C ′et/λ
√

V (x, λ1/m)V (y, λ1/m)

(

λ
t

)d/m

exp
{

−c(
ρm(x, y)

t
)

1
m−1

}

.

Finally, for all z with <z > 0 and allλ > 0, we have

|p(z, x, y)| ≤ C
√

V (x, λ1/m)V (y, λ1/m)

(

λ
<z

)d/m

e
<z
λ , (7.12)

and if moreoverz = t belongs to]0,+∞[,

|p(t, x, y)| ≤ Cet/λ
√

V (x, λ1/m)V (y, λ1/m)

(

λ
t

)d/m

exp
{

−c(
ρm(x, y)

t
)

1
m−1

}

(7.13)
for some constantsC, c > 0.

If the heat kernelp(t, x, y) is continuous with respect tox andy, thenz 7→
p(z, x, y) is a holomorphic function onC+ for everyx, y ∈ Ω (this follows
from the holomorphy of the semigroup and (6.48) applied top(t, x, y) and
A). Now (7.11) follows from (7.12) and (7.13) by applying Lemma 6.18 to
F (z) := p(z, x, y)e−z/λ for fixedx, y ∈ Ω.

In order to prove (7.11) in the general case, we fixx0, y0 ∈ Ω and let
E0 := B(x0, λ1/m) andF0 := B(y0, λ1/m). SinceE0 ⊆ B(x, 2λ1/m) for
x ∈ E0, it follows from the doubling volume property (7.1) that

V (x0, λ1/m) ≤ CV (x, λ1/m) for all x ∈ E0. (7.14)
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Using this,one obtains from (7.12) and (7.13)

|χE0(x)p(z, x, y)χF0(y)| ≤ C
√

V (x0, λ1/m)V (y0, λ1/m)

(

λ
<z

)d/m

e
<z
λ ,

(7.15)
and

|χE0(x)p(t, x, y)χF0(y)| ≤
C exp

{

−c(ρm(x,y)
t )

1
m−1

}

√

V (x0, λ1/m)V (y0, λ1/m)

(

λ
t

)d/m

et/λ

(7.16)
for all z ∈ C+ and allt > 0, whereC, c are positive constants.

Using the last two estimates, we can now repeat the proof of Theorem
6.16, with χE0(x)p(z, x, y)χF0(y)e−z/λ in place ofp(z, x, y) and apply
Lemma 6.18 to obtain

|χE0(x)p(z, x, y)χF0(y)|

≤
C ′e<z/λ exp

{

−c′
(

ρm(x,y)
|z|

) 1
m−1 cos θ

}

√

V (x0, λ1/m)V (y0, λ1/m)

(

λ
<z

)d/m

(7.17)

for all z ∈ C+ and (a.e.)x, y ∈ Ω, where the positive constantsC ′, c′ are
independent ofλ. We switchx0 andx in (7.14) to obtain from (7.17)

|χE0(x)p(z, x, y)χF0(y)|

≤
C ′′e<z/λ exp

{

−c′
(

ρm(x,y)
|z|

) 1
m−1 cos θ

}

√

V (x, λ1/m)V (y, λ1/m)

(

λ
<z

)d/m

(7.18)

for all z ∈ C+ and a.e.x, y ∈ Ω. Again C ′′ is a positive constant inde-
pendent ofλ. Since this inequality holds for allx0 andy0 and a.e.(x, y) ∈
Ω× Ω it implies (7.11). 2

The above proof shows a family of upper bounds for|p(z, x, y)|. Different
choices ofλ in (7.11) yield different bounds. Taking for exampleλ = <z,
one obtains

THEOREM 7.3 Assume that the doubling condition (7.2) holds. Assume
that A is a non-negative self-adjoint operator onL2(Ω, µ) having a heat
kernelp(t, x, y) which satisfies (7.3). Then there exist positive constants
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C, c such that

|p(z, x, y)| ≤
C exp

{

−c
(

ρm(x,y)
|z|

) 1
m−1

cos θ

}

√

V (x, (<z)1/m)V (y, (<z)1/m)

for all z ∈ C+ anda.e.x, y ∈ Ω, whereθ = arg z.

The pointwise bounds in Theorems 7.2 and 7.3 have the following inte-
grated form.

THEOREM 7.4 Assume that the assumptions of Theorem 7.2 hold. The fol-
lowing bounds hold for allε > 0:

‖e−zA‖L(Lp(Ω)) ≤ Cε

(

|z|
<z

)d| 12−
1
p |+ε

for all p ∈ [1,+∞], z ∈ C+,

(7.19)
whereCε is a positive constant which depends onε.

Proof. By the semigroup property one has for allr > 0 andθ ∈ (−π
2 , π

2 ),
∫

Ω
|p(reiθ, x, y)|2 dµ(x)=

∫

Ω
p(reiθ, x, y)p(re−iθ, y, x) dµ(x)

= p(2r cos θ, y, y).

We then obtain from assumption (7.3) that
∫

Ω
|p(reiθ, x, y)|2 dµ(x) ≤ C

V (y, (r cos θ)1/m)
. (7.20)

Fix ε ∈]0, 1[ and letpε ∈]0, 1[ besuch that1 = 1−ε
2 + ε

pε
. Write

∫

Ω
|p(reiθ, x, y)| dµ(x)≤

(∫

Ω
|p(reiθ, x, y)|2 dµ(x)

) 1−ε
2

×
(∫

Ω
|p(reiθ, x, y)|pε dµ(x)

) 1+ε
2

.(7.21)

Using (7.4), itfollows from Theorem 7.2 that
∫

Ω
|p(reiθ, x, y)|pε dµ(x)≤ C

V (y, ( r
(cos θ)m−1 )1/m)pε(cos θ)pεd

×
∫

Ω
exp

{

−c′(
ρm(x, y)

r
)

1
m−1 cos θ

}

dµ(x).
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From (7.9)with t = r
(cos θ)m−1 we deduce theestimate

∫

Ω
|p(reiθ, x, y)|pε dµ(x) ≤ C ′

(cos θ)pεd V (y, (
r

(cos θ)m−1 )1/m)1−pε .

The doubling property(7.2) implies that

V

(

y,
(

r
(cos θ)m−1

)1/m
)

= V
(

y, (r cos θ)1/m 1
cos θ

)

≤C(cos θ)−dV (y, (r cos θ)1/m),

therefore
∫

Ω
|p(reiθ, x, y)|pε dµ(x) ≤ C

(cos θ)d V (y, (r cos θ)1/m)1−pε . (7.22)

Inserting (7.20) and (7.22) in (7.21) we obtain
∫

Ω
|p(reiθ, x, y)| dµ(x) ≤ C ′′

(cos θ)
d(1+ε)

2

,

that is,

‖e−zA‖L(L1(Ω)) = sup
y∈Ω

∫

Ω
|p(z, x, y)| dµ(x) ≤ C ′′

(

|z|
<z

)
d(1+ε)

2

.

The estimate of‖e−zA‖p→p follows now forp ∈ [1, 2] by interpolation
with the fact that, sinceA is self-adjoint,

‖e−zA‖L(L2(Ω)) ≤ 1

and forp ∈ [2, +∞] by duality. 2

COROLLARY 7.5 Under the assumptions of the previous theorem, the semi-
group (e−tA)t≥0 extends to a bounded holomorphic semigroup onC+ on
Lp(Ω, µ) for all p ∈ [1,∞).

Proof. The proof is the same as for Theorem 6.16. For each fixedf ∈
L1(Ω, µ) one can approximatee−zAf by χΩne−zAfn, where the sequence
fn ∈ L1(Ω, µ) ∩ L2(Ω, µ) converges tof in L1(Ω, µ), Ωn is a nonde-
creasing sequence of subsets ofΩ such thatµ(Ωn) < ∞ andΩ = ∪nΩn.
By Theorem 7.4,‖χΩne−zAfn‖1 ≤ Mψ for all n and allz ∈ Σ(ψ), where
ψ ∈ (0, π

2 ) is fixedandMψ is a constant depending only onψ. Using the fact
that the semigroup is holomorphic onL2(Ω, µ), one concludes by Vitali’s
theorem thatz 7→ e−zAf is holomorphic onΣ(ψ) with values inL1(Ω, µ).
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In order to prove the strong continuity onL1(Ω, µ), we letf ∈ L1(Ω, µ)∩
L2(Ω, µ) with support contained in a ballB0 = B(x0, r). Denote byB the
ball B(x0, r + δ), for someδ > 0. Using Theorem 7.2 we obtain

∫

Ω\B
|e−zAf(x)|dµ(x)

≤
∫

Ω\B

∫

B0

C(cos θ)−d exp
{

− c
(

ρm(x,y)
|z|

) 1
m−1

cos θ
}

√

V (x, ( |z|
(cos θ)m−1 )1/m)V (y, ( |z|

(cos θ)m−1 )1/m)

×|f(y)|dµ(y)dµ(x)

≤C(cos θ)−d exp
{

− c
2

(

δm

|z|

) 1
m−1

cos θ
}

×
∫

B0

∫

Ω

exp
{

− c
2

(

ρm(x,y)
|z|

) 1
m−1

cos θ
}

√

V (x, ( |z|
(cos θ)m−1 )1/m)V (y, ( |z|

(cos θ)m−1 )1/m)
dµ(x)

×|f(y)|dµ(y).

As we have seen in the proof of Proposition 7.1, the term

sup
y∈Ω

∫

Ω

exp

{

− c
2

(

ρm(x,y)
|z|

) 1
m−1

cos θ

}

√

V (x, ( |z|
(cos θ)m−1 )1/m)V (y, ( |z|

(cos θ)m−1 )1/m)
dµ(x)

is bounded bya positive constant independent ofz. Therefore, there exists
a positive constantC ′ such that

‖ezAf − f‖1 =
∫

Ω\B
|e−zAf(x)|dµ(x) +

∫

B∩Ω
|e−zAf(x)− f(x)|dµ(x)

≤C ′(cos θ)−d exp

{

− c
2

(

δm

|z|

) 1
m−1

cos θ

}

‖f‖1

+
√

µ(B)‖e−zAf − f‖2.

From thisand the strong continuity ofe−zA onL2(Ω, µ), we obtain that

‖ezAf − f‖1 → 0 as z → 0.

All of this holds forz ∈ Σ(ψ) for everyψ ∈ (0, π
2 ). 2
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7.2 Lp-SPECTRAL INDEPENDENCE

7.2.1 Functional calculus

In this section, we give a short introduction to a functional calculus which
will allow us to prove that for a self-adjoint operator whose heat kernel
satisfies a Gaussian upper bound, its spectrum inLp is the same as inL2.

Let β ∈ R andn ∈ N. A functionalf : R→ C belongs to the classSβ
n if

f is of classCn onR and for everyk ∈ {1, ..., n}, the derivative of orderk
satisfies:

f (k)(x) = O(< x >−β−k) as x →∞.

Here and in what follows we denote< z >:=
√

1 + |z|2 for all z ∈ C.
Let f ∈ Sβ

n for somen ≥ 0 andβ > 0. Definef̃ : C→ C by

f̃(x, y) :=
( n

∑

k=0

1
k!

f (k)(x)(iy)k
)

σ(x, y), (7.23)

whereσ(x, y) := τ( y
<x>) with τ ∈ C∞

c (R) such that0 ≤ τ ≤ 1, τ(t) = 1
for t ∈ [−1, 1] and= 0 for |t| ≥ 2.

DEFINITION 7.6 The functionf̃ defined by (7.23) is called an almost ana-
lytic extension off.

Let E be a Banach space andA be an operator onE. We assume that the
following two conditions are satisfied:

σ(A)⊆R, (7.24)

‖(zI −A)−1‖L(E)≤C
< z >α

|=z|α+1 for all z /∈ R (7.25)

for someα ≥ 0 and some positive constantC. Under these two assumptions,
one can define the functional calculusf(A) for an appropriate functionf .

DEFINITION 7.7 Assume thatA is an operator on a Banach spaceE for
which (7.24) and (7.25) are satisfied for someα ≥ 0. If f ∈ Sβ

n+1 for some
β > 0 and somen > α, one defines

f(A) := − 1
π

∫

C

∂f̃
∂z

(z)(zI −A)−1dxdy (7.26)

for z = x + iy, where∂f̃
∂z (z) := 1

2 [∂f̃
∂x + ∂f̃

∂y ](z).
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The formula (7.26) defines a functional calculus. We refer the reader to
Davies [Dav95a], [Dav95d]. The following result summarizes the most im-
portant properties of this functional calculus (see [Dav95a]).

THEOREM 7.8 Under the assumptions of Definition 7.7 one has:
(i) f(A) ∈ L(E) and there exists a positive constantc such that

‖f(A)‖L(E) ≤ c
n+1
∑

k=0

∫

R
|f (k)(x)| < x >k−1 dx.

(ii) (fg)(A) = f(A)g(A) for all f, g ∈ Sβ
n+1 (n > α).

(iii) For w /∈ R andfw(x) := (w− x)−1 for all x ∈ R, we havefw(A) =
(wI −A)−1.
(iv) Let f ∈ Cn+1

c (R), n > α, have support disjoint fromσ(A). Then
f(A) = 0.

Note also that for self-adjoint operators on Hilbert spaces, the two assump-
tions (7.24) and (7.25) are satisfied (withα = 0). Moreover, the func-
tional calculus defined above coincides with the usual one defined in terms
of spectral measures. See Helffer-Sjöstrand [HeSj89] or Davies [Dav95a],
[Dav95d].

Let us mention that in Davies [Dav95a], [Dav95d] functionsf are as-
sumed to be inSβ

n for everyn and someβ > 0. The conditionf ∈ Sβ
n+1 for

somen > α is enough to define the functional calculus and obtain Theorem
7.8.

7.2.2 Interpolation of the spectrum

Assume that(X, ρ, µ) is aσ-finite measured space, endowed with a metric
ρ and satisfying the doubling condition (7.1). LetΩ be an open subset of
X. Assume thatA is a non-negative self-adjoint operator onL2(Ω, µ) with
a heat kernelp(t, x, y) which satisfies the Gaussian upper bound (7.3). It
is proved in Corollary 7.5 that the semigroup(e−tA)t≥0, initially defined
on L2(Ω, µ), extends to a bounded holomorphic semigroup onLp(Ω, µ)
for all p ∈ [1,∞). Denote now by−Ap the corresponding generator on
Lp(Ω, µ) (A2 := A). In the sequel,σ(Ap) denotes the spectrum of the
operatorAp on Lp(Ω, µ). Again, Corollary 7.5 says that−Ap generates
a bounded holomorphic semigroup on the sectorΣ(π

2 ) on Lp(Ω, µ), and
thereforeσ(Ap) ⊆ [0,∞) by Theorem 1.45. In addition, the resolvent sat-
isfies the following estimate.
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PROPOSITION 7.9 If p ∈ [1, +∞[, then for anyβ > d|12 −
1
p | we have

‖(Ap − zI)−1‖L(Lp) ≤ C
|z|β

|Imz|β+1 for all z ∈ C \ R.

Hered is the constant appearing in (7.2).

Proof. Setz = re−iθ and assume thatθ ∈]0, π]. Since the resolvent is the
Laplace transform of the semigroup, we can write

(Ap − zI)−1 = e−i π−θ
2 (Ape−i π−θ

2 + rei π−θ
2 I)−1

= e−i π−θ
2

∫ +∞

0
e−rtei π−θ

2 e−te−i π−θ
2 Apdt.

Now weapply Theorem 7.4 to obtain

‖(Ap − zI)−1‖p→p ≤
C

(sin θ
2)β

∫ +∞

0
e−rt sin θ

2 dt,

which gives the desired estimate. Ifθ ∈ [−π, 0[, we changeπ to−π in the
above argument and argue similarly. 2

THEOREM 7.10 Assume thatX satisfies the doubling property (7.1) and
let Ω be an arbitrary open subset ofX and A a non-negative self-adjoint
operator onL2(Ω, µ). Assume thatA has a heat kernelp(t, x, y) which
satisfies the Gaussian upper bound (7.3). Thenσ(Ap) = σ(A2) for all
p ∈ [1,∞). In other words, the spectrum ofAp is p-independent.

Proof. We have seen previously thatσ(Ap) ⊆ [0,∞) for all p ∈ [1,∞). By
Proposition 7.9, we can define the functional calculusf(Ap) for functions
f ∈ Sβ

n+1 for n > d|12 −
1
p | andβ > 0.

Fix p, q ∈ [1,∞) and assume thatλ ∈ [0,∞) is such thatλ /∈ σ(Ap).
There existsε > 0 such that(λ− ε, λ+ ε)∩σ(Ap) = ∅. Takef ∈ C∞

c (λ−
ε, λ+ε) with f(x) = 1 for x ∈ [λ− ε

2 , λ+ ε
2 ]. By assertion (iv) of Theorem

7.8,f(Ap) = 0. Sincee−tApφ = e−tAqφ for all φ ∈ Lp(Ω, µ) ∩ Lq(Ω, µ),
the same equality holds for the resolvents(Ap − zI)−1 and(Aq − zI)−1

for z /∈ [0,∞). This impliesf(Aq)φ = f(Ap)φ for all φ ∈ Lp(Ω, µ) ∩
Lq(Ω, µ). It follows by density thatf(Aq) = 0. Now we prove that this

impliesλ /∈ σ(Aq). For eachδ ∈ R, δ 6= 0, we definegδ(x) := 1−f(x)
λ+iδ−x for

x ∈ R. Sincef(Aq) = 0, wehave

gδ(Aq) = ((λ + iδ)I −Aq)−1. (7.27)
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Using assertion (i) of Theorem 7.8, we obtain

‖((λ + iδ)I −Aq)−1‖L(Lq) = ‖gδ(Aq)‖L(Lq)

≤ c
n+1
∑

k=0

∫

R

∣

∣

∣

∣

dkgδ(x)
dxk

∣

∣

∣

∣

< x >k−1 dx

= c
n+1
∑

k=0

∫

Iε

∣

∣

∣

∣

dkgδ(x)
dxk

∣

∣

∣

∣

< x >k−1 dx,

whereIε := R \ [λ− ε
2 , λ + ε

2 ], sincegδ(x) = 0 for all x ∈ [λ− ε
2 , λ + ε

2 ].
A simple calculationshows that the term

n+1
∑

k=0

∫

Iε

∣

∣

∣

∣

dkgδ(x)
dxk

∣

∣

∣

∣

< x >k−1 dx

is bounded independently ofδ. Thus,‖((λ+iδ)I−Aq)−1‖L(Lq) is bounded
uniformly with respect toδ for δ 6= 0. This implies thatλ /∈ σ(Aq). 2

If no assumption is made on the operator, the spectrum inLp may depend
onp. This is shown in the following example.

Example 7.2.1 Consider onLp((0,∞), dx), 1 ≤ p < ∞, the group
(Tp(t))t∈R defined by

Tp(t)f(x) := f(e−tx).

Denote byAp the generator of(Tp(t))t∈R. Then

σ(Ap) :=
{

λ ∈ C,<λ =
1
p

}

for all p, 1 ≤ p < ∞.

Indeed, for everyf ∈ Lp((0,∞), dx) and t ∈ R, ‖Tp(t)f‖p = et/p‖f‖p.
Thus,Ap − 1

pI is the generator of a group of isometries onLp((0,∞), dx)
and this implies thatσ(Ap − 1

p) ⊆ iR, i.e.,σ(Ap) ⊆ 1
p + iR. Fix p ∈ [1, 2)

and assumethat λ ∈ ρ(Ap) with <λ = 1
p . SinceTp(t)f = T2(t)f for all

f ∈ Lp((0,∞), dx)∩L2((0,∞), dx), it follows that(zI−Ap)−1f = (zI−
A2)−1f for z > 1

p . By analyticcontinuation and the fact thatλ ∈ ρ(Ap),
this equality holds forz ∈ (1

2 , 1
p). For z ∈ (1

2 , 1
p) and everynon-negative

f ∈ L2 ∩ Lq, we have(zI −A2)−1f =
∫∞
0 e−ztT2(t)fdt ≥ 0 and

(zI −Ap)−1f = −(−zI + Ap)−1f = −
∫ ∞

0
e−ztTp(−t)fdt ≤ 0,
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whichshows that the equality(zI −Ap)−1f = (zI −A2)−1f cannot hold
on L2 ∩ Lp. Thus,σ(Ap) = {λ ∈ C,<λ = 1

p}. By similar arguments, the
same equality holds forp ≥ 2.

The generator of the group(Tp(t))t∈R considered in the previous example
is a first-order differential operator. Taking the squareBp := A2

p one obtains
a second-order operator whose spectrum, as an operator onLp((0,∞), dx),
depends onp.

7.3 RIESZ MEANS AND REGULARIZATION OF THE SCHR ÖDINGER

GROUP

It is a classical result that for every self-adjoint operatorA on a Hilbert
space,iA generates a strongly continuous group(eitA)t∈R. If A = ∆
is the Laplacian, then the Schrödinger group(eit∆)t∈R is not defined on
Lp(Rd, dx) for every p 6= 2. See Ḧormander [Ḧor60]. The next result
shows that appropriate integration of the group yields a bounded family on
Lp. More precisely,

THEOREM 7.11 Assume that(X, ρ, µ) satisfies the doubling property (7.2).
Let Ω be an open subset ofX andA a self-adjoint operator onL2(Ω, µ).
Assume thatA has a heat kernel satisfying the Gaussian upper bound (7.3).
For all p ∈ [1, +∞] and everyα > d|12 −

1
p |, the Rieszmean operator

defined by

Iα(t) := t−α
∫ t

0
(t− s)α−1e−isA ds

for t > 0 , andIα(t) = Iα(−t) for t < 0, actscontinuously onLp(Ω, µ)
and one has

‖Iα(t)‖L(Lp) ≤ Cα for all t ∈ R∗. (7.28)

Proof. It relies on the estimate (7.19). Forz ∈ C+, consider the operator

Jα(z) =
∫

[0,z]
(z − ζ)α−1e−ζA dζ.

We are going to show that, ifα > d|12 −
1
p |,

‖Jα(z)‖L(Lp) ≤ Cα|z|α. (7.29)

This will imply by strong continuity onL2(Ω, µ) that, for z = it, t ∈
R, iαtαIα(t) = Jα(it), which is well defined onL2(Ω, µ) ∩ Lp(Ω, µ),
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extends continuously to a bounded operator onLp(Ω, µ). Finally, (7.29)
yields (7.28).

Becauseζ 7→ e−ζA is holomorphic onC+, Jα(z) doesn’t depend on the
path chosen to integrate from0 to z. We choose the following path: first,
follow the straight line[0, |z|] and then follow the circle with radius|z| and
center0. Let J1

α(z) denote the first integral,J2
α(z) the second one. One has

J1
α(z) =

∫ |z|

0
(z − s)α−1e−sA ds.

By Proposition 7.1, the assumptions (7.1) and (7.3) imply

‖e−tA‖L(Lp) ≤ M for all t > 0,

for some constantM > 0. Therefore

‖J1
α(z)‖L(Lp) ≤ M

∫ |z|

0
|z − s|α−1 ds,

and ifz = |z|eiθ,

‖J1
α(z)‖L(Lp) ≤ M

∫ |z|

0

∣

∣

∣|z|eiθ − s
∣

∣

∣

α−1
ds = M |z|α

∫ 1

0
|eiθ − u|α−1 du,

Finally

‖J1
α(z)‖L(Lp) ≤ Cα|z|α,

where

Cα = M sup
θ∈[−π

2 , π
2 ]

∫ 1

0
|eiθ − u|α−1 du.

Now

J2
α(z) =

∫ arg z

0
(z − |z|eiϕ)α−1e−|z|e

iϕAi|z|eiϕ dϕ.

To fix ideas, assume that argz ≥ 0. Using the estimate (7.19), and setting
β = d|12 −

1
p |+ ε, one obtains

‖J2
α(z)‖L(Lp)≤C ′

α

∫ arg z

0
|z − |z|eiϕ|α−1 |z|

(cosϕ)β dϕ

≤C ′
α|z|α

∫ arg z

0

[sin(arg z−ϕ
2 )]α−1

(cos ϕ)β dϕ,
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but the functionsin is increasing on[0, π/2] so that

sin
(

arg z − ϕ
2

)

≤ sin
(π

2
− ϕ

)

= cos ϕ.

Hence,
∫ arg z

0

[sin(arg z−ϕ
2 )]α−1

(cosϕ)β dϕ≤
∫ arg z

0

[

sin(
arg z − ϕ

2
)
]α−β−1

dϕ

≤
∫ π

4

0
(sin θ)α−β−1 dθ.

The lastterm is finite if ε is chosen such thatβ < α, which is possible if
α > d|12 −

1
p |. This proves that‖Jα(z)‖p→p ≤ C ′′

α|z|α and finishes the
proof of the theorem. 2

Theorem 7.11 shows that the Riesz mean operatorIα(t) = t−α
∫ t
0 (t −

s)α−1e−isA ds is bounded onLp(Ω, µ) for α > d|12 −
1
p | and allp ∈ [1,∞].

We look now at another family of operators associated with the Schrödinger
group.

THEOREM 7.12 Assume that the assumptions of Theorem 7.11 hold. For
all p ∈ [1,∞] andα > d|12 −

1
p |, (I + A)−αeitA extends fromL2(Ω, µ) ∩

Lp(Ω, µ) to a bounded operator onLp(Ω, µ), and

‖(I + A)−αeitA‖L(Lp) ≤ Cα(1 + |t|)α for all t ∈ R. (7.30)

In addition, the mappingt 7→ (I + A)−αeitA is strongly continuous on
Lp(Ω, µ) for p ∈ [1,∞) (t ∈ R).

Proof. Let us start by proving the estimate (7.30). Iff ∈ L2 ∩ Lp and
α > 0, one has

(I + A)−αeitAf =
1

Γ(α)

∫ +∞

0
e−ssα−1e(−s+it)Af ds,

whereΓ is theEuler gamma function. Using (7.19), forα > d|12 −
1
p |, one

can boundtheLp-norm of the right-hand side by

Cα,ε‖f‖p

∫ +∞

0
e−ssα−1

(√

s2 + t2

s2

)d| 12−
1
p |+ε

ds,

for everyε > 0. Then, cutting the integral ats = |t|, we can estimate it, for
ε small enough, by

|t|α
∫ 1

0
uα−1−d| 12−

1
p |−ε du+2

d
2 |

1
2−

1
p |+

ε
2

∫ +∞

|t|
e−ssα−1 ds ≤ C ′|t|α +C ′′,
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which yields (7.30).
SetW (t) := (I + A)−αeitA. We have just seen that for everyt ∈ R,

the operatorW (t) is bounded onLp(Ω, µ), 1 ≤ p ≤ +∞. Let us now
prove that the mappingt → W (t) is strongly continuous onLp(Ω, µ) for
p ∈ [1, +∞). One can write, fort > 0, s ∈ R, andf ∈ Lp,

‖e−(t+is)A(I+A)−αf−e−isA(I+A)−αf‖p ≤ ‖W (s)‖L(Lp)‖f−e−tAf‖p.

According to (7.30), the first factor on the right-hand side is bounded by
C(1 + |s|)α, and the second goes to zero witht, because of strong con-
tinuity of the semigroup onLp(Ω, µ), for 1 ≤ p < +∞ (see Corollary
7.5). Therefore,e−(t+is)A(I +A)−αf tends toe−isA(I +A)−αf = W (s)f
in Lp, uniformly in s ∈ [−T, T ], as t → 0+. Again by Corollary 7.5,
sincez 7→ e−zA is holomorphic onLp(Ω, µ) on the right half-plane,s 7→
e−(t+is)A(I +A)−αf is continuous fromR to Lp(Ω, µ), for everyt > 0 and
f ∈ Lp(Ω, µ). This implies thatW (s) is strongly continuous onLp(Ω, µ).
2

Theorem 7.12 allows one to measure smoothness properties of the solu-
tion to the Schr̈odinger equation

{

∂u
∂t = iAu,
u(0) = f.

If the initial dataf ∈ D(Aα
p ) for α > d|12 −

1
p |, theneitAf ∈ Lp(Ω, µ) and

‖eitAf‖p = ‖(I + Ap)−αeitA(I + Ap)αf‖p

≤Cα‖(I + Ap)αf‖p.

If f ∈ D(Aβ
p ) for someβ > α > d|12 −

1
p |, then

eitAf = (I + Ap)−(β−α)(I + Ap)−αeitA(I + Ap)βf

and henceeitAf ∈ D(Aβ−α
p ) for all t ∈ R. In some situations,D(Aβ−α

p ) ⊆
W 2(β−α),p(Ω). In that case, one obtains from the above estimateseitAf ∈
W 2(β−α),p(Ω).

The above theorem can also be used to prove existence of solutions (in
Lp-spaces) to Schrödinger equations with initial dataf in the domain of
some power ofAp. It can also be reformulated in terms of generation of
C-regularized groups. We shall not develop this here, the interested reader
is referred to de Laubenfels [deL93].

Likewise, Theorem 7.11 can be reformulated in terms of generation of an
α-integrated group byiA. Integrated (semi-)groups have been introduced
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in order to study Cauchy problems associated with operators that are not
generators of semigroups. A typical example isi∆ on Lp(Rd, dx) for p 6=
2. We refer the reader to Arendt et al. [ABHN01] for a detailed study of
integrated semigroups.

A special feature of the last two theorems is that they allow one to derive
solvability of Schr̈odinger type equations from that of heat equations. These
results can be applied to a wide class of operators, which includes all the ex-
amples discussed in the beginning of this chapter. In particular, they apply
to uniformly elliptic operator with real-valued coefficients on arbitrary do-
mains (and subject to Dirichlet boundary conditions).

The previous theorem can be extended as follows.

THEOREM 7.13 Assume that the assumptions of Theorem 7.11 hold. Let
p ∈ [1, +∞[. If f ∈ Sα

n+1 for someα > d|12 −
1
p | and n > d|12 −

1
p |,

thenf(A)eitA extends fromL2(Ω, µ) ∩ Lp(Ω, µ) to a bounded operator on
Lp(Ω, µ) and

‖f(A)eitA‖L(Lp) ≤ Cε(1 + |t|)d| 12−
1
p |+ε for all t ∈ R

for everyε > 0.

Proof. As seen previously, by Proposition 7.9, we can define the functional
calculusf(Ap) for functionsf ∈ Sε

n+1 with n > d|12 −
1
p | andε > 0. Now

if f is as in the theorem, then(1+λ)βf ∈ Sα−β
n+1 . Thus, ifα > β > d|12−

1
p |,

f(A)(I + A)β extends toa bounded operator onLp(Ω, µ). Now we write

f(A)eitA = f(A)(I + A)β(I + A)−βeitA,

and apply Theorem 7.12 to finish the proof. 2

Remark. The results in this section are based on theLp-estimate ofe−zA

which we proved in Theorem 7.4. It is interesting to notice that if one has a
better estimate

‖e−zA‖L(Lp) ≤ C
(

|z|
<z

)γp

for all z ∈ C+,

for someconstantγp < d|12 −
1
p |, then theresults in this section hold (with

the same proofs) forα > γp.

The final observation in this section is that the orderd|12−
1
p | in Theorems

7.11 and7.12 can be improved if the open subsetΩ has finite measure and
a Sobolev inequality holds inΩ. More precisely,
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THEOREM 7.14 LetA be a self-adjoint operator onL2(Ω, µ) such that the
semigroupe−tA is bounded fromL2(Ω, µ) into L∞(Ω, µ) with

‖e−tA‖L(L2,L∞) ≤ Ct−d/4 for all t > 0, (7.31)

whereC and d are positive constants. Assume in addition thate−tA ex-
tends fromL2(Ω, µ) ∩ Lp(Ω, µ) to a bounded operator onLp(Ω, µ) with
supt≥0 ‖e−tA‖L(Lp) < ∞ for all p ∈ [1,∞]. Assume finally thatµ(Ω) <
∞. Then:
1) For everyp ∈ [1,∞), the Riesz mean operatorIα(t) acts as a bounded
operator onLp(Ω, µ) for all α > d

2 |
1
2 −

1
p | and

‖Iα(t)‖L(Lp) ≤ Cα(1 + |t|−
d
2 |

1
2−

1
p |) for all t ∈ R∗. (7.32)

2) For all p ∈ [1,∞] and everyα > d
2 |

1
2 −

1
p |, (I + A)−αeitA extends from

L2(Ω, µ) ∩ Lp(Ω, µ) to a bounded operator onLp(Ω, µ), and

‖(I + A)−αeitA‖L(Lp) ≤ Cα for all t ∈ R. (7.33)

Proof. By self-adjointness onL2(Ω, µ), one has

‖e−zA‖L(L1,L2) = ‖e−<zAe−i=zA‖L(L1,L2)

≤‖e−<zA‖L(L1,L2)‖e−i=zA‖L(L2)

≤C(<z)−d/4.

By the Riesz-Thorin interpolation theorem, it follows that for allz ∈ C+

andp ∈ [1, 2]

‖e−zA‖L(Lp,L2) ≤ C ′(<z)−
d
2 |

1
2−

1
p |.

Using this andthe fact thatµ(Ω) < ∞ it follows by Hölder’s inequality that

‖e−zA‖L(Lp) ≤ CΩ(<z)−
d
2 |

1
2−

1
p |. (7.34)

HereCΩ is a constantdepending onµ(Ω) andC ′. Note that the same esti-
mate holds forp > 2 by duality.

The proof of assertion 1) is similar to that of Theorem 7.11. We use (7.34)
instead of (7.19). The familyJ1

α(z) introduced in that proof satisfies

‖J1
α(z)‖L(Lp) ≤ Cα|z|α.

The proof of this estimate uses only the fact that(e−tA)t≥0 is uniformly
bounded onLp(Ω, µ), which is the case here by assumptions. The term
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J2
α(z) can beestimated as follows:

‖J2
α(z)‖L(Lp)≤

∫ arg z

0
|z − |z|eiϕ|α−1 |z|

(|z| cosϕ)
d
2 |

1
2−

1
p |

dϕ

≤C ′
α|z|

α− d
2 |

1
2−

1
p |

∫ arg z

0

[sin(arg z−ϕ
2 )]α−1

(cos ϕ)
d
2 |

1
2−

1
p |

dϕ

≤C ′′
α|z|

α− d
2 |

1
2−

1
p |.

In order toprove assertion 2), we write as in the proof of Theorem 7.12

(I + A)−αeitAf =
1

Γ(α)

∫ +∞

0
e−ssα−1e(−s+it)Af ds,

for f ∈ L2(Ω, µ)∩Lp(Ω, µ). Using (7.34), we estimate theLp norm of the
right-hand side by

Cα‖f‖p

∫ +∞

0
e−ssα−1s

d
2 |

1
2−

1
p | ds,

which is finitefor all α > d
2 |

1
2 −

1
p |. 2

The previoustheorem can be applied to uniformly elliptic operators with
real-valued coefficients on bounded domains (see Theorem 6.10). It can
also be applied to the Laplace-Beltrami operators on compact manifolds.
For such manifolds, the Sobolev inequality holds (see, e.g., Chavel [Cha84]
Theorem 7, p. 101) and this implies the estimate (7.31) by Theorem 6.4.

7.4 Lp-ESTIMATES FOR WAVE EQUATIONS

7.4.1 The general case

Let (X, ρ, µ) satisfy the doubling volume property (7.1) and denote again
by V (x, r) := µ(B(x, r)) the volume of the ballB(x, r). Throughout this
sectiond denotes a constant for which (7.2) is satisfied.

Let Ω be an open subset ofX andA a non-negative self-adjoint operator
on L2(Ω, µ). We assume thatA has a heat kernelp(t, x, y) which satisfies
the Gaussian upper bound (7.3).

Let f : [0,∞) → C be a bounded measurable function. By spectral
theory,

f(A) :=
∫ ∞

0
f(λ)dEλ(A) (7.35)
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is well defined and acts as a bounded operator onL2(Ω, µ). HereEλ(A)
denotes the associated spectral measure with the self-adjoint operatorA.
Recall also that

‖f(A)‖L(L2) ≤ ‖f‖∞.

In this section, we examine the question of extending the operatorf(A)
from L2(Ω, µ) ∩ L1(Ω, µ) to a bounded operator onL1(Ω, µ). In order to
do this, one needs to impose conditions onA andf.

We shall be working with an auxiliary nontrivial functionϕ of compact
support. The choice ofϕ that will appear in the statements is not unique.

Let ϕ be aC∞
c (0,∞) non-negative function such that

supp(ϕ) ⊆ [
1
4
, 1] and

∑

n∈Z
ϕ(2−nλ) = 1 for all λ > 0. (7.36)

In order to see that such a functionϕ exists, letψ ∈ C∞
c (0,∞) be a non-

negative function with supportsupp(ψ) ⊆ [14 , 1] and such thatψ(λ) > 0
for all λ ∈ [13 , 2

3 ]. We obtainthe functionϕ with the desired properties by
putting

ϕ(λ) := ψ(λ)
( +∞

∑

k=−∞
ψ(2−kλ)

)−1

.

The following theorem gives a condition onf under whichf(A) extends
from L1(Ω, µ)∩L2(Ω, µ) to a bounded linear operator onL1(Ω, µ). In this
result,Cs denotes the classical Lipschitz space of functions onR.2

THEOREM 7.15 Assume thatX satisfies the doubling property (7.2) and
let Ω be an open subset ofX. LetA be a non-negative self-adjoint operator
on L2(Ω, µ) whose heat kernel satisfies the Gaussian upper bound (7.3).
Letϕ be a non-negativeC∞

c function satisfying (7.36). If the bounded mea-
surable functionf : [0,∞) → C satisfies

αϕ :=
∑

n∈Z
‖ϕ(.)[f(2n.)− f(0)]‖Cs < ∞ (7.37)

for somes > d/2, thenf(A
1
m ) extends toa bounded operator onL1(Ω, µ)

with norm bounded byC(αϕ + |f(0)|), whereC is a positive constant in-
dependent off.

2More precisely,Cs is the space of functionsf of class C [s] with all bounded
derivatives f (k) for 0 ≤ k ≤ [s] and such that the[s]-derivative f ([s]) satisfies

sup
x,y∈R,x6=y

f ([s])(x)− f ([s])(y)
|x− y|s−[s] < ∞. Here[s] denotes the integer part ofs.
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Before westart the proof, we first make some remarks.
First, if for all u ∈ L2(Ω, µ), we have‖e−tAu‖2 → 0 as t → +∞,

then0 can be neglected in the spectral resolution ofA. Therefore, we can
consider thatf is defined on(0,∞). We can then ignore the termf(0) in
the theorem.

The second observation is that the sum overn ∈ Z in (7.37) can be
reduced to the sum overn ≥ 0. The reason is that one can decomposef
asf = f1 + f2, with f1 having compact support andf2 having support
in [1,∞). The first termf1(

m
√

A) can be handleddirectly by Lemma 7.18
below. The second termf2(

m
√

A) is treated byTheorem 7.15, but (7.37) for
f2 is precisely

∑

n≥0

‖ϕ(.)f2(2n.)‖Cs < ∞.

This strategy will be used in the proof of the Theorem 7.19, where we con-
sider wave operators onLp(Ω, µ).

The proof of Theorem 7.15 will be achieved in several steps. We start by
some simple properties which will be needed latter.

Let f be a bounded and compactly supported function and defineg(λ) :=
f( m
√

λ)eλ. Since

f( m
√

A) = g(A)e−A,

it follows thatf( m
√

A) is given by a kernelf( m
√

A)(x, y), thatis,

f( m
√

A)u(x) =
∫

Ω
f( m
√

A)(x, y)u(y)dµ(y)

for all u ∈ L2(Ω, µ) and a.e.x ∈ Ω. The kernelf( m
√

A)(x, y) is given by

f( m
√

A)(x, y) = (g(A)e−A)(x, y)
= (g(A)p(1, x, .))(y) = (g(A)p(1, ., y))(x). (7.38)

This makes sense becauseg(A) ∈ L(L2(Ω, µ)) andp(1, x, .) ∈ L2(Ω). The
latter property can be shown as follows:

∫

Ω
|p(1, x, y)|2dµ(y)=

∫

Ω
p(1, x, y)p(1, y, x)dµ(y)

= p(2, x, x)

≤ C
V (x, m

√
2)

.
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L EMMA 7.16 Assume that the assumptions of Theorem 7.15 are satisfied.
Let s > 0. There exists a constantδ ≥ 1 such that the following estimate
holds fora.e.x ∈ Ω :

∫

Ω
|f( m

√
A)(x, y)|2(1 + ρ(x, y))sdµ(y) ≤ C2

V (x, 1)
‖f‖2

Hs/2+δ

for all f ∈ Hs/2+δ with supp(f) ⊂ [0, 1]. C2 is a positive constant.

Proof. As previously, we defineg(λ) := f( m
√

λ)eλ. If ĝ denotes the Fourier
transform ofg, then

f( m
√

A) = g(A)e−A =
1
2π

∫

R
ĝ(ζ)eiζAdζe−A. (7.39)

Hence,the kernelf( m
√

A)(x, y) satisfies

f( m
√

A)(x, y) :=
1
2π

∫

R
ĝ(ζ)p(1− iζ, x, y)dζ. (7.40)

This follows from (7.39) and Fubini’s theorem. Indeed, for everyu ∈
L2(Ω, µ)

∫

Ω
|p(1− iζ, x, y)u(y)|dµ(y)

≤
[ ∫

Ω
|p(1− iζ, x, y)|2dµ(y)

]1/2

‖u‖2

= ‖u‖2

[ ∫

Ω
p(1− iζ, x, y)p(1 + iζ, y, x)dµ(y)

]1/2

= ‖u‖2
√

p(2, x, x).

Therefore,
∫

R
|ĝ(ζ)|

∫

Ω
|p(1− iζ, x, y)u(y)|dµ(y)dζ

can be estimated by

‖u‖2
√

p(2, x, x)
[ ∫

R
|ĝ(ζ)|2(1+ζ2)ε+1/2dζ

]1/2[ ∫

R
(1+ζ2)−ε−1/2dζ

]1/2

.

The term
∫

R |ĝ(ζ)|2(1 + ζ2)ε+1/2dζ is finite sincef ∈ H1/2+ε for ε >
0 (which we can choose to be small enough). Thus,

∫

R |ĝ(ζ)|
∫

Ω |p(1 −
iζ, x, y)u(y)|dµ(y)dζ is finite, too, and we can then apply Fubini’s theorem
to obtain (7.40).
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Using (7.40)one has

I :=
( ∫

Ω
|f( m

√
A)(x, y)|2(1 + ρ(x, y))sdµ(y)

)1/2

= ‖f( m
√

A)(x, .)‖L2(Ω,(1+ρ(x,.))sdµ)

≤ 1
2π

∫

R
|ĝ(ζ)|‖p(1− iζ, x, .)‖L2(Ω,(1+ρ(x,.))sdµ)dζ.

We apply now Theorem 7.3 to obtain

J :=
∫

Ω
|p(1− iζ, x, y)|2(1 + ρ(x, y))sdµ(y)

≤
∫

X

C2

V (x, 1)V (y, 1)
exp{−2cρ(x, y)m/(m−1)(

√

1 + ζ2)−m/(m−1)}

× (1 + ρ(x, y))sdµ(y).

By the doubling property (7.2) one has

1
V (y, 1)

≤ C(1 + ρ(x, y))d

V (x, 1)
.

Setα := (
√

1 + ζ2)−m/(m−1) and

Uk := {y ∈ Ω, k(m−1)/m ≤ ρ(x, y) ≤ (k + 1)(m−1)/m}.

We have

J ≤ C ′

V (x, 1)2

∫

X
exp{−2cρ(x, y)m/(m−1)α}(1 + ρ(x, y))s+ddµ(y)

=
C ′

V (x, 1)2
∑

k≥0

∫

Uk

exp{−2cρ(x, y)m/(m−1)α}

×(1 + ρ(x, y))s+ddµ(y)

≤ C ′

V (x, 1)2
∑

k≥0

e−2ckαV (x, (k + 1)(m−1)/m)

×(1 + (k + 1)(m−1)/m)s+d.

Using again(7.2), the last inequality gives

J ≤ C ′′

V (x, 1)
(
√

1 + ζ2 )s+2d+ m
m−1 ,
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for some constantC ′′. Finally, by the Cauchy-Schwarz inequality

I ≤ 1
2π

√

C ′′

V (x, 1)

[ ∫

R
|ĝ(ζ)|2(

√

1 + ζ2 )s+2d+ m
m−1+2dζ

]1/2

×
[ ∫

R
(
√

1 + ζ2 )−2dζ
]1/2

.

This finishesthe proof of the lemma. 2

L EMMA 7.17 Assume again that the assumptions of Theorem 7.15 are sat-
isfied and lets > 0. The following estimate holds for everyε > 0 anda.e.
x ∈ Ω :

∫

Ω
|f( m

√
A)(x, y)|2(1 + ρ(x, y))sdµ(y) ≤ Cε

V (x, 1)
‖f‖2

Cs/2+ε

for all f ∈ Cs/2+ε with supp(f) ⊂ [0, 1]. Cε is a positive constant inde-
pendent off.

Proof. It follows from (7.38) that
[∫

Ω
|f( m

√
A)(x, y)|2dµ(y)

]1/2

≤‖g(A)‖L(L2)‖p(1, x, .)‖2

≤‖g‖∞‖p(1, x, .)‖2

≤ e‖f‖∞‖p(1, x, .)‖2.

It follows from the Gaussian upper bound (7.3) and the fact thatA is self-
adjoint that

‖p(1, x, .)‖2
2 =

∫

Ω
p(1, x, y)p(1, y, x)dµ(y) = p(2, x, x) ≤ C

V (x, 1)
.

Hence,

‖f( m
√

A)(x, .)‖L2(Ω,µ) ≤ e

√

C
V (x, 1)

‖f‖∞. (7.41)

On the otherhand, Lemma 7.16 gives

‖f( m
√

A)(x, .)‖L2(Ω,(1+ρ(x,.))sµ) ≤

√

C
V (x, 1)

‖f‖Hδ+s/2 . (7.42)

The Stein-Weissinterpolation theorem,3 applied to the operator defined
by f → f( m

√
A)(x, .), allowsone to deduce from (7.41) and (7.42) that for

3See Berghand L̈ofström [BeLö76], Theorem 5.5.3.
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everyθ ∈ (0, 1)

‖f( m
√

A)(x, .)‖L2(Ω,(1+ρ(x,.))sθµ) ≤
C(θ)

√

V (x, 1)
‖f‖[C0,Cδ+s/2][θ]

.

Here[C0, Cδ+s/2][θ] denotes theclassical space obtained by complex inter-
polation. In particular,4 we have for allε > 0 andθ ∈ (0, 1)

‖f( m
√

A)(x, .)‖L2(Ω,(1+ρ(x,.))sθµ) ≤
C(θ, ε)

√

V (x, 1)
‖f‖Csθ/2+δθ+ε ,

whereC(θ, ε) is a positive constant which depends onθ andε. Sinces > 0
is arbitrary, one can replaces by s

θ in the previous inequality, and takingθ
arbitrary small, we obtain the desired estimate. 2

We have proved weightedL2-estimates forf( m
√

A)(x, .) whenf has sup-
port in [0, 1]. These estimates can be extended to functions with support in
[0, r] for all r > 0.

L EMMA 7.18 Assume that the assumptions of Theorem 7.15 are satisfied
and fix r, s > 0. The following estimate holds for everyε > 0 and a.e.
x ∈ Ω :

∫

Ω
|f( m

√
A)(x, y)|2(1 + rρ(x, y))sdµ(y) ≤ Cε

V (x, 1
r )
‖δrf‖2

Cs/2+ε

for all f ∈ Cs/2+ε with supp(f) ⊂ [0, r], where δrf(.) := f(r.) andCε is
a constant independent off andr.

Proof. Let A′ := r−mA andρ′ := rρ. Denote byV ′(x,R) the volume of
the ball of centerx and radiusR for the metricρ′. Note first that

V ′(x,R) = V
(

x,
R
r

)

.

In particular,V ′(x,R) satisfies(7.2) with the same constantsC andd.
The heat kernelk(t, x, y) of A′ satisfies

|k(t, x, y)| = |p(r−mt, x, y)| ≤
C exp(−cρ′(x,y)m/(m−1)

t1/(m−1) )
√

V ′(x, t1/m)V ′(y, t1/m)
.

Hence we can apply the previous lemma toA′ andρ′ and conclude that
∫

Ω
|h( m

√
A′)(x, y)|2(1 + ρ′(x, y))sdµ(y) ≤ Cε

V ′(x, 1)
‖h‖2

Cs/2+ε (7.43)

4See Berghand L̈ofström [BeLö76] Theorem 6.4.5 and Triebel [Tri83], p. 113 and p. 38.
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for all h with supp(h) ⊂ [0, 1]. The constantCε depends only onε and the
constants involved in (7.2) and (7.3). Now, ifsupp(f) ⊂ [0, r], we apply
the estimate (7.43) toh = δrf and obtain the lemma. 2

Remark. The previous lemma applied forF (λ) := f(λm) gives
∫

Ω
|f(A)(x, y)|2(1 + r1/mρ(x, y))sdµ(y) ≤ Cε

V (x, r−1/m)
‖δr1/mF‖2

Cs/2+ε

for all f ∈ Cs/2+ε with supp(f) ⊂ [0, r].

Proof of Theorem 7.15.First, we writef(λ) = f(λ) − f(0) + f(0) and
hence

f( m
√

A) = (f(.)− f(0))( m
√

A) + f(0)I.

Thus, replacingf by f − f(0), we may assume in the sequel thatf(0) = 0.
Let ϕ ∈ C∞

c (0,∞) be a non-negative function satisfying (7.36). We have

f(λ) =
+∞
∑

−∞
ϕ(2−nλ)f(λ) =

+∞
∑

−∞
fn(λ) for all λ ≥ 0, (7.44)

where

fn(λ) := ϕ(2−nλ)f(λ).

Since
∣

∣

∣

∣

∣

N
∑

n=−N

fn(λ)

∣

∣

∣

∣

∣

≤ ‖f‖∞
N

∑

n=−N

ϕ(2−nλ) ≤ ‖f‖∞ for all λ ≥ 0, N ∈ N,

it follows from the classical properties of the functional calculus that the
sequence(

∑N
n=−N fn( m

√
A))N converges strongly inL2(Ω, µ) to f( m

√
A)

(see, e.g., Reedand Simon [ReSi80], Theorem VIII.5).
Set

In :=
∫

Ω
|fn( m

√
A)(x, y)|dµ(y).

By the Cauchy-Schwarz inequality, one has

In≤
[ ∫

Ω
|fn( m

√
A)(x, y)|2(1 + 2nρ(x, y))2sdµ(y)

]1/2

×
[ ∫

Ω
(1 + 2nρ(x, y))−2sdµ(y)

]1/2

.
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Lemma 7.18applied forf = fn andr = 2n gives
∫

Ω
|fn( m

√
A)(x, y)|2(1 + 2nρ(x, y))2sdµ(y)

≤ Cε

V (x, 2−n)
‖δ2nfn‖2

Cs+ε

=
Cε

V (x, 2−n)
‖ϕ(.)f(2n.)‖2

Cs+ε .

Since one hasfor s > d
2 (see below)

∫

Ω
(1 + 2nρ(x, y))−2sdµ(y) ≤ C ′V (x, 2−n), (7.45)

it follows that

In ≤ C ′
ε‖ϕ(.)f(2n.)‖Cs+ε .

Therefore,

∫

Ω

∣

∣

∣

∣

∣

N
∑

n=−N

fn( m
√

A)(x, y)

∣

∣

∣

∣

∣

dµ(y)≤
N

∑

n=−N

In

≤C ′
ε

∑

n∈Z
‖ϕ(.)f(2n.)‖Cs+ε ,

and this proves the theorem.
It remains to prove (7.45). More generally, we prove that there exists a

positive constantC ′ such that for everys > d
2 , u > 0, andr > 0

∫

ρ(x,y)≥u
(1 + rρ(x, y))−2sdµ(y) ≤ C ′V

(

x,
1
r

)

min(1, (ur)d−2s).

(7.46)
Assume thatur ≥ 1. Then

∫

ρ(x,y)≥u
(1 + rρ(x, y))−2sdµ(y)

≤
∑

k≥0

∫

2ku≤ρ(x,y)≤2k+1u
(rρ(x, y))−2sdµ(y)

≤ (ur)−2s
∑

k≥0

(2k)−2sV (x, 2k+1u)

≤ (ur)−2s
∑

k≥0

(2k)−2sC(2k+1ur)dV
(

x,
1
r

)

,
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where we have used(7.2) since2k+1ur > 1. This shows the desired in-
equality.

Assume now thatur < 1. We have
∫

ρ(x,y)≥u
(1 + rρ(x, y))−2sdµ(y)≤

∫

ρ(x,y)≥ 1
r

(1 + rρ(x, y))−2sdµ(y)

+
∫

ρ(x,y)< 1
r

1dµ(y). (7.47)

We applythe previous case (withu = 1
r ) and obtain

∫

ρ(x,y)≥ 1
r

(1 + rρ(x, y))−2sdµ(y) ≤ C ′V
(

x,
1
r

)

.

The second term
∫

ρ(x,y)< 1
r
dµ(y) in (7.47) ispreciselyV (x, 1

r ). This proves

(7.46). 2

We apply now Theorem 7.15 to obtainLp-bounds for wave equations.
We shall consider for simplicity operators with heat kernel satisfying the
Gaussian upper bound (7.3) withm = 2.

THEOREM 7.19 Assume that(X, ρ, µ) satisfies the doubling property (7.2)
and letΩ be an open subset ofX. Assume thatA is a non-negative self-
adjoint operator onL2(Ω, µ) with heat kernel satisfying the Gaussian upper
bound (7.3) withm = 2. For everyp ∈ [1,∞) andα > d|1/2 − 1/p|, the

operator(I +A)−α/2eit
√

A extends fromL2(Ω, µ)∩Lp(Ω, µ) to a bounded
operator onLp(Ω, µ). In addition, for everyε > 0,

‖(I + A)−α/2eit
√

A‖L(Lp) ≤ Cε(1 + |t|)d|1/2−1/p|+ε.

Proof. Fix t ∈ R and set

f(λ) := (1 + λ2)−α/2eitλ for all λ ≥ 0.

Let ψ ∈ C∞
c (R) be such that supp(ψ) ⊆ [−1, 2], ψ(λ) = 1 on [0, 1]. We

write

f = ψf + (1− ψ)f =: f1 + f2

with supp(f1) ⊆ [0, 2] and supp(f2) ⊆ [1,∞).
We apply Lemma 7.18 to obtain

∫

Ω
|f1(

√
A)(x, y)|2(1 + 2ρ(x, y))2sdµ(y)≤ Cε

V (x, 1/2)
‖f1‖2

Cs+ε

≤ C ′
ε

V (x, 1)
‖f1‖2

Cs+ε .
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Therefore, bythe Cauchy-Schwarz inequality and (7.46) we have fors > d
2

∫

Ω
|f1(

√
A)(x, y)|dµ(y)≤

[ ∫

Ω
|f1(

√
A)(x, y)|2(1 + 2ρ(x, y))2sdµ(y)

]1/2

×
[ ∫

Ω
(1 + 2ρ(x, y))−2sdµ(y)

]1/2

≤C ′‖f1‖Cs+ε .

Using the expressionf(λ) := (1 + λ2)−α/2eitλ, one obtains5

‖f1‖Cs ≤ C(1 + |t|s). (7.48)

Thus,f1(
√

A) ∈ L(L1(Ω, µ)) and

‖f1(
√

A)‖L(L1) ≤ C ′′
ε (1 + |t|

d
2+ε) for all ε > 0, (7.49)

whereC ′
ε is a positive constant depending onε.

We consider nowf2(
√

A). Since supp(f2) ⊆ [1,∞), the sum overn ∈
Z in (7.37) applied tof2, is reduced to the sum overn ≥ 0. Using the
expression off , one proves in a similar way as for (7.48) that

‖ϕ(.)f2(2n.)‖Cs ≤ C(1 + |t|s)2−n(α−s).

Therefore, forα > s > d
2 ,

∑

n≥0

‖ϕ(.)f2(2n.)‖Cs ≤ C ′(1 + |t|s).

We conclude from Theorem 7.15 that forα > d
2

‖f2(
√

A)‖L(L1) ≤ C ′
ε(1 + |t|

d
2+ε) for all ε > 0. (7.50)

We deduce from (7.49) and (7.50) that forα > d
2

‖(I + A)−α/2eit
√

A‖L(L1) ≤ Cε(1 + |t|
d
2+ε) for all ε > 0. (7.51)

The theorem forp ∈ (1, 2) follows by interpolation. Indeed, fixα > d
2

and define

F (z) := (I + A)−zα/2eit
√

A.

5A way to prove (7.48) is to consider first‖f1‖C[s] and‖f1‖C[s]+1 , where[s] denotes
the integer part ofs. The estimate (7.48) for arbitrarys > d

2 follows from the inequality

‖f‖Cs ≤ ‖f‖1−s+[s]
C[s] ‖f‖s−[s]

C[s]+1 , see, e.g., Triebel [Tri78], p. 202.
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For z = iv, ‖F (iv)‖L(L2) ≤ 1 and if z = 1 + iv, the previous proof gives
(7.51) withα replaced byα + iv for all v ∈ R. In addition,z → F (z)u
is holomorphic with values inL2(Ω, µ) for all u ∈ L2(Ω, µ). By the Stein
interpolation theorem, for everyp ∈ (1, 2), F (2

p − 1) ∈ L(Lp(Ω, µ)) with

norm bounded byCε(1 + |t|)d( 1
p−

1
2 )+ε. This proves the desired result for

p ∈ (1, 2). By duality, the same result holds forp ∈ (2,∞). 2

Consider the wave type equation







d2

dt2 u(t) + Au(t) = 0, t ∈ R
u(0) = f,

du
dt (0) = g.

Formally, the solution is given by

u(t) = cos(t
√

A)f + sin(t
√

A)A−1/2g,

where

cos(t
√

A) =
eit
√

A + e−it
√

A

2
and sin(t

√
A) =

eit
√

A − e−it
√

A

2i
.

One obtains byTheorem 7.19 that

‖u(t)‖p = ‖(I + A)−α(I + A)αu(t)‖p

≤Cε(1 + |t|)d|1/2−1/p|+ε[‖(I + A)αf‖p + ‖(I + A)αA−1/2g‖p],

for all α > d|1/2− 1/p| andε > 0.
As explained in Section 7.3 for Schrödinger equations, using6

eit
√

A = (I + Ap)−(β−α/2)(I + Ap)−α/2eit
√

A(I + Ap)β

for β > α
2 > d

2 |
1
2 −

1
p |, one obtains

eit
√

A(D(Aβ
p )) ⊆ D(Aβ−α/2

p ) for β >
α
2

>
d
2

∣

∣

∣

∣

1
2
− 1

p

∣

∣

∣

∣

. (7.52)

From this onerecovers regularity properties of the solutionu(t) from regu-
larity properties of initial dataf andg.

6Again, −Ap denotes thecorresponding generator of the semigroup(e−tA)t≥0 on
Lp(Ω, µ).
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7.4.2 Thewave equation inLp(Rd, dx)

In the previous section we considered wave type equations in a abstract
setting. Clearly, one has better regularity results for the solutionu(t) =
cos(t

√
A)f+sin(t

√
A)A−1/2g if the exponentα in Theorem 7.19 is smaller.

In this section, we shall consider the classical wave equation in Euclidean
space. We shall see that in this particular case, the exponentα can be im-
proved.

Let A be−∆ := ∂2

dx2
1

+ · · · + ∂2

dx2
d

on L2(Rd, dx). The operator−
√
−∆

is the generatorof the Poisson semigroup, whose kernel is given by

k(z, x, y) = Γ
(

d + 1
2

)

π−(d+1)/2 z

(z2 + |x− y|2)
d+1
2

(7.53)

for all z ∈ C+, x, y ∈ Rd. This precise expression allows one to obtain a
better result than Theorem 7.19. We have

THEOREM 7.20 For everyp ∈ [1,∞), the operator(I +
√
−∆)−αeit

√
−∆

is bounded onLp(Rd, dx) for α > (d− 1)
∣

∣

∣

1
p −

1
2

∣

∣

∣ , with norm estimate

‖(I +
√
−∆)−αeit

√
−∆‖L(Lp) ≤ Cα(1 + |t|)α for all t ∈ R.

Proof. We prove that ford ≥ 2

‖e−z
√
−∆‖L(Lp) ≤ C

(

|z|
<z

) d−1
2

for all z ∈ C+ (7.54)

and ford = 1

‖e−z
√
−∆‖L(Lp) ≤ Cε

(

|z|
<z

)ε

for all z ∈ C+, ε > 0. (7.55)

Once (7.54) and (7.55) are proved, Theorem 7.20 follows from these two
estimates by the same proof as that of Theorem 7.12.

We shall prove (7.54) and (7.55) forp = 1. The estimates forp ∈ (1, 2)
follow by interpolation, and forp ∈ (2,∞) by duality.

Consider first the cased ≥ 2. We shall denote by Const all inessential
constants.

Using the expression of the Poisson kernel (7.53), we have
∫

Rd
|k(z, x, y)|dx=Γ(

d + 1
2

)π−(d+1)/2
∫

Rd

|z|
|z2 + |x|2|

d+1
2

dx

≤Const
∫ ∞

0

|z|rd−1

|z2 + r2|
d+1
2

dr.
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Since|z2 + r2|2 = (|z|2 − r2)2 + 4r2(<z)2, we have
∫

Rd
|k(z, x, y)|dx≤Const|z|

∫ ∞

0

rd−1

[(|z|2 − r2)2 + 4r2(<z)2]
d+1
4

dr

=Const|z|d+1
∫ ∞

0

td−1dt

[|z|4(1− t2)2 + 4t2(<z)2|z|2]
d+1
4

=Const(
|z|
<z

)
d+1
2

∫ ∞

0

td−1dt

[( |z|<z )2(1− t2)2 + 4t2]
d+1
4

.

We splitthe last integral into the sum
∫

|t−1|≤ 1
2
+

∫

|t−1|> 1
2
. The integralover

|t− 1| > 1
2 is bounded by

∫

|t−1|> 1
2

td−1

[( |z|<z )2(1− t2)2]
d+1
4

dt = C
(

<z
|z|

) d+1
2

, (7.56)

whereC is a positive constant. The integral over|t− 1| ≤ 1
2 is bounded by

(

3
2

)d−2 ∫ 3/2

1/2

t

[(1− t2)2( |z|<z )2 + 1]
d+1
4

dt.

Making the changeof variablesu := (1−t2) |z|<z , we see thatthe last integral
can be dominated by

Const
<z
|z|

∫

R

1

(1 + u2)
d+1
4

du.

Using this and(7.56) yields (7.54).
Assume now thatd = 1. We follow the same proof as above and obtain

∫

R
|k(z, x, y)|dx ≤ Const

|z|
<z

∫ ∞

0

1

|(1− t2)2( |z|<z )2 + 4t2|1/2
dt.

We split again the integral into
∫

|t−1|≤ 1
2
+

∫

|t−1|> 1
2

and dominate thesecond

term by
∫

|t−1|> 1
2

1

|(1− t2)2( |z|<z )2|1/2
dt = C ′<z

|z|
.

The first integral is dominated by

2
∫ 3/2

1/2

t

[(1− t2)2( |z|<z )2 + 1]1/2
dt.
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Using again the change of variablesu := (1 − t2) |z|<z and the obvious in-
equality1 + u2 ≥ 1

2(1 + |u|)2, we candominate the last integral (up to a
constant) by

<z
|z|

∫ 5
4
|z|
<z

0

1
1 + u

du =
<z
|z|

ln(1 +
5
4
|z|
<z

).

This implies (7.55). 2

UsingTheorem 7.20, we obtain as in (7.52) thateit
√
−∆h ∈ W β−α,p(Rd)

for all h ∈ W β,p(Rd), p ∈ (1,∞) andβ > α > (d − 1)|1/2 − 1/p|.
This allows one to obtain regularity properties of the solution to the wave
equation







d2

dt2 u(t)−∆u(t) = 0, t ∈ R,
u(0) = f,

du
dt (0) = g

from regularity properties off andg.

7.5 SINGULAR INTEGRAL OPERATORS ON IRREGULAR DOMAINS

Denote again by(X, ρ, µ) a metric measured space and letT be a bounded
linear operator onL2(X,µ). We shall say thatT is of weak type (1,1) if
there exists a constantC such that

µ({x, |Tu(x)| > α}) ≤ C
α
‖u‖1

for all α > 0 andall u ∈ L2(X, µ) ∩ L1(X,µ). The smallest constantC
for which this holds for allα > 0 andu ∈ L2(X,µ) ∩ L1(X,µ) will be
denoted‖T‖L1(X,µ)→L1,w(X,µ).

By the Marcinkiewicz interpolation theorem, every bounded linear op-
erator onL2(X, µ) which is of weak type (1,1) extends fromL2(X, µ) ∩
Lp(X,µ) to a bounded operator onLp(X, µ) for all p ∈ (1, 2].

The following theorem gives a criterion under which a bounded operator
on L2(X, µ) is of weak type (1,1). This criterion is given in terms of the
associated kernel. We shall say thatT has an associated kernelk(x, y), if k
is a measurable function onX ×X and

Tu(x) =
∫

X
k(x, y)u(y)dµ(y) for a.e. x /∈ supp(u) (7.57)

for everyu ∈ L2(X, µ) with bounded support inX.
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THEOREM 7.21 Assume that(X, ρ, µ) satisfies the doubling property (7.1).
Let T be a bounded linear operator onL2(X, µ) which has an associated
kernelk(x, y) in the sense of (7.57). Let(e−tA)t≥0 be a strongly contin-
uous semigroup with a heat kernelp(t, x, y) which satisfies the Gaussian
upper bound (7.3) (fora.e.x, y ∈ X). Assume that the composite operators
Te−tA have associated kernelskt(x, y) (in the sense of (7.57)) and there
exist constantsW andδ > 0 such that

∫

ρ(x,y)≥δt1/m
|k(x, y)− kt(x, y)|dµ(x) ≤ W (7.58)

for a.e.y ∈ X and all t > 0. Then the operatorT is of weak type(1, 1) and
there exists a constantC, independent ofT, such that

‖T‖L1(X,µ)→L1,w(X,µ) ≤ C(W + ‖T‖L(L2)).

Proof. We shall use the Calderón-Zygmund decomposition for integrable
functions; see Coifman and Weiss [CoWe71].

Let f ∈ L1(X, µ)∩L2(X, µ) andα > ‖f‖1(µ(X))−1 (the latter term is
0 if µ(X) = ∞). There exist a constantc, independent off andα, and a
decomposition

f = g + b = g +
∑

i

bi,

such that the following four properties hold:
(i) |g(x)| ≤ cα for a.e.x ∈ X;
(ii) there exists a sequence of ballsQi := B(xi, ri) so that the support of

eachbi is contained inQi and
∫

X
|bi(x)|dµ(x) ≤ cαµ(Qi);

(iii)
∑

i

µ(Qi) ≤
c
α
‖f‖1;

(iv) eachpoint ofX is contained in at most a finite numberN of the balls
Qi.

Note that conditions (ii) and (iii) imply that‖b‖1 ≤ c2‖f‖1 and hence that
‖g‖1 ≤ (1 + c2)‖f‖1. We also deduce from this and(i) thatg ∈ L2(X, µ).

Throughout this proof, we shall denote byC0, C1, . . . all inessential con-
stants. We first observe that

µ({x, |Tf(x)| > α}) ≤ µ({x, |Tg(x)| > α/2})+µ({x, |Tb(x)| > α/2}).
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Using thefacts thatT is bounded onL2(X, µ) and that|g(x)| ≤ cα, it
follows that

µ({x, |Tg(x)| > α/2})≤ 4α−2‖Tg‖2
2

≤ 4α−2‖T‖2
L(L2)‖g‖

2
2

≤ 4c
α
‖T‖2

L(L2)‖g‖1

≤ 4(1 + c2)
c
α
‖T‖2

L(L2)‖f‖1.

Thus,

µ({x, |Tg(x)| > α/2}) ≤
4c(1 + c2)‖T‖2

L(L2)

α
‖f‖1 =

C0‖T‖2
L(L2)

α
‖f‖1.
(7.59)

Fix bi and chooseti = rm
i (wherem is the constant appearing in the

Gaussian bound (7.3)), whereri is the radius of the ballQi = B(xi, ri). We
write

Tbi(x) = Te−tiAbi(x) + (T − Te−tiA)bi(x).

To analyzeTe−tiAbi(x), we first estimatee−tiAbi. Since (7.3) is equivalent
to (7.5) andbi has support contained inQi, we have

|e−tiAbi(x)| ≤C
∫

X

1

V (x, t1/m
i )

exp

{

−c
ρ(x, y)m/(m−1)

t1/(m−1)
i

}

|bi(y)|dµ(y)

≤ C ′

V (x, t1/m
i )

exp

{

−c0
ρ(x, xi)m/(m−1)

t1/(m−1)
i

}

×
∫

B(xi,t
1/m
i )

|bi(y)|dµ(y)

≤ C ′c

V (x, t1/m
i )

exp

{

−c0
ρ(x, xi)m/(m−1)

t1/(m−1)
i

}

αµ(Qi)

≤ C ′′

V (x, t1/m
i )

α
∫

X
exp

{

−c′
ρ(x, y)m/(m−1)

t1/(m−1)
i

}

χQi(y)dµ(y).

Note that wehave used the property (ii) of the Calderón-Zygmund decom-
position to obtain the third inequality. HereC ′, C ′′, c0, andc′ are positive
constants.

We have then proved

|e−tiAbi(x)| ≤ C ′′

V (x, t1/m
i )

α
∫

X
exp

{

−c′
ρ(x, y)m/(m−1)

t1/(m−1)
i

}

χQi(y)dµ(y).
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Let nowu ∈ L2(X, µ). Using this inequality, we have

|(u; e−tiAbi)|

≤
∫

X
|u(x)||e−tiAbi(x)|dµ(x)

≤C ′′α
∫

X

(∫

X

1

V (x, t1/m
i )

exp
{

− c′
ρ(x, y)m/(m−1)

t1/(m−1)
i

}

|u(x)|dµ(x)
)

×χQi(y)dµ(y)

≤C1α
∫

X

(∫

X

1

V (y, t1/m
i )

exp

{

−c′′
ρ(x, y)m/(m−1)

t1/(m−1)
i

}

|u(x)|dµ(x)
)

×χQi(y)dµ(y),

where we have used (7.4) to estimate 1
V (x,t1/m

i )
exp

{

−c′ ρ(x,y)m/(m−1)

t1/(m−1)
i

}

by

1
V (y,t1/m

i )
exp

{

−c′′ ρ(x,y)m/(m−1)

t1/(m−1)
i

}

, wherec′′ ∈ (0, c′) is a constant. On the

other hand,

1

V (y, t1/m
i )

∫

X
exp

{

−c′′
ρ(x, y)m/(m−1)

t1/(m−1)
i

}

|u(x)|dµ(x)

=
1

V (y, t1/m
i )

∑

k≥0

∫

kt1/m
i ≤ρ(x,y)≤(k+1)t1/m

i

exp

{

−c′′
ρ(x, y)m/(m−1)

t1/(m−1)
i

}

×|u(x)|dµ(x)

≤ 1

V (y, t1/m
i )

( ∫

B(y,t1/m
i )

|u(x)|dµ(x)

+
∑

k≥1

e−c′′km/(m−1)
∫

B(y,(k+1)t1/m
i )

|u(x)|dµ(x)
)

≤ (1 +
∑

k≥1

V (y, (k + 1)t1/m
i )

V (y, t1/m
i )

e−c′′km/(m−1)
)Mu(y)

≤C(1 +
∑

k≥1

(k + 1)de−c′′km/(m−1)
)Mu(y),

where

Mu(y) := sup
r>0

1
V (y, r)

∫

B(y,r)
|u(x)|dµ(x),

is the Hardy-Littlewood maximal operator.
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It follows from the previous estimates that there exists a positive constant
C ′

1 such that

|(u; e−tiAbi)| ≤ C ′
1α(Mu; χQi).

Since this inequality holds for allu ∈ L2(X, µ) and everyi and since the
Hardy-Littlewood maximal operator is bounded onL2(X,µ) (see Christ
[Chr91a]), it follows that there exists a constantC2 such that

∥

∥

∥

∥

∥

∑

i

e−tiAbi

∥

∥

∥

∥

∥

2

≤ C2α

∥

∥

∥

∥

∥

∑

i

χQi

∥

∥

∥

∥

∥

2

. (7.60)

We use properties (iii) and (iv) of the Calderón-Zygmund decomposition to
obtain from (7.60)

∥

∥

∥

∥

∥

∑

i

e−tiAbi

∥

∥

∥

∥

∥

2

≤ C ′
2α

(

∑

i

µ(Qi)
)1/2

≤ c1/2C ′
2α

1/2‖f‖1/2
1 .

Using again the fact thatT is bounded onL2(X,µ), we obtain

µ

({

x,

∣

∣

∣

∣

∣

∑

i

Te−tiAbi(x)

∣

∣

∣

∣

∣

> α/4

})

≤ 16α−2

∥

∥

∥

∥

∥

∑

i

Te−tiAbi

∥

∥

∥

∥

∥

2

2

≤ 16α−2‖T‖2
L(L2)

∥

∥

∥

∥

∥

∑

i

e−tiAbi

∥

∥

∥

∥

∥

2

2

≤C3α−1‖T‖2
L(L2)‖f‖1.

Thus,

µ

({

x,

∣

∣

∣

∣

∣

∑

i

Te−tiAbi(x)

∣

∣

∣

∣

∣

> α/4

})

≤ C3α−1‖T‖2
L(L2)‖f‖1. (7.61)

We estimate now the termT
∑

i(I−e−tiA)bi. Denote byBi := B(xi, (1+
δ)t1/m

i ) the ball with the same center asQi and radius(1 + δ)t1/m
i , where

δ is the constant in (7.58). One has

µ

({

x,

∣

∣

∣

∣

∣

∑

i

(T − Te−tiA)bi(x)

∣

∣

∣

∣

∣

> α/4

})

≤
∑

i

µ(Bi) +
∑

i

4α−1
∫

X\Bi

|(T − Te−tiA)bi(x)|dµ(x).
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Using (7.1) and property (iii) of the Calderón-Zygmund decomposition, one
finds a constantC4 such that

∑

i

µ(Bi) ≤ C4

∑

i

µ(Qi) ≤ cC4α−1‖f‖1. (7.62)

Finally, we use (7.58) to control the last term. Sincebi is supported in
Qi = B(xi, t

1/m
i ), we have

∫

X\Bi

|(T − TetiA)bi(x)|dµ(x)

≤
∫

X\Bi

∣

∣

∣

∣

∫

X
k(x, y)− kti(x, y)bi(y)dµ(y)

∣

∣

∣

∣

dµ(x)

≤
∫

X
|bi(y)|

[ ∫

ρ(x,y)≥δt1/m
i

|k(x, y)− kti(x, y)|dµ(x)
]

dµ(y)

≤W‖bi‖1.

Thus, using (ii) and (iii) of the Calderón-Zygmund decomposition one ob-
tains

∑

i

∫

X\Bi

|(T − TetiA)bi(x)|dµ(x) ≤ W
∑

i

‖bi‖1 ≤ Wc2‖f‖1. (7.63)

We obtain from (7.59), (7.61), (7.62) and (7.63) that

‖T‖L1(X,µ)→L1,w(X,µ) ≤ C(1 + W + ‖T‖2
L(L2)). (7.64)

Set

W (T ) := sup
y∈X,t>0

∫

ρ(x,y)≥δt1/m
|k(x, y)− kt(x, y)|dµ(x).

Observe thatW (‖T‖−1
L(L2)T ) = ‖T‖−1

L(L2)W (T ) and apply (7.64) to the

operator‖T‖−1
L(L2)T to obtain

‖T‖L1(X,µ)→L1,w(X,µ) ≤ C(2‖T‖L(L2) + W (T )).

This proves the theorem. 2

Remark. The fact that(e−tA)t≥0 is a semigroup has not been used in the
proof. We could replace(e−tA)t in the previous theorem by any family of
bounded operators(At)t>0, such that eachAt is given by a kernel satisfying
the Gaussian upper bound (7.3). Note also that one can weaken (7.3) to
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include situationswhere one has a polynomial upper bound, rather than a
Gaussian one. For all this, see Duong and McIntosh [DuMc99a].

One advantage of the previous theorem is that it allows one to prove
boundedness onLp(X, µ) for operators given by singular integrals (in the
sense of (7.57)) without assuming any regularity on their associated ker-
nels. This suggests that the theorem holds for operators acting onL2(Ω, µ),
whereΩ is an arbitrary open subset ofX, just by extending the kernels by
0 outsideΩ× Ω. This is indeed true and we formulate it in the next result.

Let (X, ρ, µ) be as above so that the doubling condition (7.1) holds.
Let Ω be any open subset ofX and (e−tA)t≥0 be a strongly continuous
semigroup onL2(Ω, µ) with kernelp(t, x, y) satisfying the Gaussian upper
bound (7.3). Again,V (x, t1/m) in (7.3) denotes the volume of the ball ofX
(and not ofΩ!) of centerx and radiust1/m.
We have

THEOREM 7.22 Assume that(X, ρ, µ) satisfies the doubling property (7.1)
and letΩ be any open subset ofX. Let T be a bounded linear operator on
L2(Ω, µ) with an associated kernelk(x, y) (in the sense of (7.57), withΩ in
place ofX). Let (e−tA)t≥0 be a strongly continuous semigroup with a heat
kernelp(t, x, y) which satisfies the Gaussian upper bound (7.3). Assume
that the composite operatorsTe−tA have associated kernelskt(x, y) (in the
sense of (7.57)) and there exist constantsW andδ > 0 such that

∫

ρ(x,y)≥δt1/m
|k(x, y)− kt(x, y)|dµ(x) ≤ W (7.65)

for a.e.y ∈ Ω and all t > 0. Then the operatorT is of weak type(1, 1) and
there exists a constantC such that

‖T‖L1(Ω,µ)→L1,w(Ω,µ) ≤ C(W + ‖T‖L(L2(Ω))).

As we already mentioned, by the Marcinkiewicz interpolation theorem,
the operatorT in Theorem 7.22 extends fromL2(Ω, µ) ∩ Lp(Ω, µ) to a
bounded operator onLp(X, µ) for all p ∈ (1, 2].

Proof. Define

T̃ u(x) :=
{

T (χΩu)(x), x ∈ Ω,
0, x /∈ Ω.

It is clear thatT is of weak type(1, 1) onΩ if and only if T̃ is of weak type
(1, 1) on X. Now we apply Theorem 7.21 to prove thatT̃ is of weak type
(1, 1) onX.
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The operator̃T has an associated kernelk̃(x, y), given by

k̃(x, y) :=
{

k(x, y) if x, y ∈ Ω,
0 otherwise.

We define in the same way,˜e−tA, p̃(t, x, y), T̂ e−tA and k̃t(x, y). Clearly,

T̂ e−tA = T̃ ˜e−tA. The assumptions of Theorem 7.22 imply thatT̃ and

T̂ e−tA satisfy the assumptions of Theorem 7.21 (except the fact that˜e−tA

is not necessarily a semigroup onL2(X,µ) but, as mentioned in the remark
following the proof of Theorem 7.21, the semigroup property is not needed
in that theorem). We then obtain the weak type (1,1) assertion forT̃ on X
and this gives the same result forT onΩ. 2

7.6 SPECTRAL MULTIPLIERS

Theorem 7.15 gives a condition onf which allows one to extendf( m
√

A)
from L2(Ω, µ) ∩ L1(Ω, µ) to a bounded operator onL1(Ω, µ). There are,
however, interesting examples of functionsf for which the condition there
is not satisfied. An example is given byf(λ) = λis, wheres ∈ R is
fixed. The corresponding operatorf(A) = Ais is the imaginary power
of A. Theorem 7.15 cannot be applied to prove boundedness onLp(Ω, µ)
of Ais. This boundedness onLp(Ω, µ) for 1 < p < ∞, will be achieved by
applying Theorem 7.22.

THEOREM 7.23 Assume that(X, ρ, µ) satisfies the doubling property(7.2).
Let Ω be an open subset ofX and assume thatA is a non-negative self-
adjoint operator onL2(Ω, µ) with a heat kernelp(t, x, y) satisfying the
Gaussian upper bound (7.3). Denote again byϕ a non-negativeC∞

c func-
tion satisfying (7.36). Letf : [0,∞) → C be a bounded function such
that

sup
t>0

‖ϕ(.)f(t.)‖Cs < ∞ (7.66)

for somes > d/2. Thenf(A) is of weak type(1, 1) and is bounded on
Lp(Ω, µ) for all p ∈ (1,∞). In addition,

‖f(A)‖L1(Ω,µ)→L1,w(Ω,µ) ≤ Cs[sup
t>0

‖ϕ(.)f(t.)‖Cs + |f(0)|] (7.67)

for some positive constantCs, independent off.

Results of this type are called spectral multipliers. Note that ifA = −∆
is (minus) the Laplacian onL2(Rd, dx), then the operatorT = f(−∆)
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satisfies

̂Tu(ξ) = f(|ξ|2)û(ξ), ξ ∈ Rd,

for all u ∈ L2(Ω, dx), wherê. denotes the Fourier transform. Thus,T =
f(−∆) can be viewed as the multiplier byf(|ξ|2). For this particular oper-
ator, the previous result holds with the condition (7.66) replaced by

sup
t>0

‖ϕ(.)f(t.)‖W s,2(R) < ∞ (7.68)

for somes > d/2, whereW s,2(R) denotes the classical Sobolev space. See
Hörmander [Ḧor60].

Assume thatf is of classC [d/2]+1 where[.] denotes the integer part. Iff
satisfies

sup
λ>0

|λkf (k)(λ)| < ∞ for k = 0, 1, ..., [d/2] + 1 (7.69)

thenf satisfies (7.66). Indeed, for everyk, j ≤ [d/2] + 1, one has

|ϕ(j)(λ)tkf (k)(tλ)|= |ϕ(j)(λ)λ−k||(tλ)kf (k)(tλ)|
≤ |ϕ(j)(λ)λ−k| sup

λ>0
|λkf (k)(λ)|.

The term|ϕ(j)(λ)λ−k| is uniformly bounded sinceϕ has support contained
in [14 , 1]. This showsthat (7.66) holds withs = [d/2] and also withs =
[d/2]+1. Now (7.66) ford/2 < s ≤ [d/2]+1 follows from the interpolation
inequality7

‖u‖Cs ≤ ‖u‖1−s+[s]
C[s] ‖u‖s−[s]

C[s]+1 . (7.70)

Proof of Theorem 7.23.As in the proof of Theorem 7.15, we writef(λ) =
f(λ)− f(0) + f(0) and hence

f( m
√

A) = (f(.)− f(0))( m
√

A) + f(0)I.

Replacingf by f − f(0), we may assume in the sequel thatf(0) = 0.
Observe also thatf satisfies (7.66) if and only if the functionλ → f(λm)
satisfies the same property. For this reason, we shall considerf( m

√
A) rather

thanf(A).
We have again for allλ ≥ 0

f(λ) =
+∞
∑

n=−∞
ϕ(2−nλ)f(λ) =:

N
∑

n=−N

fn(λ).

7See Triebel[Tri78], p. 202.
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As mentioned in the proof of Theorem 7.15, this equality implies that the
sequence

∑N
n=−N fn( m

√
A) converges strongly inL2(Ω, µ) to f( m

√
A). We

shall prove that
∑N

n=−N fn( m
√

A) is of weaktype (1, 1) with bound inde-
pendent ofN. This together with the strong convergence inL2(Ω, µ) im-
plies the theorem.

Now, in order to prove a weak type(1, 1) bound for
∑N

n=−N fn( m
√

A),
we apply Theorem7.22. We prove that

sup
u,x

∫

ρ(x,y)≥u

∣

∣

∣

∣

N
∑

n=−N

[

fn( m
√

A)(x, y)

− (e−umAfn( m
√

A))(x, y)
]∣

∣

∣

∣

dµ(y) < ∞, (7.71)

where thesupremum is taken for allu > 0 andx ∈ Ω. Here we use again
the notationT (x, y) for the associated kernel of an operatorT in the sense
of (7.57).

Let gn(λ) := fn(λ)(1 − e−(uλ)m
) = f(λ)ϕ(2−nλ)(1 − e−(uλ)m

). We
have to estimate

In :=
∫

ρ(x,y)≥u
|gn( m

√
A)(x, y)|dµ(y).

By theCauchy-Schwarz inequality,

In≤
[ ∫

Ω
|gn( m

√
A)(x, y)|2(1 + 2nρ(x, y))2sdµ(y)

]1/2

×
[ ∫

ρ(x,y)≥u
(1 + 2nρ(x, y))−2sdµ(y)

]1/2

.

We apply Lemma 7.18 withf = gn andr = 2n to obtain for alls > d
2

∫

Ω
|gn( m

√
A)(x, y)|2(1 + 2nρ(x, y))2sdµ(y) ≤ Cε

V (x, 2−n)
‖δ2ngn‖2

Cs+ε .

(7.72)
On the otherhand, there exists a constantCm such that8

‖δ2ngn‖Cs+ε ≤ Cm sup
t>0

‖ϕ(.)f(t.)‖Cs+ε min(1, u2n). (7.73)

Using (7.46), (7.72), and (7.73), it follows that

In ≤ C ′′
ε min(1, u2n)min(1, (u2n)

d
2−s) sup

t>0
‖ϕ(.)f(t.)‖Cs+ε .

8One can useagain (7.70) in order to prove (7.73).



238 CHAPTER 7

Hence fors > d
2

+∞
∑

−∞
In≤C ′′

ε

(

∑

u2n≤1

u2n +
∑

u2n>1

(u2n)
d
2−s

)

sup
t>0

‖ϕ(.)f(t.)‖Cs+ε

= Cε sup
t>0

‖ϕ(.)f(t.)‖Cs+ε ,

whereCε is a positive constant independent ofu. This proves (7.71) and
we conclude by Theorem 7.22 that

∑N
n=−N fn( m

√
A) is of weaktype(1, 1)

with

‖
N

∑

n=−N

fn( m
√

A)‖L1(Ω,µ)→L1,w(Ω,µ) ≤ C ′
ε

[

‖f‖∞ + sup
t>0

‖ϕ(.)f(t.)‖Cs+ε

]

,

for all N ≥ 0. This proves the theorem. 2

The following corollary givesLp-estimates for imaginary powers of self-
adjoint operators. More precisely,

COROLLARY 7.24 Assume thatΩ and A are as in Theorem 7.23. Then
for eachu ∈ R, the operatorAiu is of weak type(1, 1) and extends from
Lp(Ω, µ) ∩L2(Ω, µ) to a bounded operator onLp(Ω, µ) for all p ∈ (1,∞)
with norm estimate

‖Aiu‖L(Lp(Ω,µ)) ≤ Cε(1 + |u|)d| 12−
1
p |+ε for all u ∈ R. (7.74)

This estimate holds for everyε > 0 (hereCε is a constant independent of
u).

Proof. We apply Theorem 7.23 withf(λ) = λiu. We use again the inequal-
ity (7.70) to obtain

sup
t>0

‖ϕ(.)f(t.)‖Cs ≤ C(1 + |u|)s

for s > d
2 . It follows thatAiu is of weak type(1, 1) with

‖Aiu‖L1(Ω,µ)→L1,w(Ω,µ) ≤ Cε(1 + |u|)
d
2+ε (7.75)

for all ε > 0. This and the fact that‖Aiu‖L(L2(Ω,µ)) ≤ 1 imply by the
Marcinkiewicz interpolation theorem thatAiu extends to a bounded operator
on Lp(Ω, µ) for 1 < p < ∞, with norm bounded byCp,ε(1 + |u|)

d
2+ε.

Choosingp arbitrary close to1 andapplying the Riesz-Thorin interpolation
theorem, we obtain (7.74). 2
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The next result concerns the situation where the volume has polynomial
growth. We assume thatV (x, r) satisfies

C1V (r) ≤ V (x, r) ≤ C2V (r) for all x ∈ X, r > 0, (7.76)

whereC1, C2 are positive constants andV (.) is a function such that

V (r) = O(rd) as r → 0 and V (r) = O(rD) as r →∞. (7.77)

Hered andD are positive constants. Of course, (7.1) holds in this situation
and Theorem 7.23 applies with conditions > max(d,D)

2 in (7.66). Thenext
result asserts that for compactly supported functions,s > D/2 is actually
enough. We have

THEOREM 7.25 Let Ω, A be as in Theorem 7.23 and assume that (7.76)
and (7.77) hold. Setf := f0 + f∞ with f0 supported in[0, 2] and f∞
supported in[1,∞). Assume that

sup
t>0

‖ϕ(.)f0(t.)‖Cs < ∞ for some s > D/2 (7.78)

and

sup
t>0

‖ϕ(.)f∞(t.)‖Cs < ∞ for some s >
max (d,D)

2
. (7.79)

Thenf(A) is of weaktype (1, 1) and extends to a bounded operator on
Lp(Ω, µ) for all p ∈ (1,∞).

Proof. By Theorem 7.23 and (7.79),f∞(A) is of weak type(1, 1). We only
have to show that if (7.78) is satisfied, thenf0(A) is of weak type(1, 1).

Let ϕ be as in the proof of Theorem 7.23. Since the support off0 is
contained in[0, 2] we have

f0(λ) =
+∞
∑

−∞
ϕ(2−nλ)f0(λ) =

3
∑

−∞
ϕ(2−nλ)f0(λ).

Therefore the proof of Theorem 7.23 applies once we prove
∫

ρ(x,y)≥u
(1 + 2nρ(x, y))−2sdµ(y) ≤ C ′v(x, 2−n)min(1, (u2n)D−2s)

for all u > 0 andn ≤ 0.
We show that for allr ∈ (0, 1] ands > D

2
∫

ρ(x,y)≥u
(1 + rρ(x, y))−2sdµ(y) ≤ C ′V

(

x,
1
r

)

min(1, (ur)D−2s).

(7.80)
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The proofis similar to that of (7.46). Ifur ≥ 1, then
∫

ρ(x,y)≥u
(1 + rρ(x, y))−2sdµ(y)

≤
∑

k≥0

∫

2ku≤ρ(x,y)≤2k+1u
(rρ(x, y))−2sdµ(y)

≤ (ru)−2s
∑

k≥0

(2k)−2sV (x, 2k+1u).

Sinceur ≥ 1 andr < 1, we have

V (x, 2k+1u) = V
(

x, 2k+1ur
1
r

)

= O

(

(

2k+1ur
1
r

)D
)

.

Thus,

V (x, 2k+1u) ≤ C(2k)D(ur)DV
(

x,
1
r

)

which gives the desired inequality. Ifur < 1, we write again (7.47) to
obtain (7.80). 2

7.7 RIESZ TRANSFORMS ASSOCIATED WITH UNIFORMLY ELLIPTIC

OPERATORS

LetΩ be an arbitrary open subset ofRd. We denote bydx the Lebesgue mea-
sure and by(.; .) the scalar product ofL2(Ω, dx). Consider the uniformly
elliptic operator

A = −
d

∑

k,j=1

Dj(akjDk) + a0

acting onL2(Ω, dx) and subject to Dirichlet boundary conditions (see Chap-
ter 4).A is the operator associated with the form

a(u, v) =
d

∑

k,j=1

∫

Ω
akj(x)DkuDjvdx +

∫

Ω
a0uvdx,

with domainD(a) = H1
0 (Ω). We assume that

a0, ajk = akj ∈ L∞(Ω, µ,R),
d

∑

k,j=1

akjξkξj ≥ η|ξ|2 for all ξ ∈ Cd,

(7.81)
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whereη > 0 is a constant. Under this assumptiona is a closed symmetric
form (see Chapter 4). Its associated operatorA is then self-adjoint. If in
addition, a0 is non-negative, thenA is non-negative (or accretive) in the
sense that

(Au;u) ≥ 0 for all u ∈ D(A).

Denote byA1/2 the square root ofA. It is a classical fact that (see the next
chapter)

a(u, v) = (A1/2u; A1/2v) for all u, v ∈ D(a) = H1
0 (Ω).

Let us denote the gradient by∇. It follows from this equality and as-
sumption (7.81) that

η‖|∇u|‖2
2≤

d
∑

k,j=1

∫

Ω
akj(x)DkuDjudx

≤ a(u, u)

= ‖A1/2u‖2
2.

In particular, the Riesz transform operator∇A−1/2 extends to a bounded
operator on(L2(Ω, dx))d. We shall denote by∇A−1/2 its bounded exten-
sion. The next result shows that∇A−1/2 is also bounded on(Lp(Ω, dx))d

for all p ∈ (1, 2].

THEOREM 7.26 Assume that (7.81) holds and thata0 is non-negative on
Ω. For eachk ∈ {1, . . . , d}, DkA−1/2 is of weak type(1, 1) on Ω. In
particular, DkA−1/2 extends to a bounded operator onLp(Ω, dx) for all
p ∈ (1, 2].

Proof. We have seen above thatDkA−1/2 is bounded onL2(Ω, dx). By
Marcinkiewicz interpolation theorem, it suffices to prove thatDkA−1/2 is
of weak type(1, 1). This will be achieved by applying Theorem 7.22. By
Theorem 6.10 the heat kernelp(t, x, y)9 satisfies a Gaussian upper bound,
and therefore it is enough to prove that for some positive constantW ,

∫

|x−y|≥
√

t
|kt(x, y)|dx ≤ W, t > 0, y ∈ Ω, (7.82)

wherekt(x, y) denotes the associated kernel ofDkA−1/2(I − e−tA).
The operatorA−1/2 is given by the formula

A−1/2u =
1

2
√

π

∫ ∞

0
e−sAu

ds√
s
.

9This ispH1
0
(t, x, y) in Theorem 6.10.
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Thus,

DkA−1/2(I − e−tA)

=
1

2
√

π

∫ ∞

0
Dke−sA ds√

s
− 1

2
√

π

∫ ∞

0
Dke−(s+t)A ds√

s

=
1

2
√

π

∫ ∞

0
Dke−sA

(

1√
s
− χ{s>t}

1√
s− t

)

ds.

The kernelkt(x, y) is then given by

kt(x, y) =
1

2
√

π

∫ ∞

0
Dk,xp(s, x, y)

(

1√
s
− χ{s>t}

1√
s− t

)

ds, (7.83)

whereDk,xp(s, x, y) is the partial derivative with respect to thex variable,
and this makes sense because of (6.48) and the fact thate−tA(L2(Ω, dx)) ⊆
H1

0 (Ω) for all t > 0.
Using the weighted gradient estimate of Theorem 6.19 (assertion 2)) and

the Cauchy-Schwarz inequality, one obtains

∫

|x−y|≥
√

t
|Dk,xp(s, x, y)|dx

≤
[ ∫

Ω
|Dk,xp(s, x, y)|2e2β|x−y|2/sdx

]1/2[ ∫

|x−y|≥
√

t
e−2β|x−y|2/sdx

]1/2

≤Cs−d/4−1/2
[ ∫

|x−y|≥
√

t
e−2β|x−y|2/sdx

]1/2

.

Hereβ > 0 andC > 0 areconstants. On the other hand,

∫

|x−y|≥
√

t
e−2β|x−y|2/sdx≤ e−βt/s

∫

Rd
e−β|x−y|2/sdx

≤Ce−βt/ssd/2.

Hence, for allt > 0 ands > 0

∫

|x−y|≥
√

t
|Dk,xp(s, x, y)|dx ≤ C ′e−

βt
2s s−1/2, (7.84)
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whereC ′ is a positive constant. Using this and (7.83) it follows that
∫

|x−y|≥
√

t
|kt(x, y)|dx

≤ C ′

2
√

π

∫ ∞

0
| 1√

s
− χ{s>t}

1√
s− t

|e−
βt
2s s−1/2ds

= C ′′
[ ∫ t

0
e−

βt
2s

ds
s

+
∫ ∞

t

(

1√
s− t

− 1√
s

)

e−
βt
2s s−1/2ds

]

= C ′′[I1 + I2].

The first termI1 :=
∫ t
0 e−

βt
2s ds

s satisfies

I1 =
∫ 1

0
e−

β
2u

du
u

< ∞.

The second onesatisfies

I2≤
∫ ∞

t

(

1√
s− t

− 1√
s

)

s−1/2ds

=
∫ ∞

0

(

1√
u
− 1√

u + t

)

du√
u + t

=
∫ ∞

0

(

1
√

ut−1(ut−1 + 1)
− 1

ut−1 + 1

)

du
t

=
∫ ∞

0

(

1
√

v(v + 1)
− 1

v + 1

)

dv.

Thelast term is finite and it is independent oft. Thus we have proved (7.82).
2

The above theorem holds also for uniformly elliptic operatorsA that are
subject to Neumann or mixed boundary conditions. In this case, one as-
sumes, for example, thatΩ has the extension property (more precisely, one
assumes thatH1(Ω) satisfies the Sobolev inequality (6.19), which indeed
holds if Ω has the extension property). The result is now reformulated as
follows: for everyε > 0, the Riesz transformDk(εI + A)−1/2 is of weak
type(1, 1) and extends to a bounded operator onLp(Ω, dx) for 1 < p ≤ 2.
The proof is exactly the same as the previous one. The Gaussian upper
bound of the heat kernel that we need in the proof is satisfied ifΩ has the
extension property, see Theorem 6.10.

Let A be as in Theorem 7.26. Recall that the semigroup(e−tA)t≥0 is
sub-Markovian (see Chapter 4) and let us denote by−Ap the generator of
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the correspondingsemigroup onLp(Ω, dx), 1 ≤ p < ∞. As a consequence
of Theorem 7.26, for everyp ∈ (1, 2],

‖∇u‖p ≤ C‖A1/2
p u‖p for all u ∈ D(A1/2

p ), (7.85)

whereC > 0 is a constant.
If A is subject to Neumann or mixed boundary conditions andΩ has the

extension property, then (7.85) holds withAp replaced byεI + Ap for any
ε > 0.

In order to prove (7.85), letu ∈ D(A1/2
p ) and write fort > 0

∇e−tAu = ∇A−1/2
2 A1/2

2 e−tAu.

The term on the right-hand side makes sense, sincee−tA(Lp(Ω, µ)) ⊆
L2(Ω, dx) ande−tA(L2(Ω, dx)) ⊆ D(A1/2

2 ) for all t > 0. By Theorem
7.26

‖∇e−tAu‖p≤C‖A1/2
2 e−tAu‖p

= C‖e−tAA1/2
p u‖p

≤C‖A1/2
p u‖p.

We have proved that

‖∇e−tAu‖p ≤ C‖A1/2
p u‖p for all t > 0. (7.86)

This inequality implies that for everyt > 0, ‖e−tAu‖W 1,p(Ω) ≤ C ′ for some
positive constantC ′. Sincee−tAu → u in Lp(Ω, dx) ast → 0, it follows

thatu ∈ W 1,p(Ω) and one obtains from (7.86) that‖∇u‖p ≤ C‖A1/2
p u‖p.

WhenA is subject to Neumann or mixed boundary conditions, the argu-
ments are the same. We only have to replaceAp by εI + Ap.

Remark. 1) SinceD(Ap) ⊆ D(A1/2
p ) it follows from (7.85) thatD(Ap) ⊆

W 1,p(Ω) for all p ∈ (1, 2].
2) The results in this section hold also for non-symmetric operatorsA :=

−
∑d

k,j=1 Dj(akjDk) +
∑d

k=1 bkDk −Dk(ck.) + a0 with complex-valued

coefficientsakj , bk, ck, a0, and acting onL2(Rd, dx). We assume that the
heat kernel ofA has a Gaussian upper bound. One has now to replaceA by
A+λI for some positive constantλ in the statments. What is needed in order
to apply the previous proof to the nonsymmetric case is the boundedness of
Dk(A + λI)−1/2 onL2(Rd, dx), which is indeed true as we shall see in the
next chapter.

3) The boundedness assumption ofa0 was not used in the proof of The-
orem 7.26. This theorem holds with0 ≤ a0 ∈ L1

loc(Ω). The operatorA is
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now defined as the operator associated with the form

a(u, v)=
∫

Ω
akjDkuDjvdx +

∫

Ω
a0uvdx,

D(a)=
{

u ∈ H1
0 (Ω),

∫

Ω
a0|u|2dx < ∞

}

.

Similarly, we can replaceH1
0 (Ω) byH1(Ω) if the latter space satisfies (6.19)

(which is the case ifΩ has the extension property).

7.8 GAUSSIAN LOWER BOUNDS

This section is devoted to Gaussian lower bounds. The aim is to show how
such lower bounds can be obtained from Gaussian upper bounds and Hölder
continuity of the heat kernel.

We shall assume that the heat kernelp(t, x, y) satisfies

|p(t, x, y)−p(t, x′, y)| ≤ Ct−η/m

V (y, t1/m)
ρ(x, x′)η for all x, x′, y ∈ X, (7.87)

whereη andC are positive constants andm is as in (7.3). In the case where
C ′rd ≤ V (x, r) ≤ Crd for all x ∈ X andr > 0, Theorem 6.6 gives a
criterion for the validity of (7.87).

The first step needed in order to obtain a lower bound is given in the
following result.

PROPOSITION 7.27 Assume that the doubling property (7.1) holds and as-
sume that the heat kernelp(t, x, y) satisfies (7.87). Ifp(t, x, y) satisfies the
on-diagonal lower bound:

p(t, x, x) ≥ c
V (x, t1/m)

for all t > 0, x ∈ X (7.88)

for some constantc > 0, then there exist constantsc′ > 0 andβ > 0 such
that

p(t, x, y) ≥ c′

V (y, t1/m)
for all t, x, y such that ρ(x, y) ≤ βt1/m. (7.89)
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Proof. It follows from (7.87) and (7.88) that

p(t, x, y)≥ p(t, y, y)− Ct−η/m

V (y, t1/m)
ρ(x, y)η

≥ c
V (y, t1/m)

− Ct−η/m

V (y, t1/m)
ρ(x, y)η

≥ c0

V (y, t1/m)
[1− t−η/mρ(x, y)η]

≥ c0

2V (y, t1/m)

for ρ(x, y)η ≤ 1
2 tη/m, whichshows (7.89). 2

Now we show that the on-diagonal lower bound (7.88) can be deduced
from a Gaussian upper bound and the conservation property.

PROPOSITION 7.28 Assume thatX satisfies the doubling property (7.1)
and letA be a self-adjoint operator onL2(X,µ) with a heat kernelp(t, x, y)
satisfying the Gaussian upper bound (7.3) forx, y ∈ X. Assume also that
∫

X p(t, x, y)dµ(y) = 1 for all t > 0 anda.e.x ∈ X.10 Then there exists a
constantc > 0 such that for allt > 0 anda.e. x ∈ X

p(t, x, x) ≥ c
V (x, t1/m)

.

Proof. Fix a positive constantα. We have
∫

X\B(x,αt1/m)
p(t, x, y)dµ(y)

≤
∫

X\B(x,αt1/m)

C
V (x, t1/m)

exp
{

−c(
ρm(x, y)

t
)

1
m−1

}

dµ(y)

≤Ce−
c
2αm/m−1

∫

X

1
V (x, t1/m)

exp
{

− c
2
(
ρm(x, y)

t
)

1
m−1

}

dµ(y)

≤C ′e−
c
2αm/m−1

.

For thefact that
∫

X
1

V (x,t1/m) exp{− c
2(ρm(x,y)

t )
1

m−1 }dµ(y) is bounded bya
constant, see the proof of Proposition 7.1.

Now for α large enough, the termC ′e−
c
2αm/m−1

is smaller than1/2.
Thus,

∫

B(x,αt1/m)
p(t, x, y)dµ(y)= 1−

∫

X\B(x,αt1/m)
p(t, x, y)dµ(y)

≥ 1/2

10This is theconservation (or the Markov) propertye−tA1 = 1.
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for α large enough. It follows that

p(2t, x, x) =
∫

X
p(t, x, y)p(t, y, x)dµ(y)

=
∫

X
|p(t, x, y)|2dµ(y)

≥
∫

B(x,αt1/m)
|p(t, x, y)|2dµ(y)

≥ 1
V (x, αt1/m)

( ∫

B(x,αt1/m)
p(t, x, y)dµ(y)

)2

≥ 1
4V (x, αt1/m)

.

Using(7.1) (or (7.2)), the last term is estimated from below by C
V (x,(2t)1/m)

for some positive constantC. 2

In order to deduce a Gaussian lower bound from the Gaussian upper
bound we shall assume thatX has the chain condition: there exists a con-
stantC such that for everyx, y ∈ X and every positiven ∈ N, there exists
a sequence of pointsxi, 0 ≤ i ≤ n, in X such thatx0 = x, xn = y and

ρ(xi, xi+1) ≤ C
ρ(x, y)

n
for all i = 0, ..., n− 1.

The sequencexi, 1 ≤ i ≤ n, is referred to as a chain connectingx andy.

THEOREM 7.29 Assume thatX satisfies the doubling property (7.1) and
the chain condition. LetA be a self-adjoint operator onL2(X, µ) with heat
kernelp(t, x, y) satisfying the Gaussian upper bound (7.3) and the Hölder
estimate (7.87). Assume thatp(t, x, y) ≥ 0 for all t > 0, x, y ∈ X and
satisfies the on-diagonal lower bound (7.88). Then there exist constants
C0, c0 > 0 such that

p(t, x, y) ≥ C0
√

V (x, t1/m)V (y, t1/m)
exp

{

− c0

(

ρm(x, y)
t

) 1
m−1

}

,

(7.90)
for all x, y ∈ X andt > 0.

Proof. Fix a positiven ∈ N andx, y ∈ X. Denote byxi, 0 ≤ i ≤ n, a chain
connectingx andy. Let r := ρ(x,y)

n andβ be as inProposition 7.27.
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By thesemigroup property and positivity assumption ofp(t, x, y), we have

p(t, x, y)

=
∫

X
...

∫

X
p

(

t
n

, x, z1

)

p
(

t
n

, z1, z2

)

...p
(

t
n

, zn−1, y
)

dµ(z1)...dµ(zn−1)

≥
∫

B(x1,r)
...

∫

B(xn−1,r)
p

(

t
n

, x, z1

)

p
(

t
n

, z1, z2

)

...p
(

t
n

, zn−1, y
)

dµ(z1)...dµ(zn−1).

Let z0 = x andzn = y. Clearly,

ρ(zi, zi+1) ≤ ρ(xi, xi+1) + 2r ≤ (C + 2)
ρ(x, y)

n
, i = 0, .., n− 1.

If (C + 2)ρ(x, y) ≤ βt1/m, thenρ(x, y) ≤ βt1/m. In this case (7.90) fol-
lows from (7.88) and Proposition 7.27. We may then assume that(C +
2)ρ(x, y) > βt1/m. We choosen ≥ 2 to be the smallest integer such that

(C + 2)
ρ(x, y)

n
m−1

m

≤ βt1/m.

This gives

ρ(zi, zi+1) ≤ β
(

t
n

)1/m

, i = 0, ..., n− 1.

Applying now Proposition 7.27, we obtain

p(t, x, y)

≥
∫

B(x1,r)
...

∫

B(xn−1,r)

cndµ(z1)...dµ(zn−1)
V (x, ( t

n)1/m)V (z1, ( t
n)1/m)...V (zn−1, ( t

n)1/m)
.

By the doublingproperty (7.2), we have

V (zi, (t/n)1/m) ≤ C
(

1 + (t/n)1/m 1
r

)d

V (xi, r), i = 0, ..., n− 1.

Using the definition ofn one obtains(t/n)1/m 1
r ≤ C ′ for some constant

C ′. Thus,

V (zi, (t/n)1/m) ≤ CC ′dV (xi, r).

Inserting this in the previous lower estimate ofp(t, x, y) yields

p(t, x, y) ≥ C ′′ cn

V (x, (t/n)1/m)
≥ C ′′ e−c′n

V (x, (t/n)1/m)
(7.91)
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for some positive constantsC ′′ andc′. By definition ofn, one has

n− 1 ≤
(

C + 2
β

)m/(m−1) ρ(x, y)m/(m−1)

t1/(m−1) .

This and (7.91)give the Gaussian lower bound:

p(t, x, y) ≥ C0

V (x, t1/m)
exp

{

− c0

(

ρm(x, y)
t

) 1
m−1

}

,

which is equivalent to (7.90) (see (7.5)). 2

By Proposition 7.28, one can replace the assumption (7.88) in Theorem
7.29 by the conservation property.

Notes
There are other consequences of Gaussian upper bounds of heat kernels. We men-
tion briefly the following further applications.

It was shown by Duong and Robinson [DuRo96] that if(X, µ, ρ) satisfies the
doubling condition (7.1) andA has anH∞ functional calculus onL2(X, µ) and
the heat kernel ofA has a Gaussian upper bound, thenA has anH∞ functional
calculus onLp(X,µ) for 1 < p < ∞. A similar result also holds for operators
acting onL2(Ω, µ) with Ω any open subset ofX. This was proved by Duong and
McIntosh [DuMc99a].

Gaussian upper bounds were also used to prove maximalLp − Lq a priori esti-
mates for the solution to the evolution equationdu

dt (t) = Au(t) + f(t), u(0) = 0.
Such results have been proved by Hieber and Prüss [HiPr97] and Coulhon and
Duong [CoDu00].

Section 7.1. Gaussian upper bounds for complex time play a central role in our in-
vestigation ofLp spectral theory. The extension of the Gaussian upper bound from
t > 0 to complext was first proved by Davies [Dav89] (Theorem 3.4.8) in the case
whereV (x, t1/m) is replaced bytd/m (actually,m = 2 in [Dav89]). Theorems 7.2
and 7.3 are proved in Carron, Coulhon, and Ouhabaz [CCO02]. A weaker version
of these results appears in Duong and Robinson [DuRo96]. Theorem 7.4 is taken
from [CCO02], and its proof uses an idea from [DuRo96].

Section 7.2. It was first proved by Helffer and Sjöstrand [HeSj89] that for self-
adjoint operators on Hilbert spaces, the formula (7.26) coincides with the usual
functional calculus defined by spectral measures. Subsequently, Davies [Dav95a]
and [Dav95d] extends the Helffer-Sjöstrand calculus to the Banach space setting.
Jensen and Nakamura [JeNa94] have also used the Helffer-Sjöstrand calculus to
study Lp-mapping properties of Schrördinger operators. Theorem 7.8 is due to
Davies [Dav95a]. See also [Dav95d].
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Our approachto proveLp spectral independence is due to Davies [Dav95b].
Theorem 7.10 was proved by Davies [Dav95b] in the case where the volumeV (x, r)
has polynomial growth. See also [Dav95c] for an abstract result. A different ap-
proach was used by Hempel and Voigt [HeVo86] to provep-independence of the
spectrum for Schr̈odinger operators. Arendt [Are94] has proved that for nonsym-
metric uniformly elliptic operators, the component of the resolvent set which con-
tains the left half-plane is the same in allLp-spaces (therefore, for self-adjoint op-
erators the spectrum isp-independent). His approach is similar to that of Hempel
and Voigt [HeVo86]. Kunstmann [Kun99] extends this result and proves that the
spectrum for nonsymmetric elliptic operators whose heat kernel has a Gaussian up-
per bound isp-independent. For operators with unbounded singular drift terms,
p-independance of the spectrum forp is some interval containing2 was proved by
Liskevich, Sobol, and Vogt [LSV02]. Theorem 7.10 can be applied to the Laplace-
Beltrami operator on a Riemannian manifold with non-negative Ricci curvature. In
the setting of manifolds, a better result was proved by Shubin [Shu92] and Sturm
[Stu93] who only assume that the volume grows uniformly subexponentialy.

Section 7.3. For the Laplace operator∆ acting onLp(Rd, dx), Lanconelli [Lan68]
has proved thateit∆ sends the Sobolev spaceWα,p into Lp(Rd, dx) whereα >
2d| 12 −

1
p |. Equivalently, this means that(I − ∆)−α/2eit∆ acts boundedly on

Lp(Rd, dx) for α > 2d|12 −
1
p |. Riesz means associatedwith the Schr̈odinger

group(eit∆)t∈R have been studied by Sjöstrand [Sj̈o70]. He proved that for integer
k > d| 12 −

1
p |, the operatort−k

∫ t
0 (t− s)k−1eis∆ds acts as a bounded operator on

Lp(Rd, dx), and its norm can be bounded uniformly int > 0. He also proved that
this is not the case ifk < | 12−

1
p |. Extensions of Lanconelli’s and Sj̈ostrand’s previ-

ously mentioned results were given by Boyadzhiev and de Laubenfels [BodeL93]
and by El Mennaoui [ElM92]. The results are formulated in [BodeL93] in the
language ofC-semigroups and in [ElM92] in that of integrated semigroups. Re-
lated results can also be found in Arendt et al. [ABHN01] (Theorem 8.3.9) and
El Mennaoui and Keyantuo [ElKe96]. On Lie groups with polynomial growth and
manifolds with non-negative Ricci curvature, similar results have been obtained by
Alexopoulos [Ale94a]. Less sharp results in this setting have been announced by
Lohoúe [Loh92]. In the abstract setting of operators on metric spaces, Theorems
7.11 and 7.12 are proved by Carron, Coulhon, and Ouhabaz [CCO02]. The proof
of Theorem 7.11 uses an idea from El Mennaoui [ElM92]. A more recent result of
Blunck [Blu03a] shows the boundedness of Riesz means onLp for p close to2 for
operators whose semigroups satisfy a weighted norm estimate.

Section 7.4. This section is mainly taken from Ouhabaz [Ouh03b]. The proofs
use the same techniques as in Duong, Ouhabaz, and Sikora [DOS02]. A related
result to Theorem 7.15 is proved in an unpublished paper by Hebisch [Heb95].
Theorem 7.19 was proved by Alexopoulos [Ale94a] in the setting of Lie groups
and Riemannian manifolds with non-negative Ricci curvature. Related results for
wave equations with a potential can be found in Marshall, Strauss, and Wainger
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[MSW80], Beals and Strauss [BeSt93] and Zhong [Zha95]. For the classical wave
equation, the sharper result in Theorem 7.20 is due to Peral [Per80] and Miyachi
[Miy80]. Their results even include the limit caseα = (d− 1)| 1p −

1
2 |. Müller and

Stein [MüSt99]have proved a version of Theorem 7.20 for a sub-Laplacian on the
Heisenberg group. Some of the arguments used in the simpler proof of Theorem
7.20 given here are taken from Galé and Pyltik [GaPy97].

Section 7.5. Theorems 7.21 and 7.22 are due to Duong and McIntosh [DuMc99a].
The proof of Theorems 7.21 uses a similar reasoning as in Hebisch [Heb90] and
Duong and Robinson [DuRo96]. These theorems have been applied successfully in
[DuMc99a] to prove the existence of anH∞ functional calculus inLp for operators
acting on arbitrary domains, in Coulhon and Duong [CoDu99] to study Riesz trans-
forms on Riemannian manifolds and in Duong, Ouhabaz, and Sikora [DOS02] to
prove spectral multiplier results. Recently, Blunck and Kunstmann [BlKu03b] have
extended Theorems 7.21 and 7.22 to the case of operators without associated ker-
nel. They have replaced the Gaussian upper bound in the assumptions by a (more
general) weighted norm estimate of the semigroup.

Section 7.6. Theorem 7.23 is a particular case of a more general result proved in
Duong, Ouhabaz, and Sikora [DOS02]. As mentioned in (7.68), for the Euclidean
Laplacian, Theorem 7.23 holds withW s,2 instead ofCs in the condition (7.66).
This is a well-known result of Ḧormander [Ḧor60]. Some conditions under which
one can replace in (7.66)Cs by a Sobolev spaceW s,p are given in [DOS02]. Note
that if no additional assumptions are made, Theorem 7.23 cannot hold withW s,2

in place ofCs in (7.66). This can be seen by considering the harmonic oscillator
−∆ + x2. Thangavelu [Tha89] has proved that, for the harmonic oscillatorA :=
−∆+x2 in one dimension, the corresponding Bochner-Riesz meansσα

R(A), where
σα

R(λ) = ((1− λ
R )+)α, are uniformly boundedon allLp(R, dx) only if α > 1/6.

If Theorem 7.23 holds for the harmonic oscillator withW s,2 in place ofCs, then
the uniform boundedness of Bochner-Riesz means must hold for allα > 0.

For extensions of Ḧormander’s multiplier theorem to sub-Laplacians on some
Lie groups, see Christ [Chr91b], Mauceri and Meda [MaMe90], and the references
therein. Related results to Theorem 7.23 (but not on arbitrary domains) have been
obtained by Hebisch [Heb95] and Alexopoulos [Ale99].

Section 7.7. There are several works on Riesz transforms associated with the
Laplace-Beltrami operator on manifolds; see Strichartz [Str83], Bakry [Bak87],
and the references therein. On Lie groups of polynomial growth, Saloff-Coste
[SaC90] has used Gaussian upper bounds and regularity (with respect to the space
variable) of the heat kernel to proveLp-boundedness of Riesz transforms asso-
ciated with sub-Laplacians. Coulhon and Duong [CoDu99] have proved that on a
Riemannian manifold or even on an arbitrary domain, the Gaussian upper bound for
the heat kernel suffices to prove boundedness onLp for 1 < p ≤ 2 of Riesz trans-
forms∇(−∆)−1/2. Their proof was then used by Duong and McIntosh [DuMc99b]
to prove Theorem 7.26. Similar results for divergence form operators onRd can be
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found in Auscher and Tchamitchian [AuTc98]. See also Blunck and Kunstmann
[BlKu03a] and Hofmann and Martell [HoMa03]. In [AuTc98] one also finds re-
sults on the reverse inequality‖A1/2u‖p ≤ C‖∇u‖p. For Riesz transforms onLp

with p > 2, the situation is very different from the casep < 2. An example of
a uniformly elliptic operator for which the corresponding Riesz transform is not
bounded onLp for anyp > 2 + ε (whereε > 0 is a constant) was given by Kenig
and can be found in [AuTc98]. The recent works by Auscher [Aus03] and Auscher
et al. [ACDH03] investigate on manifolds the Riesz transforms onLp for p > 2.

Section 7.8. The results in this section have been proved by several authors in
different situations. We refer the reader to Coulhon [Cou03], Davies [Dav89],
Grigor’yan, Hu and Lau [GHL03] and Saloff-Coste [SaC02]. Our presentation
follows mainly [Cou03]. Let us also mention that on a complete Riemannian man-
ifold that satisfies the doubling condition (7.1), relationships between the validity
of Gaussian upper and lower bounds, Harnack inequalities andL2-Poincaŕe in-
equalities on balls have been established by Grigor’yan [Gri91] and Saloff-Coste
[SaC92].



Chapter Eight

A REVIEW OF THE KATO SQUARE ROOT

PROBLEM

T. Kato asked in the early 1960’s the question whether for a divergence form
uniformly elliptic operatorA, the domain of the square rootA1/2 coincides
with the domain of the sesquilinear form ofA. The question was solved in
few particular cases but the general case was open for several decades, and
was known as the Kato square root problem. The problem was solved in
the case of dimension one by Coifman, McIntosh, and Meyer [CMM82].
The case of arbitrary dimension has been solved only recently by Hofmann,
Lacey, and McIntosh [HLM02] for second-order divergence form opera-
tors whose heat kernel has a Gaussian upper bound,1 and by Auscher, Hof-
mann, Lacey, McIntosh, and Tchamitchian [AHLMT02] in the general case
of second-order operators with complex-valued coefficients. In these arti-
cles, the authors proved that for a uniformly elliptic operatorA in divergence
form, D(A1/2) = H1(Rd), and‖A1/2u‖2 and‖|∇u|‖2 are equivalent.

In this chapter, we shall review the Kato square root problem. We first dis-
cuss the problem in the abstract setting of operators associated with sesquilin-
ear forms. In this general case, it has a negative answer. We then return
to the special case of uniformly elliptic operators and discuss some con-
sequences of the main theorem. We shall not give detailed proofs but we
provide the reader with references.

8.1 THE PROBLEM IN THE ABSTRACT SETTING

In this section we shall consider the square root problem in an abstract set-
ting. We shall follow mainly the papers of Kato [Kat61], [Kat62], Lions
[Lio62], and McIntosh [McI72], [McI90].

Let H be a Hilbert space with a scalar product(.; .). Let a be a densely
defined, accretive, continuous, and closed form onH. Denote byA its as-
sociated operator. The square rootA1/2 is the unique m-accretive operator
such that(A1/2)2 = A1/2A1/2 = A. Following Kato [Kat61], [Kat80], the

1This is thecase if the coefficients are real-valued; see Chapter 6.
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square rootsatisfies:

A1/2u =
2
π

∫ ∞

0
A(I + t2A)−1udt, (8.1)

for u ∈ D(A). Note thatthe term on the right-hand side makes sense.
Indeed, we have2

‖(I + t2A)−1Au‖ ≤ ‖Au‖

and

‖(I + t2A)−1Au‖= t−2‖u− (I + t2A)−1u‖
≤ 2t−2‖u‖.

Note also that ifA is sectorial (equivalently ifa is sectorial), then for every
u ∈ D(A), we have

A1/2u =
2√
π

∫ ∞

0
Ae−t2Audt. (8.2)

Again the term in the right-hand side makes sense since‖Ae−t2Au‖ ≤
‖Au‖ and‖Ae−t2Au‖ ≤ ct−2‖u‖ for some positive constantc and allt >
0. The first inequality follows from the fact that the semigroup(e−tA)t≥0
is contractive onH (see Proposition 1.51). The second one follows from
the Cauchy formula and the fact that the semigroup generated by−A is
bounded holomorphic onH (see (1.19) and Theorem 1.54).

For self-adjoint operators, one always hasD(A1/2) = D(a).

THEOREM 8.1 Assume that the forma is symmetric, accretive, densely de-
fined, and closed. ThenD(A1/2) = D(a) and

a(u, v) = (A1/2u;A1/2v) for all u, v ∈ D(a).

The first step in proving this theorem is to prove thatD(A) is a core ofA1/2

(this does not use the symmetry assumption and holds in a more general
setting, see [Kat61]). Once this is proved, one defines the form

b(u, v) := (A1/2u; A1/2v), u, v ∈ D(b) := D(A1/2).

Clearly, a(u, v) = b(u, v) for u, v ∈ D(A). The domainD(A) is a core
of b (since it is a core ofA1/2) and it is also a core ofa (see Lemma 1.25).
This implies that the two formsa andb coincide.

2See Proposition 1.22in Chapter 1.
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More generally, one can define fractional powersAα of any m-accretive
operatorA, for α ∈ (0, 1). Foru ∈ D(A), Aαu is defined by:

Aαu =
sinπα

π

∫ ∞

0
λα−1A(λI + A)−1udλ. (8.3)

The operatorAα is m-accretive and one hasAαAβ = Aα+β andAα∗ =
A∗α. See Kato [Kat61] or [Kat80]. It was proved by Kato [Kat61] that
for 0 < α < 1

2 , one hasD(Aα) = D(A∗α) but thatAα andA∗α do not
necessarily have the same domain if1

2 < α ≤ 1. The caseα = 1
2 was left

open.
The latter question whenα = 1

2 was solved in the negative for general
m-accretive operators by Lions [Lio62]. He proved thatD(Aα) form a com-
plex interpolation family. That isD(Aα) = [H, D(A)][α], where the latter
denotes the classical complex interpolation space. He then considered the
operatorA := d

dx on L2([0,∞), dx) with Dirichlet boundary condition at
0. The adjointA∗ is given by− d

dx with domainD(A∗) = H1([0,∞)).
Therefore,

D(Aα) = [L2([0,∞)),H1
0 ([0,∞))][α] = Hα

0 ([0,∞)),

and similarly

D(A∗α) = [L2([0,∞)),H1([0,∞))][α] = Hα([0,∞)).

Thus, sinceHα
0 ([0,∞)) 6= Hα([0,∞)) for α ≥ 1

2 , one hasD(Aα) 6=
D(A∗α) for α ≥ 1

2 .
The above operatorA considered by Lions for which he proved that

D(A1/2) 6= D(A∗1/2) is not the operator associated with a sesquilinear
form. Special properties hold for operators associated with forms as the
following theorem shows.

THEOREM 8.2 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form onH. Denote byA its associated operator. If two of the
domainsD(A1/2), D(A∗1/2) andD(a) are equal, then all three are equal,
and the forma has the representation:

a(u, v) = (A1/2u; A∗1/2v) for all u, v ∈ D(a) = D(A1/2) = D(A∗1/2).
(8.4)

This theorem was proved in Lions [Lio62] and Kato [Kat62]. Note that
in these two articles, the forma is supposed to be sectorial. Now ifa is
as in the theorem, thena + ε(.; .) is sectorial forε ∈ (0, 1] (see the com-
ments following Theorem 1.52) and by Lemma A2 in Kato [Kat61], one has
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D((A+εI)1/2) = D(A1/2) and(A+εI)1/2u converges toA1/2u asε → 0.
Thus, lettingε → 0 one obtains the previous theorem from its analog for
sectorial forms.

Kato’s question onD(A1/2) = D(A∗1/2) for operators associated with
sesquilinear nonsymmetric forms was solved by McIntosh [McI72]. The
question was again solved in the negative. McIntosh’s example of a sectorial
operatorA for whichD(A1/2) 6= D(A∗1/2) is based on the following idea:
For every integern ≥ 2, there exist bounded self-adjoint operatorsSn and
Tn on a finite dimensional Hilbert spaceHn such that0 ≤ Sn ≤ 13, Sn is
invertible and

‖SnTn − TnSn‖L(Hn) = 2− 1
n

and ‖SnTn + TnSn‖L(Hn) ≤
1
n

.

Now onedefines onHn the operatorAn := (S−1
n + iTn)2 and shows that

An satisfies the properties:
1) An is sectorial with|=(Anu; u)| ≤ α|<(Anu; u)|, whereα > 0 is a
constant independent ofn.
2) An is invertible.
3) For eachn, there exists an elementv ∈ Hn which does not satisfy the
inequalities

(n− 1)−1/2‖A∗n
1/2v‖ ≤ ‖A1/2

n v‖ ≤ (n− 1)1/2‖A∗n
1/2v‖.

Finally, defineA =
⊕

An onH =
⊕

Hn. One obtains from the previous
properties ofAn thatA is sectorial, m-accretive with bothA1/2 andA∗1/2

invertible and for everyβ > 0 there existsv ∈ D(A1/2) ∩D(A∗1/2) which
does not satisfy the inequalities

β−1‖A∗1/2v‖ ≤ ‖A1/2v‖ ≤ β‖A∗1/2v‖.

This together with the remark following the proof of Theorem 1.50 shows
that the domainsD(A1/2) andD(A∗1/2) must be different.

The following example shows also how the caseα = 1
2 is critical. Con-

siderd = 1 andA = − d
dx(a d

dx). We assumethata is a real-valued bounded
function such thata ≥ 1. In this case,A is self-adjoint with domain

D(A) = {u ∈ H1(R), au′ ∈ H1(R)}.

3In the sensethat0 ≤ (Snu; u) ≤ ‖u‖2 for all u ∈ Hn.
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Now by interpolation,D(Aα) = [L2, D(A)][α] and one obtains

D(Aα) = D((A1/2)2α) = [L2,H1][2α] = H2α(R) for 0 < α <
1
2
,

D(A1/2)= H1(R),

D(Aα) = {f ∈ H1(R), af ′ ∈ H2α−1(R)} for
1
2

< α < 1.

A proof of the latter equality can be found in David, Journé and Semmes
[DJS85]. See also Auscher and Tchamitchian [AuTc92].

Summarizing, we have seen thatD(Aα) = D(A∗α) for α ∈ (0, 1
2) and

every m-accretive operator. The equalityD(A1/2) = D(A∗1/2) may be
false even whenA is a sectorial operator. McIntosh’s example which dis-
proves the equalityD(A1/2) = D(A∗1/2) (or equivalently, the equality
D(A1/2) = D(a), by Theorem 8.2) is not a differential operator. There-
fore, the problem, as refined by McIntosh, became whether the last equality
holds for divergence form uniformly elliptic operators. It is this special case
which is now known as the Kato square root problem.
Kato was motivated by applications to wave equations as well as to non-
autonomous evolution equations

du(t)
dt

+ A(t)u(t) + f(t) = 0, 0 ≤ t ≤ T.

Another motivation for the Kato square root problem lies in the interac-
tions with other problems from harmonic analysis, e.g.,L2-boundedness of
the Cauchy integral along Lipschitz curves ([CMM82]), quadratic estimates,
T (b) type theorems, . . .

8.2 THE KATO SQUARE ROOT PROBLEM FOR ELLIPTIC OPERATORS

Consider onL2(Rd, dx,C) (d ≥ 1) the sesquilinear form

a(u, v) =
d

∑

k,j=1

∫

Rd
akjDkuDjvdx, D(a) = H1(Rd).

We assume as usual that the uniform ellipticity condition (U.Ell) holds. That
is

akj ∈ L∞(Rd,C), 1 ≤ k, j ≤ d, <
d

∑

k,j=1

akj(x)ξkξj ≥ η|ξ|2 for all ξ ∈ Cd,

(8.5)
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whereη > 0 is a constant and the inequality<
∑d

k,j=1 akj(x)ξkξj ≥ η|ξ|2

holds for a.e.x ∈ Rd.
The form a is densely defined, accretive, continuous and closed. It is

even sectorial. Its associated operator is the uniformly elliptic operator in
divergence formA = −

∑d
k,j=1 Dj(akjDk).

As we have mentioned in the last section, the Kato square root prob-
lem for the elliptic operatorA is the problem of identifyingD(A1/2) with
H1(Rd), the domain of its sesquilinear form. In contrast to the case of op-
erators in an abstract setting, the answer in this case is yes.

THEOREM 8.3 Under the uniform ellipticity condition (U.Ell),D(A1/2) =
H1(Rd) and there exists a constantC such that

C−1‖A1/2u‖2 ≤ ‖|∇u|‖2 ≤ C‖A1/2u‖2 for all u ∈ H1(Rd). (8.6)

This theorem was proved by Coifman, McIntosh, and Meyer [CMM82]
in the cased = 1, by Hofmann, Lacey, and McIntosh [HLM02] for arbi-
trary dimension under the restriction of a pointwise decay of the heat ker-
nel of A, and by Auscher, Hofmann, Lacey, McIntosh, and Tchamitchian
[AHLMT02] in the general case stated here.

Other previously known results for arbitrary dimension have been proved
by Coifman, Deng and Meyer [CDM83], Fabes, Jerison, and Kenig [FJK85].
In these two articles, the authors have independently proved the validity of
the Kato square root problem for operatorsA with matrixE := (akj)1≤k,j≤d
satisfying‖E − Id‖∞ ≤ ε(d) for some smallε depending on the dimension
d (Id is the identity matrix). See also Journé [Jou91]. McIntosh [McI85] has
proved Theorem 8.3 in the case where the coefficientsakj areW s,2 multi-
pliers4 for somes > 0. The previously mentioned result from [CDM83]
and [FJK85] was extended by Auscher, Hofmann, Lewis, and Tchamitchian
[AHLT01] in the sense thatId can be replaced by any symmetric matrix
with real-valued coefficients.

The proof of Theorem 8.3 is very much based on techniques from har-
monic analysis. These techniques have not been developed in the present
book, and therefore in order to give an idea of the proof we shall restrict
ourself to describing the main steps without going into the details. We shall
be very concise; the reader is referred to [HLM02] and [AHLMT02] for a
detailed proof and for more information.

First, it is enough to prove

‖A1/2f‖2 ≤ C‖|∇f |‖2 for all f ∈ C∞
c (Rd). (8.7)

4That is,akju ∈ W s,2 for all u ∈ W s,2.
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Indeed, by a density argument this will hold for allf ∈ H1(Rd) and gives
H1(Rd) ⊆ D(A1/2). Using (8.7) for the adjointA∗ gives alsoH1(Rd) ⊆
D(A∗1/2). Now if f ∈ D(A), we write

η‖|∇f |‖2
2≤<a(f, f)

=<(A1/2f ; A∗1/2f)

≤‖A1/2f‖2‖A∗1/2f‖2

≤C‖A1/2f‖2‖|∇f |‖2.

Therefore,

‖|∇f |‖2 ≤ C ′‖A1/2f‖2. (8.8)

This and the fact thatD(A) is a core ofD(A1/2) imply that D(A1/2) ⊆
H1(Rd). HenceD(A1/2) = H1(Rd) and assertion (8.6) of the theorem
follows from (8.7) and (8.8).

Using the representation (8.1) in a slightly different form and standard
orthogonality argument of Littlewood-Paley theory, one shows that (8.7)
follows from the quadratic estimate5

∫ ∞

0
‖(I + t2A)−1tAf‖2

2
dt
t
≤ C

∫

Rd
|∇f(x)|2dx. (8.9)

Define for aCd-valued functionF = (f1, . . . , fd),

θt(F )(x) :=−(I + t2A)−1tdiv((akj(x))k,j .F (x))

:=−
d

∑

k,j=1

(I + t2A)−1tDk(akj(x)fj(x))

andγt(x) theCd-vector with components−
∑

k

(I + t2A)−1tDkakj(x), 1 ≤

j ≤ d,

γt(x) :=

(

−
∑

k

(I + t2A)−1tDkakj(x)

)

1≤j≤d

.

Thus,θ(∇f) = −(I + t2A)−1tAf and (8.9) can be rewritten as
∫ ∞

0
‖θt(∇f)‖2

2
dt
t
≤ C

∫

Rd
|∇f(x)|2dx. (8.10)

5Note that onemay assume that the coefficientsakj are smooth, and henceAf in (8.9)
makes sense. The constants involved in the estimates must however be independent of the
smoothness of the coefficients.
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Denote byPt theoperator of convolution witht−dp(x
t ) wherep is a smooth

function supported in the unit ball ofRd and such that
∫

Rd p(x)dx = 1.
Using the Gaffney type estimates:6

∫

F0

|(I +t2A)−1f |2dx+
∫

F0

|t∇(I +t2A)−1f |2dx ≤ Ce−cd0/t
∫

E0

|f |2dx

for all f with supp(f) ⊆ E0,
∫

F0

|t(I + t2A)−1divF |2dx ≤ Ce−cd0/t
∫

E0

|F |2dx

for all F Cd-valued function with supp(F ) ⊆ E0,
one obtains

∫ ∞

0
‖γt(x) · (Pt∇f)− θtPt∇f‖2

2
dt
t
≤ C‖∇f‖2

2. (8.11)

Here and inwhat followsu · v := u1v1 + · · · + udvd for u = (u1, ..., ud)
andv = (v1, ..., vd) ∈ Cd. Using (8.11) and the fact thatPt commutes with
partial derivatives one proves

∫ ∞

0
‖γt(x) · (P 2

t ∇f)− θt∇f‖2
2
dt
t
≤ C‖∇f‖2

2. (8.12)

Therefore, using theCarleson inequality and (8.12), the desired estimate
(8.10 ) follows from the Carleson estimate

sup
Q

1
|Q|

∫

Q

∫ l(Q)

0
|γt(x)|2 dxdt

t
< ∞, (8.13)

where the supremumis taken over all cubesQ of Rd, l(Q) denotes the
sidelength ofQ, and|Q| is its measure.

The proof of Theorem 8.3 is now reduced to proving that|γt(x)|2 dxdt
t is

a Carleson measure(which means (8.13)). This is the most technical part of
the proof. It relies on ideas of the type “T (b) theorem” for Carleson mea-
sures. It is proved by Auscher and Tchamitchian [AuTc98] that if for each
cubeQ we have a functionFQ : 5Q → C with the following properties:
i)

∫

5Q |∇FQ|2dx ≤ C|Q|,
ii) AFQ ∈ L2(5Q) and

∫

5Q |AFQ|2dx ≤ C |Q|
l(Q)2 ,

6HereE0, F0 are any closed sets ofRd andd0 := dist(E0, F0) the distance betweenE0

andF0. Gaffney type estimates are off diagonal estimates in an average sense. They hold
for general divergence form uniformly elliptic operators with complex-valued coefficients.
These type of estimates have been proved by Gaffney for Laplace-Beltrami operators on
Riemannian manifolds.
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iii) sup
Q

∫ l(Q)

0

∫

Q
|γt(x)|2 dxdt

t

≤ C sup
Q

∫ l(Q)

0

∫

Q
|γt(x) · Pt∇FQ(x)|2 dxdt

t
(whereC is a positive constant), then|γt(x)|2 dxdt

t is a Carlesonmeasure.
One can also replaceFQ by a finite number (which does not depend on the
cube) of functionsFn,Q. It is this type of techniques together with stop-
ping time arguments which have been used in [HLM02] and [AHLMT02]
to prove the desired Carleson estimate and then obtain Theorem 8.3.

8.3 SOME CONSEQUENCES

We start with the observation that the result of Theorem 8.3 carries over
from operators of the type−

∑d
k,j=1 Dj(akjDk) to operators with lower

order terms,

A := −
d

∑

k,j=1

Dj(akjDk) +
d

∑

k=1

bkDk −Dk(ck.) + a0.

The operatorA is the operator associated with the form

a(u, v) =
d

∑

k,j=1

∫

Rd
akjDkuDjv +

d
∑

k=1

∫

Rd
bkvDku + ckuDkv + a0uvdx

(8.14)
with domainD(a) = H1(Rd). We assume that (8.5) holds and that the
coefficientsbk, ck, a0 ∈ L∞(Rd, dx,C).

By adding a positive constantλ to a0 if necessary, we obtain an accretive
form. Its associated operatorA + λI is accretive and we have

COROLLARY 8.4 The following equalities hold for some constantλ:

D((A + λI)1/2) = D((A∗ + λI)1/2) = H1(Rd). (8.15)

Therefore, the norms‖(A+λI)1/2u‖2+‖u‖2 and‖u‖H1(Rd) are equivalent.

Proof. We follow the same idea as in the proof of Proposition 1 in [AuTc92].
Denote byB = −

∑d
k,j=1 Dj(akjDk) the principal part ofA, by a1 the

sesquilinear form obtained froma by takingck = 0 for eachk. Denote by
B1 the operator associated witha1. It follows from the definition of the op-
erator associated with a form thatD(B) = D(B1). From Theorem 8.3 and
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a previously mentioned result of Lions, it follows that

D((B1 + λI)1/2) = [L2, D(B1)][1/2] = [L2, D(B)][1/2] = H1(Rd).
(8.16)

This and Theorem 8.2 give

H1(Rd) = D((B1 + λI)∗1/2).

SinceB∗
1 is the operator associated with the adjoint forma∗1 and

a∗(u, v) = a∗1(u, v) +
d

∑

k=1

∫

Rd
ckvDkudx

we obtainas in (8.16) thatD((A∗+λI)1/2) = H1(Rd). We conclude again
by Theorem 8.2. 2

Denote again by

A := −
d

∑

k,j=1

Dj(akjDk) +
d

∑

k=1

bkDk −Dk(ck.) + a0

the uniformly elliptic operator associated with the forma defined in (8.14).
The following theorem shows that the Riesz transforms associated withA+
λI are bounded onLp(Rd, dx) for 1 < p ≤ 2, provided the heat kernel of
A satisfies a Gaussian upper bound.

THEOREM 8.5 Assume that the heat kernelp(t, x, y) of A has a Gaussian
upper bound7:

|p(t, x, y)| ≤ Ct−d/2 exp
[

−c
|x− y|2

t

]

ewt,

whereC, c, andw are positive constants. Then there exists a positive con-
stant λ such that for eachk ∈ {1, ..., d} the Riesz transformDk(A +
λI)−1/2 is a weak type (1,1) and extends fromL2(Rd, dx) ∩ Lp(Rd, dx)
to a bounded operator onLp(Rd, dx) for eachp ∈ (1, 2].

The proof is the same as that of Theorem 7.26. One of the main ingredient
needed there is the boundedness of the Riesz transformDk(A+λI)−1/2 on
L2(Rd, dx), which now holds sinceD((A + λI)1/2) = H1(Rd) by the
previous corollary.

A consequence of Theorem 8.5 is thatD(A1/2
p ) ⊆ W 1,p(Rd) for 1 < p ≤

2, where−Ap is the generator onLp(Rd, dx) of the semigroup induced by
(e−tA)t≥0 (see the comments following the proof of Theorem 7.26).

7By Theorem 6.10,a Gaussian upper bound holds if the coefficientsakj are real-valued.
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As mentioned in the notes of Chapter 7, if the heat kernel is not supposed
to satisfy a Gaussian upper bound, one obtains the boundedness ofDk(A +
λI)−1/2 on Lp(Rd, dx) for p ≤ 2 and close enough to 2, see Blunck and
Kunstmann [BlKu03a] and Hofmann and Martell [HoMa03].

The reverse inequality‖A1/2u‖ ≤ c‖∇u‖p can be found in Auscher et al.
[AHLMT02], Auscher and Tchamitchian [AuTc98] and Auscher [Aus03].

Let nowA := −
∑d

k,j=1 Dj(akjDk). If the heat kernel ofA satisfies a
Gaussian upper bound

|p(t, x, y)| ≤ Ct−d/2 exp
[

−c
|x− y|2

t

]

for all t > 0

thenthe semigroup(e−tA1/2
)t≥0 generated by−A1/2 extends to a uniformly

bounded semigroup onLp(Rd, dx), 1 ≤ p < ∞. Consider now the Neu-
mann problem

{

∂2u(t)
∂t2 = Au(t), t ≥ 0,

∂u(t)
∂t |t=0 = f,

The formal solution isu(t) = −e−tA1/2
A−1/2f . As mentioned in Auscher

and Tchamitchian [AuTc98], by Theorem 8.5 one immediately has for each
p ∈ (1, 2]

‖|∇u(t)|‖p ≤ c‖A1/2u(t)‖p = c‖e−tA1/2
f‖p ≤ c′‖f‖p.

Thus

sup
t>0

(

‖∂u(t)
∂t

‖p + ‖|∇u(t)|‖p

)

≤ C‖f‖p.

If the operatorA has lower order terms, this estimate holds provided one
replacesA by A + λI for some positive constantλ.
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[ArWa03] W. Arendt and M. Warma, Dirichlet and Neumann boundary
conditions: what is in between?J. Evol. Eq.3 (1) (2003) 119-135.

[Aro68] D.G. Aronson, Nonnegative solutions of linear parabolic equa-
tions,Ann. Scuola Norm. Sup. Pisa22 (3) (1968) 607-694.

[AuTc92] P. Auscher and Ph. Tchamitchian, Conjecture de Kato sur les
ouverts deR, Rev. Mat. Iberoam.8 (2) (1992) 149-199.

[ACT96] P. Auscher, Th. Coulhon, and Ph. Tchamitchian, Absence du
principe du maximum pour certaineśequations paraboliques com-
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(Grenoble)33 (2) (1983) 123-134.

[Cou91] Th. Coulhon, Dimensions of continuous and discrete semigroups,
in Semigroup Theory and Evolution Equations,Ph. Clement, B. de
Pagter, and E. Mitidieri (eds.). Lecture Notes Pure Appl. Math. 135,
Marcel Dekker, 1991. 93-99.



270 BIBLIOGRAPHY
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magńetique et́equation de Harper, inSchr̈odinger Operators, H. Holden
and A. Jensen (eds.), Lecture Notes in Physics 345, Springer-Verlag
1989. 118-197.

[HeVo86] R. Hempel and J. Voigt, The spectrum of a Schrödinger operator
in Lp(RN ) is p-independent,Comm. Math. Phys.104 (2) (1986) 243-
250.

[HSU77] H. Hess, R. Schrader, and D.A. Uhlenbrock, Domination of semi-
groups and generalization of Kato’s inequality,Duke Math. J.44 (4)
(1977) 893-904.

[HSU80] H. Hess, R. Schrader, and D.A. Uhlenbrock, Kato’s inequality
and the spectral distribution of Laplacians on compact Riemannian
manifolds,J. Diff. Geom.15 (1) (1980) 27-37.



274 BIBLIOGRAPHY

[Hie96] M. Hieber, Gaussian estimates and holomorphy of semigroups on
Lp spaces.J. London Math. Soc.2nd Ser. 54 (1) (1996), 148-160.

[HiPr97] M. Hieber and J. Prüss, Heat kernels and maximalLp − Lq esti-
mates for parabolic evolution equations,Comm. P.D.E.22 (9-10) (1997)
1647-1669.

[HiPh57] E. Hille and R.S. Phillips,Functional Analysis and Semigroups,
Coll. Publ. 31, American Math. Society, 1957.

[HLM02] S. Hofmann, M. Lacey, and A. McIntosh, The solution of the
Kato problem for divergence form elliptic operators with Gaussian heat
kernel bounds,Ann. of Math.2nd Ser. 156 (2) (2002) 623-631.

[HoMa03] S. Hofmann and J.M. Martell,Lp bounds for Riesz transforms
and square roots associated to second order elliptic operators,Pub. Mat.
47 (2003) 497-515.
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Hölder estimates and Gaussian lower bounds,Indiana Univ. Math. J.
47 (4) (1998) 1481-1495.

[Ouh01] E.M. Ouhabaz, The spectral bound and principal eigenvalues of
Schr̈odinger operators on Riemannian manifolds,Duke Math. J. 110
(1) (2001) 1-35.

[Ouh02] E.M. Ouhabaz, Gaussian upper bounds for heat kernels of second-
order elliptic operators with complex coefficients on arbitrary domains,
J. Op. Theory51 (2) (2004) 335-360.

[Ouh03a] E.M. Ouhabaz, Sharp Gaussian bounds for heat kernels of
second-order divergence form operators. Preprint, 2003.



BIBLIOGRAPHY 279

[Ouh03b] E.M. Ouhabaz,Gaussian upper bounds andLp estimates for
wave equations. Preprint 2003.

[Paz83] A. Pazy,Semigroups of Linear Operators and Applications to Par-
tial Differential Equations, Applied Math. Sciences 44, Springer, 1983.

[Per80] J. C. Peral,Lp estimates for the wave equation,J. Funct. Anal.36
(1) (1980) 114-145.

[Phi59] R.S. Phillips, Dissipative operators and hyperbolic systems of par-
tial differential equations,Trans. Amer. Math. Soc.90 (1959) 193-254.

[PrEi84] F.O. Porper and S.D. Eidel’man, Two sided estimates of funda-
mental solutions of second order parabolic equations and some applica-
tions,Russian Math. Surveys39 (3) (1984) 119-178.
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ics 84, Birkḧauser 1983.

[Var85] N.Th. Varopoulos, Hardy-Littlewood theory for semigroups,J.
Funct. Anal.63 (2) (1985) 240-260.

[Var88] N.Th. Varopoulos, Analysis on Lie groups,J. Funct. Anal.76 (2)
(1988) 346-410.

[VSC92] N.Th. Varopoulos, L. Saloff-Coste, and Th. Coulhon,Analysis
and Geometry on Groups, Cambridge Tracts in Math. 100, Cambridge
Univ. Press 1992.

[Voi92] J. Voigt, One-parameter semigroups acting simultaneously on dif-
ferentLp-spaces,Bull. Soc. Roy. Sci. Liège61 (6) (1992) 465-470.
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