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Preface

The influenceof the theory of linear evolution equations upon developments
in other branches of mathematics, as well as physical sciences, would be
hard to exaggerate. The theory has a rich interplay with other subjects in
functional analysis, stochastic analysis and mathematical physics. Of par-
ticular interest are evolution equations associated with second-order elliptic
operators in divergence form. Such equations arise in many models of phys-
ical phenomena,; the classical heat equation is a prototype example. They
are also of interest for nonlinear analysis; the proof of existence of local
solutions to many nonlinear partial differential equations uses linear theory.
The theory for self-adjoint second-order elliptic operators is well docu-
mented, and there is an increasing interest in the non-self-adjoint case. It is
one of the aims of the present book to give a systematic study tieory
of evolution equations associated with non-self-adjoint operators

0
_Za<a )*ka+m<0k>+ao-

We consider operators with bounded measurable coefficients on arbitrary
domains of Euclidean space. The sesquilinear form technique provides the
right tool to define such operators, and associates them with analytic semi-
groups on2. We are interested in obtaining contractivity properties of these
semigroups as well as Gaussian upper bounds on their associated heat ker-
nels. Gaussian upper bounds are then used to prove several results in the
LP-spectral theory.

A special feature of the present book is that several important properties
of semigroups are characterized in terms of verifiable inequalities concern-
ing their sesquilinear forms. The operators under consideration are subject
to various boundary conditions and do not need to be self-adjoint. We also
consider second-order elliptic operators with possibly complex-valued co-
efficients. Such operators have attracted attention in recent years as their
associated heat kernels do not have the same properties as those of their
analogues with real-valued coefficients. This book is also motivated by new
developments and applications of Gaussian upper bounds to spectral theory.
A large number of the results given here have been proved during the last
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decade.

Theapproach using sesquilinear form techniques avoids heavy use of so-
phisticated results from the theory of partial differential equations or Sobolev
embedding properties for which smoothness of the boundary is required. On
the other hand, as we consider heat equations on arbitrary domains, we shall
not address regularity properties (with respect to the space variable) of their
solutions.

This book is for researchers and graduate students who require an in-
troductory text to sesquilinear form technigue, semigroups generated by
second-order elliptic operators in divergence form, heat kernel bounds, and
their applications. It should also be of value for mathematical physicists.
We tried to keep the text self-contained and most of the material needed is
introduced here. A few standard results are stated without proofs, but we
provide the reader with several references.

We now give an outline of the content of each chapter. Chapter 1 is de-
voted to sesquilinear forms and their associated operators and semigroups.
It provides the necessary background from functional analysis and evolu-
tion equations. Most of the material on sesquilinear forms is known, but our
presentation differs from that in other books on this topic. We give a sys-
tematic account on the interplay between forms, operators, and semigroups.
Chapter 2 is devoted to contractivity properties of semigroups associated
with sesquilinear forms. We give criteria in terms of forms for positivity,
irreducibility, L°°-contractivity, and domination of semigroups. These cri-
teria are obtained as simple consequences of a result on invariance of closed
convex sets under the action of the semigroup (see Theorems 2.2 and 2.3).
We also include a section on semigroups acting on vector-valued functions.
All the results in this chapter are in the spirit of the famous Beurling-Deny
criteria for sub-Markovian semigroups. Chapter 3 contains Kato type in-
equalities for generators of sub-Markovian semigroups. For symmetric sub-
Markovian semigroups, a partial description of the domain of the corre-
sponding generator if? is given. Chapter 4 is devoted to uniformly elliptic
operators of typed as above. We discuss some examples of boundary con-
ditions and apply the criteria of Chapter 2 to describe precisely, in terms of
the boundary conditions and the coefficients, when the semigroup generated
by —A is positive, irreducible, o.”-contractive. Chapter 2 also gives the
right tools to compare (in the pointwise sense) semigroups associated with
two different divergence form operators. Some results are extended in Chap-
ter 5 to the case of degenerate-elliptic operators. Gaussian upper bounds for
heat kernels of uniformly elliptic operators are proved in Chapter 6. We
prove sharp bounds for operators with real-valued symmetric principal co-
efficientsa;;. Gaussian upper bounds are derived frbPacontractivity re-
sults together with a well-known perturbation argument due to E.B. Davies.
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We also derive bounds for the time derivatives as well as weighted gradient
estimates for heat kernels. In Chapter 7, we use Gaussian upper bounds to
prove several spectral properties. This includ@sanalyticity of the semi-
group, p-independence of the spectruifif;-estimates for Sckidinger and

wave type equations. Although the book is devoted to uniformly elliptic op-
erators on domains of Euclidean space, this chapter is written in a general
setting of abstract operators on domains of metric spaces. The framework
includes uniformly elliptic operators on domains of Euclidean space or more
general Riemannian manifolds, sub-Laplacians on Lie groups, or Laplacians
on fractals. In the last chapter we review the Kato square root problem for
uniformly elliptic operators. We include at the end of each chapter a section
of notes where the reader can find references to the literature and supple-
mentary information.

Acknowledgments! wish to express my hearty thanks to the many col-
leagues and friends who have contributed to my understanding of the sub-
ject of this book. | want to thank Wolfgang Arendt, Pascal Auscher, Sonke
Blunck, Thierry Coulhon, Brian Davies, Xuan Thinh Duong, Alan Mclin-
tosh, and Rainer Nagel for their help and encouragement. I'm grateful to
Philippe Depouilly for his unstinting help with the many tasks involved in
typing the manuscript.



Notation

C.(2): The spacef continuous functions with compact supportin
C2°(92): The space of*°-functions with compact support in.

(C2°(92)): The space of distributions dn.

supp): The support of the function.

Y() :={z€C,z#0,|argz| < ¢}, CT:=3(F).

ut := sup(u, 0) the positive part ofu, u~ := sup(—wu, 0) the negative part.
fAg:=inf(f,g), fVg:=sup(fg).

sign u(z) = { iy u(@) #0,

0 ifu(x)=0.
R : Real part,: Imaginary part.
xq: Characteristic function df.
LP(X, u,K): The classical Lebesgue spaces of functions with valués in
||.|l,: The norm ofLP (X, i, K).
dx: Lebesgue measure.
W#P: Sobolev spaces.
H(Q) := W12(Q), H}(Q) is the closure o£2°(Q) in H(Q).

82

D; == 72 andA = 8% SRR = is theLaplacian.

L(E, F): The space of bounded linear operators frBnmto . L(E) :=
L(E,E).

|T||z(e,7) : The operator norm df"in L(E, F).
p(A): Resolvent set of the operatdr o(A): Spectrum ofA.



Chapter One

SESQUILINEAR FORMS, ASSOCIATED
OPERATORS, AND SEMIGROUPS

1.1 BOUNDED SESQUILINEAR FORMS

Let H be a Hilbert space ovdk = C or R. We denote by(.;.) the inner

product of H and by]||.|| the corresponding norm. Latbe a sesquilinear
formonH, i.e.,ais an application fromH x H into K such that for every
a € Kandu,v,h € H :

a(au+wv,h) = aa(u, h) +a(v, h) and a(u, v + h) = @a(u,v) +a(u, h).

(1.1)
Herea denotes the conjage number ofr. Of courser = « if K = R and
in this casehe forma is then bilinear. For simplicity, we will not distinguish
the two caseX = R andK = C. We will use the sesquilinear term in both
cases and also write conjugate, real part, imaginary part, and so forth of
elements inK as if we hadk = C. These quantities have their obvious
meaning ifK = R.

DEFINITION 1.1 A sesquilinear forma : H x H — K is continuous if
there exists a constadt/ such that

la(u, v)| < M||ul|||v]] for all u,v € H.

Every continuous form can be represented by a unique bounded linear op-
erator. More precisely,

PROPOSITION 1.2 Assume thad : H x H — K is a continuous sesquilin-
ear form. There exists a unique bounded linear operdtaacting on H
such that

a(u,v) = (Tu;v) forallu,v € H.

Proof. Fix v € H and consider the linear continuous functional

o(v) :==a(u,v), v e H.
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By the Riesz representation theorem, there exists a unique V€atar H,
such that

¢(v) = (v;Tu) for allv € H.

The fact thafl" is a linear and continuous operator Brfollows easily from
the linearity and continuity of the form. The uniqueness df is obvious.
O

The bounded operatdr is the operator associated with the foamOne
can study the invertibility ofl” (or its adjointT™) using the form. More
precisely, the following basic result holds.

LeEMMA 1.3 (Lax-Milgram) Leta be a continuous sesquilinear form éh
Assume thad is coercive, that is, there exists a constant 0 such that

Ra(u,u) > §|ul|* for all u € H.

Let ¢ be a continuous linear functional oA. Then there exists a unique
v € H such that

¢(u) = a(u,v) forallue H.

Proof. It suffices to prove that the adjoint operafbt is invertible onH.
Indeed, by the Riesz representation theorem, there exists a upiquél
such that

d(u) = (u;g) forallu € H,
and hence by writing = 7*v for somev € H, it follows that
o(u) = (u; T*v) = (Tu;v) = a(u,v) for allu € H.
Now we prove thaf'™ is invertible. Letv € H be such thai™*v = 0. Thus,
0 = (v;T*v) = (Tw;v) = Ra(v,v) > 8|jv||>.

Hencev = 0 and sol™ is injective.
It remains to show thal™ has rangeR(7*) = H. We first prove that
R(T*) is dense. Ifu € H is such that

(u; T"v) =0forallv € H,

then by takingy = « and using again the coercivity assumption, we obtain
u = 0. Finally, we prove thaf2(7™) is closed. For this, let;, = T*u; be a
sequence which convergesuin H. We have
5Huk — u]'HQ < §Ra(uk - Uj, Uk — Uj)
< |(ug — ug; T ug — T uy)|

< Jluk = wjllfloe = vj]l-
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From this, it follows thatuy ), is a Cauchy sequence and hence it converges
in H. If u denotes the limit, then = T*u by continuity of 7. This proves
that R(7T™) is closed. O

1.2 UNBOUNDED SESQUILINEAR FORMS AND THEIR ASSOCIATED
OPERATORS
1.2.1 Closed and closable forms

In this section, we consider sesquilinear forms which do not act on the whole
spaceH, but only on subspaces &f. These forms are unbounded sesquilin-
ear forms. They play an important role in the study of elliptic or parabolic
equations (cf. Chapters 4 and 5). We will say, for simplicity, sesquilinear
forms rather than “unbounded sesquilinear forms.”

Let H be as in the previous section and consider a sesquilineardorm
defined on a linear subspatga) of H, called the domain od. That is,

a:D(a) x D(a) — K
is @ map which satisfies (1.1) fat v, h € D(a).

DEFINITION 1.4 Leta: D(a) x D(a) — K be a sesquilinear form. We
say that:
1) ais densely defined if

D(a) is dense in H. (1.2)
2) ais accretive if
Ra(u,u) >0 for all w € D(a). (1.3)
3) ais continuous if there exists a non-negative consfansuch that

la(u, v)| < M||ullal|v|la for all u,v € D(a) (1.4)

where|[ulla := v/Ra(u, u) + [Jul]2.
4) ais closed if

(D(a), ||-|la) is a complete space. (1.5)

If a satisfies (1.2)41.5), one checks easily that|, is a norm onD(a).
It is called the norm associated with the foam

DEFINITION 1.5 Leta be a sesquilinear form off. The adjoint form o&
is the sesquilinear forra* defined by:

a*(u,v) := a(v,u) with domain D(a*) = D(a).
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The symmetripart ofa is defined by

b:= %(a+a*), D(b) = D(a).

We say that is a symmetric form i&* = a, that is,
a(u,v) = a(v,u) forall u,v € D(a).
Let a be a sesquilinear form which satisfies (:2).5). ThenD(a) is a
Hilbert space. The inner product is given by

(u;v)a = %[a(u,v) +a*(u,v)] + (u;v) for all u,v € D(a).

The norm||.||a is the same ak. ||, whereb is the symmetric part dd.
On a complex Hilbert spacH, every sesquilinear forra can be written
in terms of symmetric formb andc as follows:

a=b+ic, D(a) = D(b) = D(c). (1.6)

It suffices indeed to takie:= }(a+a*) andc := 3 (a—a*). Inthis way, the
symmetric parb is seen as the real part of the foamandc as the imaginary
part.

In the present chapter we will consider only accretive forms (i.e., forms
that satisfy (1.3)). We could instead consider forms that are merely bounded
from below, that is,

Ra(u,u) > —v(u;u) for all u € D(a)

for some positive constant. The general theory of such forms does not
differ much from that of accretive ones. A simple perturbation argument
(which consists of considering the fora- -y, defined by(a + v)(u,v) :=
a(u,v) + y(u;v) for u,v € D(a)) allows us to consider only accretive
forms. According to Section 1.2.3 below, if denotes the operator asso-
ciated with the accretive forma + v, then A = B — ~I is the operator
associated witl. Herel denotes the identity operator ¢h

If ais a symmetric form, the accretivity property (1.3) means thit
non-negative, that is,

a(u,u) > 0forallu € D(a).

Thus, for symmetric forms, we use both terms non-negative or accretive to
refer to the property (1.3).

The condition (1.4) means that the sesquilinear faris continuous on
the space D(a), ||.|la). The smallest possible constaht for which (1.4)
holds is of some interest (see, e.g., Theorem 1.52).
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ProPOSITION 1.6 Leta: H x H — K be a closed accretive sesquilinear
form. Then the normg.|| and||. ||, are equivalent orf.

Proof. We have for every, € H
lull < llulla = [llull® + Ra(u, u)]/>.

In other words, the identity operatdr : (H,|.|la) — H is continuous.
Sincel is bijective, its inversd —! = I is continuous by the closed graph
theorem. Hence, there exists a non-negative conétauich that

|ulla < C|lul| for all u € H.

This shows that the two norms are equivalent. |

A stronger assumption than continuity is sectoriality, which we introduce
in the following definition.

DEFINITION 1.7 A sesquilinear forma : D(a) x D(a) — C, acting on a
complex Hilbert spacéi, is called sectorial if there exists a non-negative
constantC, such that

|Sa(u, u)| < CRa(u,u) for all u € D(a). (1.7)
The numerical range & is the set
N(a) :={a(u,u), u € D(a) with |ju| = 1}. (1.8)

Clearly,a satisfies (1.7) if and only if the numerical ran§j€a) is contained
in the closed sectofz € C, |arg z| < arctan C'}.

PropPoOsSITION 1.8 Every sectorial form acting on a complex Hilbert space
H is continuous. More precisely, if

|Sa(u, u)| < CRa(u,u) forallu € D(a),
whereC > 0 is a constant, then
la(u,v)| < (14 C)(Ra(u,w))?(Ra(v,v))/? for all u,v € D(a).

Proof. By (1.6) we have = b+ ic, whereb andc are symmetric forms and
b is non-negative. By the Cauchy-Schwarz inequality,

b(u,v)| < b(u,u)?b(v, v)/2.

It remains to estimatg(u, v)|. Changingu into ¢™¥v for somey, we may
assume without loss of generality thét, v) is real. In this case, we have

c(u,v) = i[c(u—i—v,u—i—v) —c(u —v,u—v)].
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The sectorialityassumption gives

lc(u, v)| < —[b(u+v,u+v)+b(u—v,u—v)]

QelQ

= §[b(u, u) + b(v,v)].

Replacingu by y/u in the lastestimate gives

C 1
lc(u,v)| < ) Veb(u,u) + \ﬁb(v,v) .

b(v,%) and obtain

b(u,u)
lc(u, v)] < Cb(u, u)?b(v,v)/? = C(Ra(u, u))/?(Ra(v, v)) /2.

If b(u,u) = 0, thenc(u,v) < %b(v,v). Replacingv by Av for A > 0
and letting\ — 0, one obtaing(u,v) = 0, which gives again the desired
conclusion. O

If b(u,u) # 0, we choose =

A converse to Proposition 1.8 is given by the following simple lemma.

LEMMA 1.9 If a is an accretive and continuous sesquilinear form on a
complex Hilbert spacé/, thenl + a is sectorial. More precisely, d satis-
fies (1.4) with some constanf, then

|S(u; w) + a(u, u)]| < MR[(u;uw) + a(u, u)] for all u € D(a)
Proof. The lemma follows immediately from
|S[(us w) + a(u, w)]| = [Sa(u, u)| < [a(u,u)]
and the continuity assumption (1.4). O

Note that the continuity assumption of the foars sometimes written in
the following way:

[a(u, v)| < M'Ra(u, u) + wllul*]*[Ra(v, v) +wlo]?]'/?

for some constants andM’. Itis clear that the normi&a(u, u)+w||u||?]*/?
and[Ra(u, u) + ||u||?]'/? are equivalent. For this reason, we have chosen to
write (1.4) and|.||a without the extra constant.

It may happen in some problems that the starting fasatisfies the prop-
erties (1.2}-(1.4) but not (1.5). In this case, one tries to find an extension of
awhich is a closed form and acts on a subspacH of

DEFINITION 1.10 A densely defined accretive sesquilinear farimcalled
closable if there exists a closed accretive farracting on a subspacB(c)
of H, such thatD(a) C D(c) anda(u,v) = c(u,v) forall u,v € D(a).
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A closed extension, when it exists, is not unique in geneidévertheless,
in that case, one can define the smallest closed exteaslbis tempting to
definea as follows:

D@):={u € H s.t. Ju, € D(a) : up, — u (in H) and
a(up — Uy, Uy, — Up,) — 0 @S N, M — 00}
and

a(u,v) := lim a(up,vy) (1.9)
n—oo
for u,v € D(a), where(uy,),, and(v,), areany sequences of elements of
D(a) which converge respectively toandv (with respect to the norm of
H) and satisfya(u, — tm, un — up) — 0 anda(vy, — vm, vy — vp) — 0
asn, m — o0.

PrRoPOSITION 1.11 Let a be a densely defined, accretive, and continu-
ous sesquilinear form. H is closable, thera is well definedand satisfies
(1.2)—(1.5). In addition, every closed extensiorad$ also an extension of
a.

Proof. Fix two sequence$u,), and (v,), of elements ofD(a) which

converge for the norm off and satisfya(u,, — um, u, — u,) — 0 and

a(vy, — vy, Uy — V) — 0@sn, m — oo. In order to see thatim a(uy,, vy,)
n—oo

exists, we write using the continuity assumption (1.4):

la(tn, vn) — @(Um, V)| = |@(Un — Um, Vn) + (U, Uy, — V)|

< Mllup — umlallvnlla + Ml — vmlalltma-

Since||uy, — um|la and||v, — vplla — 0 @asn,m — oo, the sequences
(|lunl|a)n @and(||vy||a)» are bounded. It follows from the previous inequality
thata(u,, v,) is a Cauchy sequence, thus it is convergent.

The fact tha‘gLIEO a(un,vy,) isindependent of the chosen sequeriegs,,

and(vy,),, follows by a similar argument. Indeed,(if/,),, and(v/,),, satisfy
the same properties és,,),, and(v,,),, then

|a(un, vn) — aug, vp)| = [a(un — g, vp) + a(up, v — V)|

< Mlun — g [lallvnlla + Mllon — vy [lallug [la-

Now, if a; is a closed extension afthen||u,, — u},|la = ||un — ul|la, — 0
asn — oo, since(uy,), and(u,, ), converge to the same limit in the Hilbert

dx
The same expression with domains the Sobolev spads, 1) and H'(0, 1) gives two
different closed extensions. See Chapter 4 for more examples.

A simple excample is given by the forra(u, v) = Jo Lyl odr, D(@) = C(0,1).
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spaceg D(a;), ||.]la,)- Applying the same argument f@,, — v/, ||a, we obtain
|a(un, vn) — a(ul,,v),)| — 0asn — cc.

By construction,D(a) is dense in(D(a), ||.||lz) and hence (1.2)(1.4)
hold for the forma. This density shes also that every closed extension of
ais an extension d4.

Finally, we show thata is closed. Let(u,), € D(a) bea Cauchy se-
qguence for the norm d. It converges with respect to the norm &f to

someu € H. It follows from the definition ofa thatu € D(a). In addition,

A(up — uy up —u) = lima(u, — Uy, Uy — Upy,).
m

Thus,
lima(u, — u,u, —u) =0,

which means that the sequengs,),, is convergent i D(a), ||.||z). This
together with thedensity of D(a) in (D(a), ||.||a) show thata is a closed
form. O

DerINITION 1.12 If the forma is closable, thera defined by (1.9with
domainD(a) is called theclosure of the forna.

Remark. 1) The proof of Proposition 1.11 shows thaifs any sesquilin-
ear form satisfying (1.2)&.4) and(u,, )», (v,), are convergent sequences
in H, such that(u, — tun, u, — ;) anda(v, — vy, v, — vy,) — 0 as
n, m — oo, then the limit in the right-hand side of (1.9) exists. In addition,
if a is closed then this limit ia(u, v), whereu andv are the limits inH of
(un)n @and(vy,)n, respectively.

2) It follows also from the same proof thatafis a sesquilinear form
satisfying (1.2)-(1.4), then the forna is closed wheneer it is well defined
(i.e., the limit in the right-hand side of (1.9) does not depend on the chosen
sequencesu, ), and(vy,),).

PrRoPOSITION 1.13 Leta be a densely defined, accretive, and continuous
sesquilinear form. Thea is closable if and only if it satisfies the following
property:

If (un)n € D(a),u, — 0in H anda(uy, — tm, Up — um) — 0 (asn,m —

00), thena(uy,, u,) — 0 asn — oo.

Proof. Assume that is closable and led; be a closed extension. 4f, —

0 in H anda(u, — Um,un — um) — 0, then (u,), converges td in
(D(a1),]|-la,)- The above proposition (or the above Remark 1)) implies
thata(un, un,) = ai(un, un) — 0.
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Now we prove the converse. We construct a closed extension by taking
the completion ofD(a) with respect to the norr.||a. That is, we prove that
the forma givenby (1.9) with domainD(a) is well defined(by Remark 2)
abovea will be aclosed extension @). As mentioned in Remark 1) above,
the limit in the right-hand side of (1.9) exists. It remains to prove that the
limit is independent of the chosen sequenges),, and (v,),. Let (u),)n
and (v/,),, be two other sequences satisfying — u,v/, — v in H and
ul, —ul,lla, |v, — vh,lla — 0 @asn, m — oco. We write again

|a(tn, vn) — Aty v7)| = [a(un — tig, vn) + 8t vn — v7)|

< M[up — uyllal[vnlla + Mllvn — vpllallug [la-
The sequence),, := u,, — u/, satisfiesv,, — 0in H and
|lwn — wmla < ||un — tmlla + 1), — ul,]la — 0asn,m — oo.

By assumption, this implies(w,,, w,) — 0 asn — co. The same argument
applies tov,, — v,. Hence |a(uy, v,) — a(ul,, v},)| — 0 asn — oo. 0

nr-n

Lemma 1.29 below guarantees the closability for a class of sesquilinear
forms. There are several examples of sesquilinear forms which are not clos-
able.

Example 1.2.1 Consider onZ?(R) (endowed with the Lebesgue measure
dz) the symmetric form

a(u,v) =u(0)v(0), D(a) = C.(R), (1.10)

whee C.(R) is the space of continuous and compactly supported functions
onR. Thena is densely defined, symmetric, and non-negative but not clos-
able. Indeed, choose a sequerag),, € C.(R) such thatu,, (0) = 1 for

all n and such thati,, — 0in L?(R). Thus,a(u, — tm, u, — uy,) = 0 and

u, — 0in L%(R) buta(uy,,u,) = 1 for all n. Proposition 1.13 shows that
ais not closable.

Example 1.2.2 Consider now on the real spad¢’(R) (endowed again
with the Lebesgue measuie) the form

a(u,v) = /R %(z)v(x)dm, D(a) = H'(R). (1.11)

The forma is not closable. Otherwise, the fact thetu, v) = 0 for all u €
H(R) implies thatD(a) = L?(R) and onededuces from Proposition 1.2
that there exists a bounded linear operafoon L?(R) such that(u, v) =
(T'w; v) for all u,v € H'(R). This is not possible sincBu = 2 for u €
H'(R) andT cannot be gtended to a bounded operator é3(R).



10 CHAPTER 1

Example 1.2.Zhows also that the conclusion of Proposition 1.13 cannot
hold if the form is not continuous.

DEFINITION 1.14 Leta be a densely defined accretive sesquilinear form
on H. A linear subspacé of D(a) is called a core of if D is dense in
D(a) endowed with the norm.|a.

Let D be a linear subspace @f(a). The restriction of to D is the form
a|p, defined by

ap(u,v) = a(u,v), D(ap) = D.

A relationship between closability and the notion of core is given by the
following.

PropPosITION 1.15 Leta be a densely defined, accretive, continuous, and
closed sesquilinear form. Denote Bya linear subspace ab(a). ThenD
is a core ofa if and only if the closure od,p is a, i.e.,ap = a.

Proof. Theform a is a closed extension (&ﬁD, hence it is an extension of
ap.

| Assume thatD is acore ofa and letu € D(a). There exists a sequence
(un) € D such that|ju, — ulla — 0 asn — oo. Hence,(u,) converges
tow in H anda(u, — tm, Uy, — Uy) — 0a8sn, m — oo. This shows that
u € D(ayp). Thereforeap = a.

Converselyassume tha|, = a and letu € D(a) = D(ayp). It follows
from the definition of the closure that there exists a sequénge in D
which converges irfl to u and such thad p (un, — Um, Un — um) — 0 as
n,m — oo. This means thatu,,) converges ta, with respect to the norm
II-||la, which shows thaD is a core ofa. O

1.2.2 Perturbation of sesquilinear forms

In this section, we study perturbations of forms. The main questions concern
closability and continuity of the sum of two sesquilinear forms.
The suma + b of two sesquilinear forma andb on H is defined by

[a+ b](u,v) := a(u,v) +b(u,v), D(@a+b)= D(a)N D(b).

THEOREM 1.16 Leta and b be two accretive sesquilinear forms @h
Then the suma + b is accretive. In addition,

1) If a andb are continuous, then so &+ b.

2) If a andb are closed, then so &+ b.

3) If aandb are closable, then so B+ b.
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Proof. The accretivity of the sum as well as assertion 1) are obvious. As-
sume thata andb are closed. Letu,), € D(a) N D(b) be a Cauchy
sequence for the nor||a4p. The inequalitied|.||a < ||.||la+b @and||.|[p <
||.lla+b imply that (u,,), is @ Cauchy sequence for the norfh§, and for
||.||p- It follows that(w,, ), converges both i(D(a), ||.|la) and(D(b), ||-||b)-
The limit in both spaces is the same since the convergence in each space
implies the convergence iH. The limit belongs then td(a) N D(b). The
inequality||.||a+b < ||.|la + ||-|lb implies that(u,, ), converges with respect
to the norm||.||a+p. Hencea + b is closed.

If both formsa andb are closable, then the sum of their closugesb is
a closed formby assertion 2). Thusg + b is a closedextension ofa + b.
The latter is then a closable form, its closare- b is a restrictiorof a + b.
0

DErFINITION 1.17 Leta be a densely defined, accretive, continuous, and
closed sesquilinear form oH. A sesquilinear forna’ with domainD(a’) is
a-form bounded ifD(a) C D(a’) and there exist non-negative constants
and 3 such that

& (u,u)| < ala(u,u)| + Blul|® for all u € D(a). (1.12)
The infimum of all possible constantsfor which the inequality holds is
called thea-bound ofa’.
Under closability assumptions on the forna$,is a-bounded as soon as
D(a) C D(a'). More precisely,

PrRopPOSITION 1.18 Leta anda’ be accretive and continuous forms. As-
sume thafa is closed,a’ is closable, andD(a) C D(a’). Thena’' is a-
bounded.

Proof. Since the forma’ is closable, its restriction td(a), aTD(a) : D(a) x
D(a) — K is also closable. Thua{D(a) is a closable form acting on the

Hilbert spacg D(a), ||.||a)- Its closure (as a form ofD(a), ||.||la)) is itself.
By Proposition 1.6, there exists a hon-negative constastuch that for all
u € D(a)

@ (u, w)| < Ml = M[||u]? + Ra(u, u)].
This proves thad’ is a-bounded. O

Assume that is an accretive and continuous sesquilinear form. Denote
by b := 1[a+ a*] the symmetric parof a. Recall that(u, u) = Ra(u, u)
for all w € D(a). Using the continuity o&, we have for alk. € D(a)

b(u, u) < la(u, u)| < Mlulz = MI|lul* + b(u, u)].
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It follows from this that a forna’ is a-bounded if and only if it id-bounded.

The next theorem shows that continuity and closability properties carry
over from a forma to a + a’ provided the forme’ is a-bounded with small
bound.

THEOREM 1.19 Leta be an accretive and continuous sesquilinear form on
a complex Hilbert spacél. Assume thad’ is a sesquilinear form such that
D(a) C D(@) and

& (u,u)| < aRa(u,u) + B|lul|? for all u € D(a), (1.13)
whereq, § are non-negative constants with< 1. Then the form surh:=
a+a’+ [ with domainD(t) = D(a) is accretive and continuous. Moreover,

1) tis closed if and only i& is closed.
2) tis closable if and only i is closable.

Proof. The domain oft is D(a), sinceD(a) C D(a’). By (1.13) and the
fact thato < 1, we have foru € D(a),

Rt(u, v) = Ra(u, u) + Ra' (u, u) + Bl|lu)® > (1 — a)Ra(u, u) > 0.

Thus,t is accretive.
Using the continuity ofi, we obtain by Lemma 1.9 and (1.13)

|St(u, w)| <[Sa(u, u)| + |3 (u, u)|
<aRa(u,u) + Blul|® + M[Ra(u, u) + ||u||*]
< Mt w) - (M 4+ ) ful?

éC%[ (u,U) + flul?]

for some non-negative constaritHence, the fornt+ 1 is sectorial. Propo-
sition 1.8 implies that is continuous.
The inequalities

Rt(u,u) > (1 — a)Ra(u, u) and Rt(u, u) < (14 o)Ra(u, u) + 26||ul/?

show that the norm§. ||, and||.||; are equivalent orD(a). From this, as-
sertion 1) follows immediately. To prove assertion 2), let us assume that
a is closable and letu,) € D(a) such thatu,, — 0 in H andt(u, —

U,y U — Upy) — 0 @SM,n — oco. Then,Ra(u, — U, up — uy) — 0as

m,n — oo, since the norm4.||; and||.||; are equivalent. By continuity of

a, it follows thata(u, — wy,, un, — u,,) — 0. Proposition 1.13 asserts that
a(un, up) — 0 @asn — oo. As previously, we obtain from this and continu-
ity of t, thatt(u,,, u,) — 0 asn — oo and we conclude by Proposition 1.13
thatt is closable. The converse holds for the same reasons. O

The following proposition is extracted from the previous proof.
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PrRoOPOSITION 1.20 Letaanda’ be two accretive and continuous sesquilin-
ear forms on a Hilbert spac&. Assume thaD(a) = D(a’) and the norms
|.]la @and||. || are equivalent. Then

1) ais closed if and only i&’ is closed.

2) ais closable if and only i&’ is closable.

1.2.3 Associated operator

Let a be a densely defined, accretive, continuous, and closed sesquilinear
form on H. One can define in terms afan unbounded operatak, defined
on a linear subspac@(A) of H as follows:

u € D(a) is in the domainD(A) of A, if and only if there exists € H
such that the equalitg(u, ¢) = (v; ¢) holds for all¢ € D(a). We then set
Au = v.

We rewrite this as
D(A)={ue Hst.Jve H :a(u,¢) = (v;¢) Vo € D(@)}, Au = v.

Observe also thab(A) is the set of vectors € D(a) for which the map-
ping ¢ — a(u, ¢) is continuous orD(a) with respect to the norm off.

DEFINITION 1.21 The linear operatorA, defined above, is called the op-
erator associated with the form

There are several important properties of operators which are associated
with sesquilinear forms. We start with the following result.

PropPOSITION 1.22 Denote byA the operator associated with a densely
defined, accretive, continuous, and closed sesquilinear forifthen A is
densely defined and for evexy> 0, the operator\] + A is invertible (from
D(A)into H) and its inversé\I + A)~! is a bounded operator off (here

1 is the identity operator). In addition,

INA 4+ A)Hf| < || FIl forall X >0, f € H.
Proof. Fix A > 0 and put

lu|lx := \/§Ra(u,u) + Mul|?, v € D(a).

The norm||. ||, is equivalent to the norr.||a and hencé’ := (D(a), ||.||x)

is a Hilbert space. It follows from (1.4) that the forin+ a* (defined by
(A + a*)(u,v) = A(u;v) + a*(u,v)) is bounded orV. It is in addition
coercive onv.
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Let f € H and define
P(v) :=(v; f),veV.

Clearly, ¢ is a linear continuous functional dn Thus by Lemma 1.3, there
exists a unique: € V' such that

¢(v) =a*(v,u) + AM(v;u) = a(u,v) + A(v;u) forallv € V.

It follows from this and the definition ofl thatu € D(A) and(Al + A)u =
f. Thus,A\I + A has rangeR(\ + A) = H. The accretivity assumption
(1.3) implies easily thakI + A is injective and hence invertible.

Let now f € H and letu € D(A) be such that\ + A)u = f. Taking
the inner product with:, and using

R(Au;u) = Ra(u,u) >0,
it follows that
R(f3 ) = Allul>
This implies that\||u|| < || f||- That s,
INAL+A) 7L < (IF-
Finally, we show thaD(A) is dense inA. Letv € H be such that
(v;u) =0 forallu € D(A).

Sincel + A is invertible, there existg € D(A) such that = (I + A).
Applying the above equality with = 1), we obtain

0= (v;9) = ((I + Ay 9) = [9° + (A3 ).
This together with the fact that(Avy;¢) = Ra(v,¢) > 0 implies that
1 = 0 and hence = 0. O

Note that if the sesquilinear formsatisfies (1.2} (1.5), then the adjoint
form a* satisfies the same conditions. One then associates an operator with
a*. It turns out that this operator is the adjoidt of A. Let us recall the
definition of the adjoint for unbounded operators.

DEFINITION 1.23 Let B be a densely defined operator actingih The
adjoint of B is the operatorB* defined by

D(B*) ={u€ H s.t. v € H: (Bop;u) = (¢;v) for all p € D(B)},

B*u:=v.
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A symmetric operato3 is an operator such thaD(B) C D(B*) and
Bu = B*uforall u € D(B).

The operatorB is self-adjoint if B* = B. This means thaD(B) =
D(B*)and Bu = B*ufor all u € D(B).

PROPOSITION 1.24 The operator associated witii is A*. In particular,
if a is symmetric thenl is self-adjoint.

Proof. Denote byB the operator associated wih and letu € D(B). By
definition,

a*(u,¢) = (Bu; ¢) for all ¢ € D(a*) = D(a).
Hence
(Bu; ¢) = a*(u, ¢) = a(o,u) = (Ag;u) for all ¢ € D(A).

This shows thats € D(A*) and A*u = Bu. It remains to prove that
D(A*) C D(B). For this, fixv € D(A*). By Proposition 1.22, there exists
¢ € D(B) suchtha(/+A*)v = (I+B)y. Hence(I+A*)v = (I+A*)1).
Thus,

(v—1v;(I+Au)=(I+A")(v—1);u)=0forallu € D(A).
Sincel + Ais invertible, this implies that = ) € D(B). 0

We have seen in Proposition 1.22 that the operdt@ssociated witta
is densely defined iif. It is also densely defined ib(a), endowed with
the norm||.||a. This is formulated in the following lemma whose proof is
postponed to Section 1.4.2.

LEMMA 1.25 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form and denote byits associated operator. Thah(A) is a
core ofa.

Using this lemma and Proposition 1.15 one concludes that thed@om-
cides with the closure of the restriction@fo D(A), thatis,a = a|p(A)-

DEFINITION 1.26 1) An operatorB : D(B) C H — H is called sectorial
if there exists a non-negative constdntsuch that

|(Bu;u)| < CR(Bu;u) for allu € D(B). (1.14)
2) The numerical range of an operaté on H is the set

N (B) :={(Bu;u),u € D(B) with ||u|]| = 1}.
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Clearly, B satisfieg(1.14) if and only if its numerical rang&/(B) is con-
tained in the sectofz € C, | arg z| < arctanC'}.

It is also clear that the operator associated with a sectorial form is a sec-
torial operator. The converse is also true. We formulate this in the following
proposition.

PrROPOSITION 1.27 Leta be a densely defined, accretive, continuous, and
closed sesquilinear form acting on a complex Hilbert spaceDenote by

A the operator associated with The following assertions are equivalent:

1) a is a sectorial form.

2) A is a sectorial operator.

The proposition is an immediate consequence of the following lemma.

LEMMA 1.28 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form acting on a complex Hilbert spdéeand denote bw its
associated operator. Then, the numerical ratlgéA) of A is dense in the
numerical range\V (a) of a.

Proof. Apply Lemma 1.25. O

LEMMA 1.29 Let A be a densely defined operator on a Hilbert spdfe
such thatR(Awu;u) > 0 for all w € D(A). Assume that either:

1) H is complex and there exists a constant- 0, such that the operator
ol + Ais sectorial,

or

2) A is a symmetric operator (het®@ may be real).

Then the form defined by

a(u,v) := (Au;v) with domain D(a) = D(A)
is closable.

Proof. Assume that 1) is satisfied. Write
a(u,v) = ((al + A)u;v) — a(u;v).

By Proposition 1.8, the sectorial fortn, v) — ((al+A)u;v) is continuous
and hence is continuous, too.

If 2) is satisfied, thera is continuous. This follows from the Cauchy-
Schwarz inequality.

In order to prove thaa is closable, we apply Proposition 1.13. Assume
that(u,) € D(A) is such that,, — 0in H anda(u, — tm, un — Um) —
0 (as n, m — o0). By continuity of the form, we have

|a(tn, un)| < [a(up = tm, tn)| + [a(um; un)|
< Mg = wp|[allunlla + | (Awm; un)]
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By assumption||u,, —um,|la — 0asm,n — oo and thug|u, || is @a bounded
sequence. In addition, for eaeh, |(Au,,;u,)| — 0 asn — oo. These
properties imply thaa(u,,,u,) — 0 asn — oo. This proves that is
closable. O

The role of assumptions 1) and 2) in Lemma 1.29 is to guarantee the
continuity of the form

a(u,v) := (Au;v), D(a) = D(A). (1.15)

The proof shows that this form is closable whenever it is continuous. The
assumption of continuity cannot be removed. Also, on a real Hilbert space,
the single assumption th&flu, v) > 0 for all w € D(A), is not enough to
guarantee the closability of the foran All this can be seen from Example
1.2.2.

When the form defined by (1.15) is closable, the operator associated with
its closure is clearly an extension df

DEFINITION 1.30 The operator associated with the clos@®f the form
a definedby (1.15) is called the Friedrichs extensionAf

PrRoPOSITION 1.31 Let B : D(B) C H — H be a closed operator (see
Definition 1.33 below) with dense domdin B). ThenB* B defined by

D(B*B) ={u € D(B),Bu € D(B*)}, B*Bu = B*(Bu)
is a densely defined self-adjoint operator.
Proof. Define the symmetric form
a(u,v) = (Bu; Bv), D(a) = D(B).

SinceB is a closed operatog is a closed form. Thus, there exists a self-
adjoint (and densely defined) operatbassociated witla. By definition,

D(A)={ue D(a),Jv e H :a(u,¢) = (v;¢) V¢ € D(a)}, Au = v.
Thus,
D(A)={u € D(B),3v € H : (Bu; B¢) = (v;¢) V¢ € D(B)}
={u € D(B),Bu € D(B")},

and Au = B*(Bu). This shows thatl = B* B and proves the proposition.
O

We finish this section with the following lemma, which is related to the re-
sults of the previous section. Its proof requires certain results of the present
section.



18 CHAPTER 1

LEMMA 1.32 Leta be a densely defined, accretive, continuous, and closed
form on a Hilbert spaced. Assume thatu, ), is a bounded sequence in
(D(a), ||-|la) which converges iff to u. Thenu € D(a) and we have
Ra(u,u) < limninf Ra(un, up).

Proof. The sequencéu,,),, is bounded in the Hilbert spadé(a), ||.||a),
thus it has a weakly convergent subsequence(igt) be this subsequence
and¢ € D(a) be its weak limit. For every € D(a),

(Un,;v) + b(up,,v) = (¢;v) + b(d,v) as ng — oo, (1.16)

whereb denotes the symmetric part af Denote byB the self-adjoint op-
erator associated with. The above convergence holds fore D(B) and
hence
(tny; (I + B)v) — (¢; (I + B)ov).
Now the fact that.,,, converges ta: in H implies that
(u; (I + B)v) = (¢; (I + B)v) for all v € D(B).

By Proposition 1.22] + B is invertible and hence = ¢ € D(a).

Takingv = w in (1.16), yieldsb(u, u) = limy b(u,,,u). This and the
Cauchy-Schwarz inequality imply(u, v) < liminf b(uw,,, , uy, ). It follows

thatb(u,u) < liminf b(u,,u,) Since we can replacg.,,),, in the above
arguments by any subsequence. O

Remark. We have used in the proof only that some subsequenc¢e,of
converges weakly ta. Therefore, the conclusion of the lemma holds un-
der the weaker assumption that, ) is a bounded sequence(i(a), ||.||a)
which converges weakly ifl to u.

1.3 SEMIGROUPS AND UNBOUNDED OPERATORS

1.3.1 Closed and closable operators

Throughout this sectiorly denotes a Banach space (ot R or C) with
norm||.||. By £L(E), we denote the space of all bounded linear operators on
E.

DEFINITION 1.33 An operatorB : D(B) C E — FE'is called a closed
operator if the graph

G(B) := {(u; Bu),u € D(B)}
is closed inE x E.
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This definition can be rephrased as follows:

If (), € D(B) is such thatr,, — = and Bx,, — yin E (asn — o0),
thenz € D(B) andy = Bx.

Note also thaB is a closed operator if and only I?( B) endowed with the
graph norm|.|| + || B.|| is a complete space.

DEFINITION 1.34 LetB : D(B) C E — E be an operator orE. A scalar
A € Kis in the resolvent set a8 if \I — B is invertible (fromD(B) into
E) andits inversé \I — B)~! is a bounded operator oR. For such), the
operator(\I — B)~! is the resolvent oB at ).

The set

p(B) := {\ € K,\[ — Bis invertible and (\I — B)~! € L(E)}

is called the resolvent set &f.
The complement gf{ B) in K

o(B) =K\ p(B)
is called the spectrum ds.

PrRopPOSITION 1.35 1) Assume thaB is a closed operator on a Banach
spaceFE. Then a scalan is in p(B) if and only if \I — B is invertible (from
D(B) into E).

2) If the resolvent sei( B) is not empty, the® is a closed operator.

Proof. In order to prove the first assertion we have to prove that- B) !
is a continuous operator for evepysuch that\I — B is invertible. Let
(yn)n be a sequence il which converges tg and such that\l — B) 1y,
converges ta. Setz,, := (A — B)'y,. We havez,, € D(B) for eachn
and(\I — B)z,, converges tg. SinceB is a closed operator, it follows that
z € D(B) andy = (\I — B)z, thatis,z = (A — B)~'y. We conclude
now by the closed graph theorem tiiaf — B)~! is continuous orE.
Assume that\ € p(B) for some\. Let (z,,) be a sequence iD(B)
such thatc,, — « andBx,, — y in E. Thus,(\ — B)z,, — Az —y and
by continuity of(\I — B)~!, we haver,, — (A — B)~!'(A\z — y). Thus,
r = (M — B)"'(\z — y). This implies that: € D(B) andBx = y. This
shows thatB is a closed operator. O

DEFINITION 1.36 An operatorB on a Banach spacg is closable if there
exists a closed operatd@r : D(C) C E — E suchthatD(B) C D(C) and
Bu = Cuforall w € D(B). In other words,B has a closed extensigrt
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Assume thatB is a closable operator on a Banach sp&teOne can
define the smallest closed extensiBrof B as follows:

D(B) = {u € E s.t. 3u, € D(B) : limu, = u, lim[Bu,, — Bu,,] = 0},

’ (1.17)
and ifu and(u,,),, are as in (1.17) we set

Bu := lim Bu,,, (1.18)

where the limits are taken with respect to the nornkiof

One shows easily tha® is a closedperator and every closed extension
of B is also an extension a8.

If B is anoperator such thaB, defined by(1.17) and (1.18), is well
defined (i.e.Bu = lim,, Bu,, does not depend on the choice of the sequence
(un)), thenB is a closedextension of3. ConsequentlyB is closable if and
only if B is a welldefined operator.

Let nowu € D(B) and letu,, € D(B),v, € D(B) be two sequences
which converge ta and such thaBu,, — Bu,, — 0 and Bv,, — Bv,, — 0
asn, m — oo. Thus,Bu,, and Bv,, converge to some andw’ in E. Now,

B is well definedf and only if w = w’. Thus, we have proved the following
characterization of closable operators.

PropPosITION 1.37 A linear operatorB on E is closable if and only if it
satisfies the following property:

if (uy,) € D(B) is any sequence such that — 0 and Bu,, — v (in E),
thenv = 0.

DEFINITION 1.38 Assume thaB is a closable operator on a Banach space
E. The operatorB defined by (1.17and (1.18) is called the closure &f.

DEFINITION 1.39 Let B be an operator with domai®(B) on a Banach
spaceFE. A linear subspace ab(B) is called a core ofB if it is dense in
D(B), endowed with the graph north|| + || B.||.

Let B act on a Banach spadé and D a linear subspace dD(B). The
restriction of B to D is the operator

Bipu = Buforu € D = D(B|p).
The next result follows easily from the previous definitions.

PrRorPoOsSITION 1.40 Let B be a closed operator on a Banach spdceand
D alinear subspace oD(B). Then, D is a core ofB if and only if the
closure ofB|p is B, i.e., Bjp = B.
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1.3.2 A rapid course on semigroup theory

In this subsection, we give some definitions and recall several important re-
sults and properties of semigroups. Semigroup theory is a well documented
subject and we shall not give a detailed study. For more details and proofs of
the classical results given below see, e.g., Arendt et al. [ABHNO1], Davies
[Dav80], Goldstein [Gol85], Engel and Nagel [EnNa99], Kato [Kat80],
Nagel et al. [Nag86], Pazy [Paz83], Yosida [Yos65].

DEFINITION 1.41 1) A semigroup on a Banach spaéeis a family of
bounded linear operator€l'(t));>o acting onE such that

TO)=IandT(t+s)=T(t)T(s) forallt,s> 0.

2) A semigrougT'(t))+>o is called a contraction semigroup (or a contrac-
tive semigroup) iff’(¢) is a contraction operator ot for eacht > 0.
3) We say that a semigrou’(¢)):>o is strongly continuous if for every
u € E, we have

Im T (t)u = u.

t10
Note that the property in 3) is precisely the strong continuitypat 0.
From this and the semigroup property it follows tli@Y¢)):>o is strongly
continuous at eachy € [0, o).

DEFINITION 1.42 Let(7'(t))+>0 be a strongly continuous semigroup An
The generator ofT'(t)):>0 is the operatorB defined by

D(B):={u€E, Itil%l %(T(t)u — u) exists},
1
Bu:= 12%1 E(T(t)u —u) forallu € D(B).

The theory of strongly continuous semigroups was developed in order to
study existence and uniqueness of solutions to the evolution equations (or
the Cauchy problem)

du(t)= Bu(t), t>0,

whereu : [0,00) — FE satisfiesu(t) € D(B) for all ¢t > 0 is the searched
for solution.

If B is the generator of the strongly continuous semigrefift)):>o,
then for everyf € D(B), (CP) has a unique solution. The latter is given by
u(t) =T(t)f.

The following is a central theorem in semigroup theory.
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THEOREM 1.43 (Hille-Yosida) LetB be a densely defined operator éh
The following assertions are equivalent:

i) B is the generator of a strongly continuous semigroup.

i) There exists a constant such that(w, oo) C p(B) and

sup  [[((A —w)" (M — B)™"[|z(g) < oo.
A>w,neN

If the operatorB is bounded orF, then it generates a strongly continuous
semigroup. In addition, this semigroup is given by

tk Bk
tB _
€ _Z k!

k>0

By analogy tathis case, we will denote bi!?),~ the strongly continuous
semigroup generated by the operalreven whenB is not bounded.

The resolvent of the generatbrcoincides with the Laplace transform of
the semigroup, that is,

(M —B)™l = / e MetBdt for all A > w.
0

Conversely, the semigroup can be written in terms of the resolvent. This is
given by the exponential formula

ePu = lim(I — EB)_"u forallu € E.
n n
DEFINITION 1.44 Lety € (0, 5] and denote by:(v) theopen sector
YY) :={z€C,z# 0and|arg z| < ¢}.

A strongly continuous semigrof’(¢)):>o acting onk' is called a bounded
holomorphic semigroup on the sec®(v) if (T'(t)):>o admits a holomor-
phic extensionT'(2)).ex () such that for eaclt € (0,%), (T(2)).ex () is
uniformly bounded and strongly continuoudat

If the boundedness assumption on smaller sectors is not required, we say
that (7'(¢))+>0 is a holomorphic semigroup ani(«). Finally, by a holomor-
phic semigroup we mean a semigroup that is holomorphic on some sector
of angle> 0.

Note that a holomorphic semigroup on the se&t¢p) satisfies

T(z+2)=T(2)T(7) forall z,2' € X(¢).

2This notation mags sense for self-adjoint operators by the functional calculus.
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This is a consequence of holomorphy and the corresponding propetty for
andz’ > 0.

Holomorphic semigroups play an important role in the theory of evolution
equations and functional calculi. In particular, if the semigroup generated
by B is holomorphic, then

%u(t) = Bu(t), t>0,
w(0) = f

have a unique solution for every initial dafec E.

The following theorem characterizes generators of bounded holomorphic
semigroups (for a proof see, e.g., [ABHNO1], Theorem 3.7.11, [Nag86],
Theorem 1.12 Chap. A ll, or [EnNa99], Theorem 4.5 Chap. II).

r){

THEOREM 1.45 Let B be a densely defined operator on a complex Banach
spacekE’. ThenB generates a semigroup which is bounded holomorphic on
Y(v) ifand only if¥ (¢ + 5) C p(B) and for everyf € (0,1), one has

sup  [[AA = B) " z(m) < oo
AES(0+2)

Assume thatB generates aemigroup(7'(t)):>o which is bounded holo-
morphic onX(vy) for somey > 0. An application of the Cauchy formula
shows that there exists a constaiitsuch that

M
|BT (t)ul| < THuH forallu € Eandt > 0. (1.19)

Theholomorphy of the semigrouf’(¢)):>0 on the sectokE(v) also implies

that for everyd € (—,v), (T(e%t));> is a strongly continuous semigroup
on E whose generator is’ B. These results and more information on holo-
morphic semigroups can be found in the books mentioned at the beginning
of this section.

1.3.3 Accretive operators on Hilbert spaces

Denote again by{ a Hilbert space with inner product,.) and norm||.||.
Let A be an operator o, with domainD(A).

DEFINITION 1.46 We say thatd is an accretive operator if
R(Au;u) > 0 for all u € D(A).

An operatorA is m-accretive (or maximal accretive) if it is accretive and
1€ p(—A4A).
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It is clear that the operator associated with an accretive form is an accretive
operator. If the sesquilinear form is densely defined, accretive, continu-
ous, and closed, then its associated operator is m-accretive (see Proposition
1.22).

Note also that if is an accretive operator that satisfies the assumptions of
Lemma 1.29, its Friedrichs extension is an m-accretive operator. In particu-
lar, every densely defined symmetric accretive operator has an m-accretive
symmetric extension. Therefore, every densely defined symmetric accretive
operator has a self-adjoint extension.

LEMMA 1.47 Let A be a densely defined accretive operator nThen
A is closable, its closurel is accretive and for every\ € K, the range
R(M + A) isdense inR(AI + A).

Proof. Let (u,), € D(A) be a sequence such that converges td and
Au,, converges ta in H. Takew € D(A) and apply the accretivity as-
sumption to obtain

0 < R(A(up + w); up + w)
= R(Aup; up) + R(Aup; w) + R(Aw; uy) + R(Aw; w).

Lettingn — oo, we obtain¥(v; w) + R(Aw;w) > 0. We apply this with
Aw in place ofw for A > 0 and letA — 0 to obtain®(v;w) > 0. The
same inequality applied tew allows us to conclude that(v; w) = 0 and
hence(v; w) = 0. Since this holds for allv € D(A), which is dense irH,
it follows thatv = 0. We conclude by Proposition 1.37 thatis closable.

The accretivity ofA as well asthe density of R(A + A) in R(\ + A)
follows easilyfrom the definition ofA and simple approximatioarguments.
0

LEMMA 1.48 Let A be a densely defined operator éh

1) Assume tha# is closed and accretive. Thdn+ A is injective and has
closed range. In particulard is m-accretive if and only if + A has dense
range.

2) If Ais m-accretive, theri0, c0) C p(—A) and A\(AI + A)~! is a con-
traction operator onH for every\ > 0.

3) Assume thatl is accretive and denote by its closure(cf. Lemma 1.47).
ThenA is m-accretivef and only if there exists > 0 such that\] + A has
dense range.

Proof. 1) Letu € D(A) be such that: + Au = 0. The accretivity ofA
implies that

(u;u) < R(u+ Au;u) =0
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and hence: = 0. This shows thaf + A is injective.

In order to show thaf + A has closed range, we lét,,),, € D(A) be
such that the sequeneg, + Au,, converges ta € H. Since(up;u,) <
R(upn + Auy; uy) it follows thatw,, is a bounded sequence. Writing

(Un, — Uy Upy — Upy) < R(Wpy — U Uy — Uy, + Ay, — Atuyy,)

< lun — um||[[un + Awn — tpm — Aup ||,

we see thatu, ), is a Cauchy sequence.dfdenotes the limit ofu,, ),,, then
Au,, converges ta — u. The fact thatd is closed implies that € D(A)
andv =u+ Au € R(I + A).

By Proposition 1.35] € p(—A) ifand only if I 4+ A is invertible. Hence,
A 'is m-accretive if and only if + A has dense range.

2) Assume thatl is m-accretive and leX > 0. By Proposition 1.354 is
a closed operator. Thus, by the same propositioa,p(—A) if and only if
M + Ais invertible. Applying assertion 1) to the accretive operatot A,
we see that it is enough to prove that + A has dense range. Lé¢te H
be such that

(f; du+ Au) =0 for allu € D(A).

Since A is m-accretive we can find € D(A) such thatf = v + Av.
Applying the previous equality with = v, givesv = 0 and hencef = 0.
Thus,R(AI + A) is dense.

Now fix f € H and letu € D(A) be such thaf = \u + Au. We write

£ =R\ + Aus du + Au)
> N2 ||u|? 4+ 22R(Au; u)
> X2 ulf.

This implies that\(\I + A)~! is a contraction operator of.
3) By assertion 2), ifd is m-accretie then\I + A is invertible for\ > 0.
By Lemma 1.47, the rangB(\ + A) is dense inR(\] + A) = H.
Corversely, assume that/ + A has dense range for some> 0. This
implies that/ + A~' A has dense range. Thus, by 1);,' 4 is m-accretie.
Assertion 2) implies now thatl + A\~!' A is invertible for alla > 0. This
implies in particular thaf + A is invertible and hencel is m-accretie. O

The following resultis a particular case of the well-known Lumer-Phillips
theorem for generators of contraction semigroups.

THEOREM 1.49 Let A be a densely defined operator éh The following
assertions are equivalent:

1) The operatorA is closable and- A is the generator of a strongly contin-
uous contraction semigroup at.
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2) A is m-accretive
3) A is accretive and there exists> 0 such that\] + A has dense range.

Proof. The fact that 2) and 3) are equivalent is already stated in Lemma
1.48.
Assume now that 2) holds. By Lemma 1.48,00) C p(—A) and\(A I+

A)~lis a contractioroperator ont. The Hille-Yosida theorem implies that
— A generates a strongly continuous semigréug“),~o on H. Moreo\er,

for everyu € D(A), we hae

d

$H67tzu||2 = —2§R(Zeitzu; eftzu) <0.

Hence,|e~*Aul|2 < ||u||? for all ¢ > 0. From this and the density dp(A),
it follows thate—*4 is a contractioroperator onH for everyt > 0. This
shows assertion 1).

Conversely, assume thdtis closable and- A generates a strongbon-
tinuous contraction semigroqp‘tz)tzo. Hence, fort > 0

R(u — et Ay; u) > 0forallu € H.

Applying this tou € D(A) yields

_ 1 -
R(Au; u) = lim ~R(u — e Huyu) > 0,
tjo t
which showsthat A is accretie. Since—A is the generatoof a strongly

continuous contraction semigroyp, co) C p(—A). ThusA is m-accretie.
0

Let A be a densely defined accretive operatorfbrand denote byl its
closure. The operatot is accretie, too. The next theorem gives a sufficient
condition under which the operatdris m-accretie.

THEOREM 1.50 Let A be an accretive operator oH. Assume that is an
m-accretive operator satisfying the following two conditions:

1) D(S) € D(A).

2) There exists a constaatce R such that

R(Au; Su) > —a(u; Su) for all u € D(S).
Then the closurel of A is m-accretiveand D(S) is a core ofA.

Proof. Of course, we can assume> 0. Considering nowA + ol instead
of A and applying assertion 3) of Lemma 1.48, we see that we can assume
a=0.
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Let B, := A(I + 18)~! for n > 1. For eachn, the operatorB,, is
bounded onH (apply assumption 1) and the closed graph theorem). In
addition,

1 1
R (Au; (I + nS> u> = %(Au;u)+;8?(x4u; Su) > 0for allu € D(S5).
This implies thatB,, is accretive. On the other hand, the resolvent set of the

bounded operataB,, is not empty; thus by assertion 3) of Lemma 1.48 we
can conclude thaB,, is m-accretive. From the formula

1 1
I+A+=S=(I+B,) <I+S>
n n

it follows that the operatof + A + 1.5 with domainD(5) is invertible.
Hence for everyf € H and everyn, there exists,, € D(S) such that

1
Un, + Au, + ﬁSun = f. (1.20)
We claim that

1
foall < 171 and. |50 | < 211 (121

The first inequality follows form the accretivity of + %S, since

1
(Un;up) <R <un + Au, + ﬁSun; un>

= §R(f,un)
< [ fHlun -

The second inequality follows from the first one and the following estimates

HlSunH2 <R (Aun + lSun; 1Sun>
n n n

- (f s 1Sun)
n

1
§(||f||+||unH)HnSun |

Now we prove thatd is m-accretie. By Lemma 1.48, it suffices to prove
that] + A has dense rangdéctually, we will show that the operatdr+ A
with domainD(S) has dense range. Lgte H be such that

(f;u+ Au) =0 for allu € D(S5). (1.22)
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Let (un)n € D(S) bea sequence satisfying (1.20). By (1.22) we have

(f; f) = (un + Auy + 1Sun;f> = (1SUn;f> : (1.23)
n n

On theother hand, sincé& is m-accretive, it follows that the adjoint oper-
ator S* is densely defined. Consider a sequendgy), € D(S*) which
converges t¢f in H. We have

'(iSun;J‘) - (iSun;kaS H;Sun ILf — fxll
<L2[I£IIf = frll-

It follows that|(LSu,; f) — (£ Sun; fi)| converges to) ask — oo, uni-
formly with respect ta:. Thus, using the fact that

(5w | = Hltuws 01 < LIS A

(which followsfrom (1.21)), we obtain

<1Sun; f> — 0asn — oo.
n

We conclude from (1.23) thgt = 0. Thus, we have proved that the closure
B of the restriction ofd to D(S) is m-accretive. Sincé+ A is an eitension
of I + B, it follows that(7 + A)D(A) = H. Thus, A is m-accretie.
Finally, it remains to prove the equalify = A and conclude thab(.9)
is a core ofA. If u € D(A), there exists € D(B) suchthat

u+ Au=v+ Bv=v+ Av.
It follows from the fact thaf + A is injective thatu = v € D(B). O

Remark. Let.S and A be two operators acting in a Banach spacewith
norm ||.||. We assume that is closed,A is closable and)(S) C D(A).
Then there exist two constantsandb such that

|Au|| < al|Su|| + bllu|| for all u € D(S).

In order to prove this, we first observe that.s), endowed with the graph
norm ||.|| + [|S.||, is a Banach space and the restrictidg of A to D(S5)

3It is easilyseen thatl + S* is invertible with inversg( + S*)~! = ((I + S)™)".
Now, if w € H is such that{u;v) = 0 for allv € D(S*), we writeu = (I + S)¢ for
some¢ € D(S) and obtain(¢; (I + 5*)v) = 0. Since this is true for alb € D(S*) and
R(I + S*) = H, we obtaing = 0 and theru = 0.
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can be seen as an operator defined fio(¥) into X. Let (z,,, Asz,) be a
sequence in the gragh(Ag) of Ag. Assume thatz,,, Asz,,) converges in
the Banach spacB(S) x X to (z,y) (hereD(S) is endowed with its graph
norm). If A denotes the closur A, thenx € D(A) andy = Ax. Butz €
D(S) and hencey = Agz. ConsequentlyG(Ag) is closed inD(S) x X.
We conclude by the closed graph theorem thatis a continuous operator
from (D(S), ||.]| + ||S.]|) into X, and this implies the desired inequality.

On the basis of this remark, we can add to the conclusions of Theorem
1.50 that every core of is a core ofA.

1.4 SEMIGROUPSASSOCIATED WITH SESQUILINEAR FORMS

1.4.1 The semigroup on the Hilbert spacei.

In this section we use the same notation as in Section 1.2 het densely
defined, accretive, continuous, and closed sesquilinear form on a Hilbert
spaceH (see (1.2}(1.5)). Denote byA the operator associated with
Clearly, A is an accretive operator sinags an accretive form. As a conse-
quence of Proposition 1.22 and Theorem 1.49, we have

PrRoPOSITION 1.51 The operator— A is the generator of a strongly con-
tinuous contraction semigroup .

In the next result, we show that the semigroup generated Ays holo-
morphic. More precisely,

THEOREM 1.52 Suppose thaH is a complex Hilbert space. Denote by
(e4)>0 the semigroup generated byA on H. Then(e~*4),> is a holo-
morphic semigroup on the sectd)(5 — arctan M) where M is the con-
stant in the continuity assumption (1.4). In addition, for everg (0, 1],
e~**e~*4 is a contraction operator ot for all z € £(5 — arctan &) =
Y(arctan 7).

Proof. Thecontinuity assumption (1.4) implies that for everyg (0, 1]
S(Au;u)| < M[R(Au; u) + (u;u)]

< g[ﬂ?(Au; u) + e(u; u)] for all u € D(A).

Thus, if we setB := eI + A, the above inequality shows thBtis sectorial
and

M
|$(Bu;u)| < ?%(Bu; u) for allu € D(B).
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By Theoreml.53 or Theorem 1.54 below, we conclude tha® is the gen-
erator of a semigroup which is holomorphic on the seEld} —arctan %).
In addition,e*? is a contraction operator far € ¥(5 — arctan %). Since
e7tB = e~cte~t for t > 0, we obtain the theorem. O

Observe that if one could write (1.4) as
la(u,v)| < M'[Ra(u, u) + wllul*)/?[Ra(v, v) + wv]*]"/

with a constanfi/’ < M (at the cost of enlarging the constas)t then it fol-
lows that(e =), is holomorphic on the larger secti(Z — arctan M’).
In addition,e~*?e~*4 is a contraction operator oH for every z in that
sector.

Recall that every densely defined accretive operatas closable (see
Lemma 1.47). We denote b its closure.

THEOREM 1.53 Let B be a densely defined operator on a complex Hilbert
spaceH. Assume that botl? and B* are sectorial, that is, there exists a
non-negative constait such that for every. € D(B) andv € D(B*),

|S(Bu; u)| < CR(Bu;u) and |[S(B*v;v)| < CR(B*v;v).  (1.24)

Then—B generates strongly continuous semigromp‘@)tzo on H. This

semigroupis holomorphic on the sectdt(F — arctan C') and e*Bis a
contractionoperator onf for everyz € (5 — arctan C).

Proof. Using the definition of B, we seethat the first inequality in (1.24)
extends to al € D(B). On the otheihand, it follows from the definition
of the adjoint operator thaB* is an extension of B)*. Thus, (1.24) holds

forallv € D((B)*).

Now letu € D(B) be such thafju| = 1 and letA € C. Denote by dist
the usual distance i6. We have

I(M = B)u|| > |(Au — Bu; u)|
= |\ — (Bu;u)|
> dist(\, X(arctan C)).
Hencewe have

(A — B)u|| > dist()\, L(arctan C))|Ju|| for all u € D(B).  (1.25)

It follows that for A ¢ X(arctan C) (where the lattedenotes the closed
sector), the operator] — B is injective. Moreover)\I — B has closed range
R(M — B) forall A ¢ X(arctan C). To see this, leby, = \uy — Buy be a
cornvergent sequence with limit € H and apply (1.25) to obtain thétiy, )



SESQUILINEAR FORMS, ASSOCIATED OPERATORS, AND SEMIGROUPS 31

is a Cauchy sequence. Lebe the limit of(uy ). The fact that the operator
B is closed implieshatu € D(B) andv = (A — B)u € R(AI — B).

Let us shav that R(A\I — B) is dense fo\ ¢ Y (arctan C). If g € H is
such that

(g; A\u — Bu) = 0 for allu € D(B),

theng € D((B)*) and\g — (B)*g = 0. But X and the adjoin{ B)* satisfy
the same propertiegs A and B. In particulay A\I — (B)* is injective. This
implies thaty = 0 and thusR(\I — B) is dense. Ifollows that(\I — B) is
invertiblefor all A ¢ X (arctan C). In addition, (1.25)gives

1
1
<
ull < dist(\, X(arctan C'))

I\ — B)~ ul for allw € H.  (1.26)

Fix now# € (arctan C, 7). We have for every\ ¢ ¥(6),
dist(\, X(arctan C))

Al '
It follows from this and (1.26) that for alt € H and\ ¢ 3(6),

1
sin(f — arctan C)

sin(f — arctan C') <

IMNA = B) ™l <

el

Theorem 1.45 all@s us to conclude that B generates a boundédlomor-
phic semigroup on the sectd)( 5 — arctan C).

It remains toshow thate=*B is a contractionoperator for every: €
¥(5 —arctan C). Fix 6 € (0, § — arctan C') and consider theemigroup

(e7t¢""B),5. For everyu € H andt > 0

d -
‘efteleBuHQ

dt
= —2§R(ei9§e_t6193u; e_telgBu)

= —[?R(Fe_teieﬁu; e_teieﬁu) cos ) — %(Ee‘teiggu; e_tewgu) sin 6]

0 — i0F 05
<— (cog — sin 0> | (Be "By ete GBu)\.

Sinced € (0, Z — arctan O), it follows that <3¢ — sin 6 > 0. This shows
that||e~**""Bu2 is non-increasing (as a function §f Thus,

e Buy|| < ||u|| forallt >0

and this finishes the proof. O
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The sectorialityassumption of the adjoint operatB was only used to
prove that\] — B has dense rang#.we assume that there exists € p(B)
with dist(\o, X(arctan C')) > 0, then thetheorem holds without assum-
ing sectoriality of B*. In order to prove this, we only have to show that

A € p(B) for all A such thadist(\, X(arctan C')) > 0 and argue as in the
previous proof. Fix nowA such that digt\, X(arctan C')) > 0 and write

M —B=XI—B+ X —\I
:(Aof—g)[f—i- ()\ — )\0)()\0[ —E)fl].

Using (1.26) for)\, we see that\I — B is invertible for all A\ such that
|IA — Ao| < dist(Ao, X(arctan C')). Repeating this procedure, we obtain
A € p(B) for all X such thatist()\, ¥ (arctan C)) > 0. The estimate (1.26)
holds for such\ since itis only based on the sectoriality®f Finally, recall
that B is a closed operator whenever its resolvenp$ét) is not empty (see
Proposition 1.35). Thus, we have proved the following

THEOREM 1.54 Let B be a densely defined operator on a complex Hilbert
spaceH. Assume thaB is sectorial, that is,

|S(Bu;u)| < CR(Bu;u) forall uwe D(B), (1.27)

whereC' > 0 is a constant. Assume also that there exisse p(B)
with dist(Ao, X(arctan C')) > 0. Then—B generates a strongly continuous
semigroup which is holomorphic on the seckf5; — arctan C') and such
thate~*F is a contraction operator o for everyz € $(§ — arctan C).

Remark. The study ofthe holomorphy of the semigroup associated with a
form a requires that the Hilbert spadé is complex. In the case whefé is
real, one uses the following complexification procedure.

Let Hc := H + ¢H and define the form

a(u+iv,g +1ih) :=a(u,g) + a(v,h) +ifa(v,g) —a(u,h)] (1.28)

for all u,v,g9,h € D(a). The domain of the forna is given by D(a) +
iD(a).

One checks easily that the assumptions (1(2)5) carry over froma to
a. The semigroup associated wihs given by

T(t)(u+ iv) = e Ay +ie .

This is the complexification of the semigroip=‘4);>0. The semigroup
(T'(t))¢>0 is holomorphic onH¢. From this, one obtains several interesting
consequences for the semigroup4),>o on H. In particular,e 4 H C
D(A) C D(a) forall t > 0.
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1.4.2 Extrapolation to the (anti-) dual spaceD(a)’

As previously, we denote lyya densely defined, accretive, continuous, and
closed sesquilinear form on a Hilbert spaéeand by A the operator asso-
ciated witha. The semigrouge*4),> is defined oni{ and enjoys several
interesting properties. In this section, we extend this semigroup to a larger
space and prove similar properties for the extension. Our interest in do-
ing this lies in the fact that it is sometimes more flexible to work with the
semigroup on the larger space. For example, the functiene *4u has a
derivative inH att = 0 only whenu € D(A), whereas in the larger space
the derivative may exist for ¢ D(A). This gives a new point of view on
the semigroume—“‘)tzo itself, and will allow us to prove other properties
of this semigroup and its generator.

Denote byD(a)’ the anti-dual space dp(a), that is, the space of contin-
uous functional® such that

d(u+v) =d(u) + ¢(v), d(au) =ap(u) foral a € K,u,v € D(a).

WhenH is real,D(a)’ is of course the dual space bf(a).
Identifying H' with H yields

D(a) c H c D(a) (1.29)

with continuous and dense imbedding. The dualization betvig@)’ and
D(a) is denoted by .,. > (i.e., < ¢,u > denotes the value af atu for
u € D(a) and¢ € D(a)’). We note that ifp € H andu € D(a), then
< ¢,u >= (¢;u), the inner product irf.

Fix v € D(a) and consider the functional

¢(v) :=a(u,v), ve D(a).

It follows from the continuity assumption (1.4) thats continuous orD(a),
and hencep € D(a)’. Thus, it can be represented @&) = < Au,v >,
where Au € D(a)’ depends on. Using the fact thaa is sesquilinear, we
see thatA is a linear operator which map3(a) into D(a)’. In addition,
using again the continuity assumption (1.4), we have

| Aul[ p@ay = sup | < Au,v > |
lvlla<t

= sup [a(u,v)|
lolla<t

< M|lulla-

Thus, A is a continuous operator frof(a) (endowed with the norm.||a)
into D(a)’. The operatot4 can also be seen as an unbounded operator on
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D(a)’, with domainD(A) = D(a), and such that
a(u,v) = < Au,v > forallu,v € D(a). (1.30)

Now let A be the operator associated wihdefined in Section 1.2.3).
Using the fact thaD(a) is dense ind and the definition of4, we see that
Ais precisely the part ofl in H. That s,

D(A) ={u € D(A); Au € H} and Au = Au for u € D(A).

The following result shows thate~*4),>, extends fromH to the larger
spaceD(a)’.

THEOREM 1.55 Let a be a densely defined, accretive, continuous, and
closed sesquilinear form on a Hilbert spaéé Then the operator A,
with domainD(A) = D(a), generates a strongly continuous semigroup
(e=*4)>0 on D(a)". Moreover,

et =eAf for every f € Handt > 0. (2.31)

If H is complex, the semigroup—*4),> is holomorphic (onD(a)’) on the
sectory(§ — arctan M), whereM is theconstant in (1.4).

Proof. We first assume that the Hilbert spafeis complex. Givernu €
D(a), let¢p = (A + 1+ A)u. Clearly,

< g,u>=Nuju) + (u;u)+ < Au,u >
= Au;u) + (u;u) + a(u, u).

Hence,
lullz < 16l peay lulla + [M]]lu]?. (1.32)

On the other hand, by Lemma 1.9 we have for every D(a) with u # 0,

a ( ) n < ) € S (arctan M).
" ||| llw||” [|ael|

Thus,

[ullall#ll pay = llullall (A + 1 4+ A)ull pay
> < (T4 M+ Au,u> |

u u u u
=\ al —. — L 2
A+ (HuH’ Hull) * (uuu’ Hu!) el

> dist(\, —X(arctan M))||ul|%.
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We have proved that

lullalléll peay > dist(A, —X(arctan M))||ul|. (1.33)

Fix 6 € (arctan M, 7). We have, as in the proof of Theorem 1.53,
dist(\, —X(arctan M)) > |A|sin(f — arctan M)

forall A ¢ —X(#). Inserting this in (1.33) gives

lullalléllpay > clAllful for all A ¢ —5(6), (1.34)
wherec is a positive constant. The last estimate together with (1.32) gives

forall A ¢ —3(0)

1
full < (14 3) 1ol = CIOT+ 1+ Al (1.39)

The estimate (1.35%hows that\] 4+ I + A is invertible onD(a)’ for alll
A ¢ —X(6). Indeed, it is clear thakl + I + A is injective. It has dense
range becausH is dense inD(a)’ and

(M + T+ A)D(@) D (M + 1+ A)D(A) = H,

where the last equality follows from the fact that p(—A) (see Theorems
1.52 and 1.45). Finally, ifA\l + I + A)u, is a convergent sequence in
D(a)’, then we obtain from (1.35) thét.,,) is a Cauchy sequence in(a).
Itis then convergent i (a). From the continuity of4, as an operator from
D(a) into D(a)’, we obtain that thahl + I + A has closed range. Thus
M + I+ Aisinvertible inD(a)’ for A ¢ —X(0).

Now letv € D(a). We have

A <u,v>|=]|<d,v>—(u;v) —a(u,v)|
<ll¢llp@yllvlla+ (M + Dullallva-

Taking the supremum ovélw ||, < 1 and using (1.35), we obtain

IMllullp@y <Nl + (M +1)l|ulla
<18l p@y + (M + 1)C| ¢l pay
=C'||(M + I+ A)ul| pay-

We have proved that/ + I + Ais invertible onD(a)’ for A ¢ —%(¢) and

sup AL+ T+ A) " £(pay) < o0
AE—3(0)
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Theorem 1.4%nsures that-(A + I) generates oD(a)’ a semigroup
which is bounded holomorphic on the seci§ — arctan M).

Now weprove (1.31). Letf € H andu(t) := e *Af — e~ 4 f. From the
embeddingd C D(a)’, it follows that £e~!4 f exists (ateacht > 0) in
D(a)’ and equals-Ae *A f = — Ae~t4 f. This gives

Lult) = —Au(t), 1> 0.
Thus,u(t) = e~*A4(0) = 0 and the desired equality holds.

We have proved the theorem in the case whidres complex. Now, if
H is real, we use the complexification argument described in the Remark at
the end of the previous section. One obtains then a holomorphic semigroup
(T'(t))e=0 on (D(a) + iD(a))’ whose generator is (minus) the operator as-
sociated with the form defined in (1.28)). ¢f € D(a)’, then it can be
written as the limit (inD(a)’) of a sequencéu,,) € H and hencel’(t)¢
is the limit of T'(t)u,, = e~*4u, € H. ConsequentlyZ'(t)¢p € D(a)’ for
everyt > 0. ThereforeT'(t)D(a)’ C D(a)’ for all t > 0. Thus, the restric-
tion of (T'(t)):>0 to D(a)" is then a strongly continuous semigroup whose
generator is-A. a

It is shown in this proof that iff is complex, the semigroup satisfies

—Z

sup |le ZA||L (D(a)) < ©

z€X(¢)

forall0 < ¢ < 5 — arctan M. Forthe same reasons as in Theorem 1.52,
we have

—EZ

sup [le e || z(p(ay) < o0

Z€X(¢)

forall 0 < ¢ < Z — arctan 2% and alle € (0, 1].
If the forma is sectorial, i.e.,

|Sa(u, u)|| < MRa(u,u) for allu € D(a), (1.36)
then

sup [l z(pay) < o0
2€X()

forall0 <+ < § — arctan M. The proofis the same as the previous one,
replacing (1.4) by (1.36). That is, we can repldce.A by A in the previous
proof.



SESQUILINEAR FORMS, ASSOCIATED OPERATORS, AND SEMIGROUPS 37

Note also that these estimates hold in(a), ||.|[a). More precisely, for
everye € (0,1],

sup He_sze_ZAHL(D(a)) < 00 (1.37)
z2€X()

forall 0 < ¢ < I — arctan 2£. Indeed, let. € D(a) and write

le™* ulla =R < e™* A hu, e *Au > +|e > ulf?
< e Aul| pay lle™* ulla + e ul.

Hence,
le™*Aullz < lle™ A hul|Bay + 2lle* ull. (1.38)

It follows from Theorem 1.52 and the above observations that both terms
He*zse*ZAHD(a)/ andHe*zge*ZAHﬁ(H) are uniformly bounded ok(¢)) for

0 <9 < §—arctan % Using this andhe fact that4 is a bounded operator
from D(a) into D(a)’, we see that (1.37) follows from (1.38).
Again, if we assume the stronger condition (1.36), we obtain

sup [le™*|z(pay) < o (1.39)
2€5(¥)

Proof of Lemma 1.25irst,e "4 H C D(A) for all ¢ > 0. Indeed, ifH is
complex the semigroup generated byl is holomorphic onH (cf. Theo-

rem 1.52) and this implies trivially the above inclusion. Nowifis real, we

use again the complexification argument to obtain a holomorphic semigroup
(e=tA+i4)),55 on H + iH, from which we obtaire *AH C D(A) for

t > 0. We prove that every, € D(a) can be approximated ifD(a), ||.||a)

by e *4u. We have

le Ay —ul2=R < e Au — Au, e u — u > +]le Au — u?
<lle™" Au — Aul| paylle™u = ulla + [le™u — ul|*.
Hence
le™u —ul3 < lle™" Au — Aulpay + 2lleu —ul|?.
The strong continuity ofe~*4);>¢ on D(a)’ and of(e~*4);~o on H imply

He_tA

u—ulla— 0ast — 0.
This proves the lemma. a

Itis seen in this proof that*AH C D(A) C D(a) fort > 0 and that the
restriction of(e~*4),> is a strongly continuous semigroup @B (a), ||.la)-
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If the Hilbert spaceH is complex, then Theorem 1.55 and the same argu-
ments as in the above proof show that

le*Au — ulla — 0as z — 0,z € B(¢)

for everyu € D(a) and every) € [0, 5 — arctan M).

If for eacht > 0, T'(t) denotes the restriction of*4 to D(a), then
(T'(t))¢>0 is a strongly continuous semigroup oM (a), ||.|[a). It is also
holomorphic on the sectai(7 — arctan M) when the spacél is complex.
If —B denotes the generator &f(t):>o, then B is the part ofA in D(a),
that is,

D(B)={ue€ D(A),Au € D(a)}, Bu= Auforallu € D(B).

1.5 CORRESPONDENCE BETWEEN FORMS, OPERATORS, AND SEMI-
GROUPS

Let a be a sesquilinear form ofl which satisfies the standard assump-
tions (1.2)-(1.5). One associates withan operatord and a semigroup
(e7*)>0. In this section we show that there is a unique correspondence
between sesquilinear forms and a class of operators and semigroups.

The first result shows thatcan be described completely by its associated
semigroup(e™*4);>¢.

LEMMA 1.56 Leta be a densely defined, accretive, continuous, and closed
sesquilinear form. Let € H. Thenu € D(a) if and only if

1
sup —R(u — e My u) < oo,

t>0

In addition, foreveryu,v € D(a)

a(u,v) = lim = (u — e *u;v).

tlo t
Proof. Letu,v € D(a). By Theorem 1.55 we have

1 tA 1 tA

;(u—ef u;v):¥<u—67 U, v > .

Sinceu € D(a) = D(A), we have

1
n <u—eMuv>o< Au,v >= a(u,v) ast — 0.
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This proves the last assertion of the lemma. In particular,

1 —tA

Z(u —e “uyu) — a(u,u) for all w € D(a).

Assume now that € H is such thakupt>0 t%( u—e ;s u) < oo. For
A > 0, we write for simplicity (Al + A)~! = R()). We have

Ra(AR(N)u: \AR(\u)

RAAR(A)u; AR(N)u)

— RA(u — AR(N)u; AR(\)u)
< RA( /\R( ) u)
:9?/ — e Ay u)dt
_ ety > 2,-M
Si‘glg*%@ : )/0 26 My

1 —tA > —s
=sup —R(u — e “u;u) se*ds.
t>0 0

It follows now that \R(\)u is bounded uniformly with respect t& in
(D(a), ||.|la) (recall thatAR(\) is a contraction operator oH by Propo-
sition 1.22). In addition\AR()\) converges strongly to the identity operator
in H as\ — +oo (this can be seen by again using Proposition 1.22 and
|lu — AR(N)u|| = [[R(N)Au|| < A7Y|Au| for w € D(A). The desired
convergence then follows by the density/ofA) in H). By Lemma 1.32,

we deduce that € D(a). O

A natural question is how to recognize in Hilbert spaces those operators or
semigroups that are associated with sesquilinear forms. In the next results,
we describe such operators and semigroups.

If A is the operator associated with a densely defined, accretive, contin-
uous, and closed sesquilinear foemthen ! + A is sectorial (cf. Lemma
1.9) andA is m-accretive (cf. Proposition 1.22). The next result shows that
these properties characterize operators that are associated with sesquilinea
forms.

THEOREM 1.57 Let A be an m-accretive operator on a complex Hilbert
spaceH. Assume thai+ A is sectorial. Then there exists a unique sesquilin-
ear forma which is densely defined, accretive, continuous, and closed and
such thatA is the operator associated with

Proof. Define the form

b(u,v) := (Au;v), D(b) = D(A).
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By Lemmal.29, the fornb is closable. Let4d; be the operator associated
with the closurea := b of b.* By assumption] + A is invertible. By
Proposition 1.22] + A; is invertible, too. Thus] 4+ A; is an extension
of I + A and both operators are invertible. This implies tHat= A; and
henceA is the operator associated with the foam

The uniqueness daf follows from Lemma 1.25. O

If we assume in the previous theorem thiais sectorial, then the associ-
ated forma is sectorial. This follows from the above proof, since tleis
sectorial and this also holds for the closare: b.

Note also thaif A is self-adjoint, thera is a symmetric form.

Theorem 1.53 asserts that the semigroup generated by (minus) the oper-
ator associated with a sesquilinear form is holomorphic arid—*4 is a
contraction operator for everyin some sector. Here we give a converse to
that result.

THEOREM 1.58 Let(T'(t)):>0 be a contraction semigroup acting on a com-
plex Hilbert spaced. Assume that this semigroup is holomorphic on the sec-
tor X(¢) (for somey € (0, 7)) and sub that for every: € X(v)), e *T'(2)

is a contraction operator ott{. Then the generator qfl'(¢)):>o is (Minus)

the operator associated with a densely defined, accretive, continuous, and
closed sesquilinear form.

Proof. Denote by— A the generator of the contraction semigra@jgt) );>o.
The operatod is accretive by Theorem 1.49. Now fixe (0, ). The semi-
group(T'(te®)e~'<""),~ is contractive orH and its generator is-¢? (I +

A). Thus,e (I + A) is accretive and hend®(e'? (I + A)u; u) > 0 for every

u € D(A). This givesS(Au; u) < ==;R((I + A)u; u). For similarrea-
sonsR(e~(I+ A)u;u) > 0and thus—S(Au; u) < LRI+ A)u; u).

It follows that/ + A is a sectorial operator. The proof is finished by applying
Theorem 1.57. O

Remark. If we assume that~**T'(z) is a contraction operator for every
z € X(v), then we obtain an operatat such thain! + A is sectorial. In
particular, if'(z) is a contraction for alk € (1), then A is sectorial.

Applying Lemma 1.56, we can reformulate the above theorem as follows.

THEOREM 1.59 Let(T'(t)):>0 be a contraction semigroup acting on a com-
plex Hilbert spacdd. Assume that this semigroup is holomorphic on the sec-
tor X(¢) (for somey € (0, 7)) and sud that for every: € X(v), e *T'(2)

4 A is the Friedrichextension ofA.
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is a contraction operator oit/. Then the form given by

1
a(u,v):= ltil%l ;(u —T(t)u;v),

1
D(a):= {u € H,sup ~R(u — e Hu;u) < oo} ,
>0t

is densely definedyccretive, continuous, and closed afifi(t)):>o is its
associated semigroup.

Notes

The material of this chapter is known. See Davies [Dav80], Kato [Kat80], Lions
[Lio61], Reed-Simon [ReSi80] or Tanabe [Tan79]. Our presentation is however
different and some proofs are simplified by using semigroups from the beginning.
One of the aims of this chapter is to give a systematic account of the interplay be-
tween forms, operators, and semigroups.

Sections 1.1 and 1.2Bounded sesquilinear forms on Hilbert spaces can be found
in many textbooks on Functional Analysis. For the Lax-Milgram lemma see, e.g.,
Brezis [Bre92], Lions [Lio61], Yosida [Yos65].

An exhaustive study of sectorial forms can be found in [Kat80]. In [ReSi80]
closed sectorial forms are called strictly accretive. Note also that the notion of a
sectorial form in [ReSi80] is slightly different from ours. Operators associated with
forms are called regularly accretive in [Tan79].

Proposition 1.13 is sometimes considered as the definition of a closable form.
Example 1.2.1 of a symmetric form which is not closable is borrowed from [Kat80].
At this point, we mention the following remarkable result proved by Simon [Sim78]
(see also Reed-Simon [ReSi80]).

Theorem. Leta be a symmetric non-negative form on a Hilbert sp@teThen,
there exists a largest closable symmetric f@anthat is smaller thara.

In this theorem, a symmetric forimis said to be smaller thamif D(a) C D(b)
andb(u, u) < a(u,u) forallu € D(a).

Proposition 1.18 and related results can also be found in [Kat80]. Theorem 1.19
is often called the KLMN theorem. The version given here can be found in [Kat80]
(where it is formulated for sectorial forms). This theorem was proved in various
versions by Kato [Kat55], Lions [Lio61], Lax-Milgram [LaMi54]. See also Nelson
[Nel64] and Reed-Simon [ReSi75].

Section 1.3 Semigroup theory and its various applications is a well documented
subject; hence we make only brief comments and give some more references. The
fundamental Hille-Yosida generation theorem was proved in 1948 and became the
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starting pointof the subsequent theory of semigroups. Because of applications to
equations of different types and because of interactions with other fields of analysis
and probability, the theory has seen important developments. Several textbooks on
semigroups are now available. Systematic treatments of semigroups as well as ap-
plications to many equations can be found in Arendt et al. [ABHNO1], Clement
et al. [CHADPS8T7], Davies [Dav80], Engel-Nagel [EnNa99], Fattorini [Fat83],
Goldstein [Gol85], Hille-Phillips [HiPh57], Kato [Kat80], Nagel et al. [Nag86],
Pazy [Paz83], Robinson [Rob96], Yosida [Yos65]. For holomorphic semigroups
and applications to parabolic problems, see Amann [Ama95] and Lunardi [Lun95].
Applications to Volterra equations are given in Engel-Nagel [EnNa99] aiidsPr
[Pru93].

We gave the definition of accretive operators only in the Hilbert space case. The
reason why we considered only operators on Hilbert spaces is to make connection
with operators that are associated with accretive forms. The definition makes sense
for operators acting on Banach spaces. This was introduced by Phillips [Phi59]
(he used the terminology of dissipative operator; which means-thiats accre-
tive). A linear operatord acting on a Banach spaéeis called accretive (o A is
dissipative) iff < Au,u* >> 0forall u € D(A) and some:* in the subdiffer-
ential of the norm|.|| g of E atx. Thatis,u* is in the dual spac&” and such that
|u*||zr < 1and< u,u* >= ||u||z, where< .,. > denotes the pairing betweén
andFE’.

Theorem 1.49 is the Hilbert space version of the well-known Lumer-Phillips
theorem proved in [LUPh61]. The latter holds for accretive operators on any Banach
space. Note also that similar theorems hold for nonlinear accretive operators, see
Bénilan-Crandall-Pazy [BCP90].

Theorem 1.50 is due to Kato and is taken from Okazawa [Oka80], where Banach
space versions are also given.

Sections 1.4 and 1.5Related results to Theorems 1.53 and 1.54 can be found in
Goldstein [Gol85] and Kato [Kat80]. Theorem 1.55 can be found in a different
form in Tanabe [Tan79], but here we give a more precise angle of holomorphy in
D(a)’. Lemma 1.56 is an extension to the nonsymmetric case of a well-known re-
sult for symmetric forms (in the latter case, it is usually proved by using the spectral
theorem for self-adjoint operators). The "if” part of this lemma is shown in Albev-
erio, Rdckner, and Stannat [ARS95] and the "only if” part in Ouhabaz [Ouh92a]
(see also [Ouh96]). Finally, Theorems 1.57 and 1.58 are implicit in [Kat80] and
[Tan79].



Chapter Two

CONTRACTIVITY PROPERTIES

Let H be a Hilbert space ovdk = R or C. Denote bya a sesquilinear
form on H. We assume thatis densely defined, accretive, continuous, and
closed (see (1.2)(1.5)). Denote b its associated operator. We have seen
in the previous chapter thatA generates a strongly continuous semigroup
(e7t);>0 on H. Assume now thafl = L%(X,u,C), where(X, ) is a
o-finite measure space. Several properties of the semigroup like positivity,
LP-contractivity, domination, and so on can be characterized in terms of the
operatorA. However, in most applications, one does not precisely know the
operatorA. Typical situations where this occurs are whris an elliptic
operator with measurable coefficients and acts.é(2), where( is any
open subset o0R™ (see Chapter 4). Thus, characterizations in terms of the
generator cannot be applied in several situations. On the contrary, in most
situations one knows the form® Therefore, criteria for properties of the
semigroup(e~*4);>¢ would be more useful and powerful if they are given
in terms of the form.

In the present chapter, we give criteria in terms of the farfor posi-
tivity, irreducibility, and L>-contractivity of the semigroufe=*4),>¢. We
also study the domination property of semigroups by using the associated
forms. The results are in the spirit of the famous Beurling-Deny criteria.
The latter characterize the sub-Markovian property of semigroups associ-
ated with symmetric forms. We will consider forms that are not necessarily
symmetric and recover the Beurling-Deny criteria. The method used here
works also for semigroups acting on vector-valued functions. The approach
is based on criteria for invariance of closed convex sef$ ahder the action
of the semigroup. These criteria hold in a general setting. The previously
mentioned properties of the semigroup are obtained as particular cases, by
choosing the appropriate convex set.

It should be emphasized that all the results in the present chapter hold in
both complex or real spaces. We do not distinguish the two cases unless
we mention this explicitly. As in the previous chapter, we write real and
imaginary parts of elements & without assuming< = C. In the case

1Usually, onestarts by defining the form, hence its expression and domain are known.
The associated operatar is given by Definition 1.21. In several situations, one cannot
describeA precisely.
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of real Hilbert spaces, the real paft should of course be omitted in the
statements.

2.1 INVARIANCE OF CLOSED CONVEX SETS

Let H be a complex or real Hilbert space with norm and scalar product
denoted byj|.|| and(.;.). Leta be a densely defined, accretive, continuous,
and closed sesquilinear form éh Denote by4 and(e~*4);>, the operator
and semigroup associated with_etC be a non-empty closed convex subset
of H and denote byP the projection ofH ontoC. Recall that for every

f € H,Pf e and satisfies

If =Pl = min [ f — gl
It is an elementary fact th& f is characterized by
[h=Pfle[heCandR(f —h;g—h)<OforallgeC]. (2.1)

This section is devoted to characterizations, in terms of the forof the
invariance of the convex sétunder the action of the semigro(n@*m)tzo.
That is, the property

e HAC C Cforallt >0,

by which we mear—*4u e C for everyu € C and everyt > 0.
We first show the following

PrRoPOSITION 2.1 The following assertions are equivalent:
1) e t4¢c C Cforall t > 0.
2) MM + A)~lc C Cforall A > 0.

Proof. Assume that for alt > 0,e¢*4C C C. Let A > 0 andu € C. Since
the resolvent is the Laplace transform of the semigroup, we have

MM+Arw=A/ e Me Myt
0

Assume for a contradiction tha{ A\l + A)~!u ¢ C. By the Hahn-Banach
theorem, there exist a constantc R and a linear continuous functional
on H such that

RO + A)"tu) > a > Re(g) forall g € C.
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Applying this withg = e~*44 gives

/ e Moy
> Ro (/ e Me tAudt)
0

= RO + A)u)

RO + A)~"

which is not possible.

Conversely, assume that for evexy> 0, \(A\I + A)~! leavesC invari-
ant. Hencg A\(A + A)~1)™ leavesC invariant for everyn € N. Using the
exponential formulae

n—oo

t —-n
e~y = lim <I + A) w forallue H
n

and the fact thaf is closed, one obtains assertion 1). O

The following theorem gives criteria in terms of the form for the invari-
ance of the closed convex ggtinder the semigroufe—*4);>¢.

THEOREM 2.2 Letabe a densely defined, accretive, continuous, and closed
sesquilinear form orH. The following assertions are equivalent:

1) e tAC C Cforall t > 0.

2)P(D(a)) C D(a) andRa(Pu,u — Pu) > 0forall u € D(a).

3)P(D(a)) € D(a) andRa(u,u — Pu) > 0 forall u € D(a).

4) There exists a cor® of a such thatP(D) C D(a) and

Ra(Pu,u — Pu) > 0forallu € D.

Proof. We show that 1) implies 2).
Let us writeR(\) := (M + A)~! for A > 0. Note thatR(\)H C D(A)
andAR(\) = I — AR()\). Fixu € D(a) and observe that

Ra(AR(\)Pu, AR(\)Pu)
— RA(AR(\)Pu; AR(\)Pu)
=RA(Pu — AR(A)Pu; AR(A\)Pu — Pu) + RA(AR(N)Pu; Pu)
< RA(AR(N)Pu; Pu)
=RA(Pu — AR(AN)Pu; Pu — u) + RA(AR(N)Pu; u).
Now by Proposition 2.1, we haveR(\)Pu € C. Hence

R(Pu— ARN)Pu; Pu—u) <0
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by (2.1).It follows from this and the continuity of the forathat

Ra(AR(N)Pu, AR(A)Pu) <RAARN)Pu; u)
=Ra(AR(\)Pu,u)
< MIIAR(N)Pullallula

1 M?
< 5|MR<A)73UH:=12 + 7\\u\la2
1 1
= 5 Ra(AR(A)Pu, AR(\)Pu) + 5|\AR(A)7>u||2
M2
+7HU||a2~
We hare then shown that fok > 0,
Ra(AR(A)Pu, AR(N)Pu) < | AR\ Pul> + M2|jua>.

Since AR(\) is a contraction operator oH (see Proposition 1.22), we
obtain

Ra(AR(A)Pu, AR\ Pu) < ||Pul|* + M?|jula>.

This inequality implies in particular thdt R(\)Pu)r~¢ is bounded (with
respect to\) in the Hilbert spacéD(a), ||.||a). On the other handR(\)Pu
converges i to Pu as\A — oo. Lemma 1.32 can be used to conclude that
Pu € D(a). Thus,PD(a) C D(a).

By Lemma 1.56, we have for everyc D(a)

Ra(Pu,u — Pu) = }iﬂ(l) %%(Pu — e APusu — Pu).
But for allt > 0,
R(Pu — e 4 Pusu — Pu) >0,

because of (2.1) and the fact that*APu € C. This givesRa(Pu,u —
Pu) > 0forall uw € D(a) and proves assertion 2).
Assume now that 2) holds. Since the foans accretive,

Ra(u — Pu,u — Pu) > 0 forallu € D(a).
Hence,
Ra(u,u — Pu) = Ra(u — Pu,u — Pu) + Ra(Pu,u — Pu) > 0,

which is assertion 3).
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We show that 3) implies 1). Givem € C we apply 3) toAR(\)u, where
A > 0is fixed. We have

0 <Ra(AR(A)u, AR(\)u — PAR(Au)
=AR(u — ARAN)u; AR(A)u — PAR(A)u)
=AR(u — PAR(AN)u; AR(A\)u — PAR(A)u)
FAR(PAR(A)u — AR(N)u; AR(AN)u — PAR(AN)u)
<AR(u — PAR(A)u; AR(N)u — PAR(N)u).

Sinceu € C, one has by (2.1)
R(u — PARN)u; AR(A)u — PAR(MN)u) < 0.
Therefore, it follows from the previous inequalities that
IPAR(N)u — AR(A)ul|| = 0.

Hence,AR(\)u € C for all A > 0 and allu € C. Assertion 1) is then
obtained by applying Proposition 2.1.

Obviously, 2) implies 4). Now, we prove that 4) implies 2).

Givenu € D(a) and let(uy,), € D be a sequence which converges:to
for the norm||.||a. We apply 4) and the continuity assumption to obtain

Ra(Puy, Puy) = Ra(Pup, Puy, — uy) + Ra(Puy, uy)
< Ra(Pun, uy)
< M| Punllallunlla

1 M?
< SIPunll? + - lluall?

1 1 M?
= —Ra(Pun, Pun) + =||Pun|* + —||ua2.
2 2 2
This implies that
%a(Pun,Pun) < ||73Un||2 + M2”Un||g>

from which it follows that(Pu,,), is a bounded sequence () (a), ||.||la)
(note thatPu,,),, is bounded inH, sinceP is continuous). We conclude by
Lemma 1.32 thaPu € D(a). In addition, the same lemma and assertion 4)
give

Ra(Pu, Pu) < liminf Ra(Puy, , Puy,) < liminf Ra(Puy, , un, ).
But

a(Pun,,, un,) — a(Pu, u) = a(Pup, — Pu,u) + a(Pup, , tn, — u).
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The seconderm on the right-hand side converge$ &ince(u,,, ) converges
to u for the norm||.|[a and the sequencgPuy, |/a) is bounded. The first
term also converges ta This follows from the fact that — a(v,u) is a
continuous linear functional aR(a) and(Pu,, ) converges weakly id)(a)
to Pu. Thus,lim inf Ra(Puy, , u,,) = Ra(Pu,uw). This together with the
previous inequalities give assertion 2). O

Remark. The assertions in the previous theorem are also equivalent to:
3") There exists a cor® of a such thatP(D) C D andRa(u,u —Pu) > 0
forall u € D.

Indeed, assume that 3") holds and fixe D ande > 0. Defineu, :=
Pu+e(u—"Pu). We haveu, € D andPu. = Pu. Applying 3°) tou. gives

Ra(Pu,u — Pu) + ea(u — Pu,u — Pu) > 0.
Lettinge — 0 yields assertion 4) of the previous theorem.

In the case where the formis symmetric, the criteria of Theorem 2.2
can be given in terms of the quadratic form. More precisely,

THEOREM 2.3 Assume thad is a densely defined, symmetric, accretive,
and closed form ot{. The following assertions are equivalent:

1) e tAC C Cforall t > 0.

2) P(D(a)) € D(a) anda(Pu,Pu) < a(u,u) forall u € D(a).

3) There exists a cor® of a such thatP(D) C D(a) anda(Pu,Pu) <
a(u,u) forall u € D.

Proof. Assume that 3) is satisfied. Lete D(a) and(u,), € D be a se-
quence which converges towith respect to the norr.||. By assumption,
we have for every:

a(Pup, Puy) < aun, uy).

Hence,(Pu, ), is a bounded sesquence (i (a), ||.||la). SincePu,, con-
verges tdPu in H, it follows from Lemma 1.32 thaP« € D(a) and

a(Pu, Pu) <liminf a(Puy,, Pu,)
<liminf a(uy, uy,)
=a(u,u).

This shows that assertion 2) holds.



CONTRACTIVITY PROPERTIES 49

Assume now that 2) holds. By the Cauchy-Schwarz inequality, we have
for everyu € D(a)
Ra(u,u — Pu) =a(u,u) — Ra(u, Pu)
> a(u, u) — a(u, u)/2a(Pu, Pu)'/?
>0.
We apply Theorem 2.2 to obtain assertion 1).
Assume that 1) holds. By the previous theorem, we IRwve= D(a) for
everyu € D(a) andRa(Pu,u — Pu) > 0. Using this, we can write
a(Pu, Pu) =Ra(Pu, Pu — u) + Ra(Pu, u)
< Ra(Pu,u)
<a(Pu, Pu)'/a(u,u)',

which gives assertion 2). This proves the theorem since 2) implies 3.

2.2 POSITIVE AND LP-CONTRACTIVE SEMIGROUPS

In this section, we apply the criteria obtained in the previous section to study
positivity and LP-contractivity properties of semigroups. We will state the
results when thd.”-spaces in consideration are complex but all the results
are valid if the spaces are real as mentioned in the previous section.

We assume in this section that = L?(X, u,C), where(X, ) is ao-
finite measure space. Let

Hg = L*(X,;1,R)
be the subset aff of real-valued functions and
H":={feH, f(x) >0paerc X}
the cone of non-negative functions.

DEFINITION 2.4 Let(7(t)):>0 be a strongly continuous semigroup éh
We say thatT'(t)).>o is real if I'(t) Hr C Hpg for all t > 0. The semigroup
(T(t))e>0 is positive if"(¢)Ht C H* forall ¢ > 0.

For agivenu € H, we denote byi := fu—iSwu the conjugatéunction of
u. By |u| we denote the absolute valuewfi.e., the functiont — |u(z)| :=

\/u(z)u(x)) and bysign u thefunction defined by

. - % if u(x) # 0,
sign u(z) = { \ (O)I it u(r) = 0 (2.2)
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Foru,v € Hg, we setu™ := sup{u,0},u~ := sup{—u,0},u Av :=
inf{u,v},u Vv :=sup{u,v}andl A u :=inf{l, u}.

Remark. All the inequalities (and equalities) between measurable func-
tions of H are understood in the a.e. sense. We often omit writing
a.e.

Leta be a densely defined, accretive, continuous, and closed sesquilinear
form on L?(X, 1, C). Denote again byA its associated operator and by
(e7*)4>0 the semigroup generated byA on L?(X, 1, C). Note that the
assumption thad is densely defined can be removed in all the results below
(except Theorems 2.9 and 2.10, which must be reformulated differently for
non-densely defined forms). See Section 2.6 below.

PrRopPOSITION 2.5 The following assertions are equivalent:

1) The semigrouge—4);> is real.

2)u € D(a) = Ru € D(a) anda(Ru, Su) € R.

3)u € D(a) = u € D(a) anda(u,v) € R for everyu,v € D(a) N Hg.
4) There exists a cor® of a such thathu € D(a) anda(Ru, Su) € R for
allu e D.

Proof. The fact that the semigrouf@ ‘1)~ is real is equivalent to the
fact that(e—“‘)tzo leaves invariant the closed convex get= Hg. The
projection ontoHR is given byPu = Ru. By Theorem 2.2, assertion 1) is
equivalent to

u € D(a) = Ru € D(a) and Ra(Ru,iSu) > 0.

By the same theorem, it is enough to considém a coreD of a. Applying

the latter inequality to-Ru + iSu shows that(Ru, Su) € R. This shows

the equivalence of the assertions 1), 2), and 4). The equivalence of 2) and
3) is obvious. O

THEOREM 2.6 The following assertions are equivalent:

1) The semigrouge—*4),> is positive.

2)u € D(a) = (Ru)™ € D(a),a(Ru, Su) € Randa((Ru)™, (Ru)™) <

0.

3) There exists a cor® of a such that®u)* € D(a), a(Ru, Su) € R and
a((Ru)™, (Ru)™) <Oforallu e D.

4) The semigrouge—4)> is real and for every, € D(a) N Hg we have
ut € D(a)anda(u™,u) <0.

Proof. Consider the convex s& = H™'. The projectionP is given by
Pu = (Ru)™.
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The equivalence of the first three assertions follows from Theorem 2.2
and Proposition 2.5, since a positive semigroup is in particular real. Clearly,
each of these assertions implies 4). Conversely, if 4) holds, there
D(a) N Hg anda(Ru, Su) € R for all w € D(a) by the previous proposi-
tion. Applying then 4) tdru gives assertion 2). O

THEOREM 2.7 Assume that the form is symmetric, densely defined, ac-
cretive, and closed. The following assertions are equivalent:

1) The semigrouge*4),> is positive.

2)u € D(a) = (Ru)™ € D(a) anda((Ru)™, (Ru)™) < a(u, u).

3) There exists a cor® of a such that®u)* € D(a) and

a((Ru)™, (Ru)t) < a(u,u) forall u € D.

4) The semigroupe—*4),> is real and for every, € D(a) N Hg, we have
lu| € D(a) anda(|ul, |u|) < a(u,u).

Proof. Applying Theorem 2.3 wittC = H* andPu = (Ru)* gives the
equivalence of the first three assertions.

Foru € D(a) N Hg, one writesu = u™ —«~ and|u| = u™ + u™.
Thus,u™ € D(a) for all w € D(a) N Hg if and only if |u| € D(a) for
alluw € D(a) N Hg. Since the inequalita(|ul, |u|) < a(u,u) is equivalent
to a(u™,u~) < 0, the equivalence of assertions 1) and 4) follows from
Theorem 2.6. a

DEFINITION 2.8 Let(e~*4);>( be the semigroup associated with the form
aonH = L*(X,u,C). We say thale %), is irreducible if for every
t > 0 and every nonzero functighe H*, we have

e f(x) > 0 for pa.e.x € X.

As for positivity, we wish to characterize in terms of the foanthe irre-
ducibility of its associated semigrodp—*“),>¢. In order to do this, we have
to reformulate the irreducibility property in terms of invariance of closed
convex sets. This reformulation is given in the following result.

THEOREM 2.9 Letabe a densely defined, accretive, continuous, and closed
form on L2(X, 1, C) and assume that its associated semigréep4);>o

is positive. The following assertions are equivalent:

1) (e7*4);> is irreducible.

2) If the semigrouge—*4),>¢ leavesL?(Q, i, C) invariant for some subset

Q2 of X, then eitheru(2) =0 or u(X \ ) = 0.

Note thatin this theorend,? (€2, i, C) is seen as the subspacd3{ X, i, C)
of functions which are zergia.e.) onX \ Q. Given f € L?(Q, u,C), we
denote again by the function inL?(X, 1, C) which takes the valué (u
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a.e.) onX \ © andcoincides [ a.e.) withf on 2.

Proof. Assume that assertion 1) holds.(#%4);~, leaves invariant a sub-
spaceL?(Q, u,C), thene 4 f is 0 (1 a.e.) onX \ Q for all ¢t > 0 and
f € L2, u,C). If u(Q) > 0, then we can apply this to a nontrivial> 0.
We then obtain from 1) that(X \ ) = 0.

Assume that 2) is satisfied. Let< f € L?(X, u, C) be a nontrivial func-
tion and letr > 0. SetQ := {e~"4 f = 0} (the set on whick =" f is 0, 1
a.e.) and assume for a contradiction thé®) > 0. We have(e 74 f; ¢) =
0 for everye € L?(9, u, C). By strong continuity ofe~*4),, we can find
a sequence, € (0,7) such thatle t4f — f|o < 27™. Set

foi=e A fand gy = f =) (f = fi)?
k>n

We have

gn < f — (f_fm)Jr :inf{f7fm} < fm forallm > n.

Using the positivity of the semigroup, we obtain for all > n, and all
0<¢eL*Q,uC),

0< (e tmAgrig) < (e TmAf, 0 )
AL 9)

(e
0.

Hence we have for evemy. > n,
(6 (T tm)A + Qb) =0.

The semigrouge )~ is holomorphic onff (see Chapter ). Hence
we obtain from the above equality that

(e7HgF p) =0 forallt > 0.
Lettingn — oo, we obtain
(e A f:¢) =0forallt > 0,4 € L*(Q, u,C). (2.3)
Settingh := e~ "4 f, we have from (2.3)
(e7*h;¢) = 0forallt > 0,¢ € L*(Q, 1, C). (2.4)

2If H is real, oneargues similarly by using the complexification procedure, as explained
in the previous chapter
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Given now0 < g € L?(X \ Q,u,C) and fix¢p € L?(Q, s, C). We may
write g = (g — nh)* + inf{g, nh}. It follows from (2.4) that

(e (inf{g,nh}); 9)| < n(e” " hs|g]) = 0.
This implies that

(e g;0) = (e (g —nh)*; 9).

using the facts thag € L?2(X \ 2,,C) and2 = {h = 0}, we see that
(9 —nh)* — 0in L?(X, u, C) asn — oo. Taking the limit in the previous
equation yields

(e_tAg; ¢) = 0forall t > 0.

Since this is true for alp € L2(Q, u,C) and allg € L?(X \ Q, u1,C), we
conclude thate=*4);>¢ leavesL?(X \ ©, u, C) invariant. Assertion 2) and
the hypothesig(£2) > 0 imply thatu(X \ ) = 0. This and (2.3) fot = 0,
then givef = 0 (1 a.e. onX), which is a contradiction. O

We can apply the previous criteria for invariance of closed convex sets
to characterize the irreducibility of semigroups. The projection onto the
closed convex sek?(§2, u, C) is given byPu = xqu, whereyq denotes
the characteristic function @. Theorem 2.2 shows thét—'4),>, leaves
L*(9, p1, C) invariant if and only if

xau € D(a) and Ra(xou, xx\ou) > 0 for allu € D(a).

By the same theorem, it is enough to check this condition fiarsome core
of a.

Using this and Theorem 2.9, we obtain the following criterion for irre-
ducibility.

THEOREM 2.10 Let a be a densely defined, accretive, continuous, and
closed form orl.2(X, 11, C). Assume that its associated semigréep’);>o

is positive. The following assertions are equivalent:

1) (e7*);>0 is an irreducible semigroup.

2) If Q C X is such thatyqu € D(a) andRa(xqu, xx\qu) > 0 for all

u € D(a), then eitheru(2) =0 or u(X \ ) = 0.

3) If Q C X is such thatyqu € D(a) andRa(xqu, xx\ou) > 0 for all u

in a coreD of a, then eitheru(2) = 0 or (X \ ) = 0.

Note that if the forma is local, i.e.,a(u,v) = 0 for all u,v € D(a) which
have disjoint supports, then the conditi#a(xqu, x x\qu) > 0 is automat-
ically satisfied. Hence for local forms, the irreducibility criterion is reduced
to the question of whether or not characteristic functions operate (@j.
More precisely,
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COROLLARY 2.11 Leta and(e~*4);>( be as in the previous theorem. As-
sume in addition that the formis local. The following assertions are equiv-
alent:

1) (e7*4);> is an irreducible semigroup.

2) If Q C X is such thatyq(D(a)) € D(a), then eitheru(2) = 0 or
u(X\ Q) =0.

3) If Q@ C X is such thatyq (D) C D(a) for some coreD of a, then either
w(Q)=0orpu(X\ Q) =0.

We now turn to another property of the semigroup. We want to extend the
contraction semigroufe—*4),>0, initially defined onL?(X, 11, C) to other
LP(X, u,C) spaces. For this reason, we study?-contractivity, which we
introduce in the following definition.

DEFINITION 2.12 We say that(e*tA)tZO is L°°-contractive if for every
t > 0andevery, € L?(X, u,C) N L*>®(X, u, C),

—tA
e~ ull oo (xp,0) < Mull oo (x,p,0)-

If the semigrouge~*4) >0 is both positive and.>°-contractive, we say that
it is sub-Markovian.

Recall the notation A v := inf{1, u} and signu is the function defined by
(2.2).

THEOREM 2.13 Let a be a densely defined, accretive, continuous, and
closed form onl?(X, ., C). The following assertions are equivalent:
1) The semigrouge*4);>q is L>°-contractive.
2)u € D(a) = (1 A|ul)sign u € D(a) andRa(u, (Ju| —1)Tsign u) > 0.
3)u € D(a) = (1 A |u|)signu € D(a) and
Ra((1 A |u|)sign u, (Ju] — 1)Tsign u) > 0.
3") There exists a cor® of a such that(1 A |u|)sign © € D(a) and
Ra((1 A |u|)sign u, (Ju| — 1)Tsign u) > 0 forall uw € D.

Proof. Note thatZ°°-contractivity is equivalent to the fact that the semi-
group leaves invariant the closed convex set

C={uel*X,u,C) |ul <1(pae.)}.

The projection onto this convex set is given®By = (1 A |u|)sign u. Note
also that

u— (1A |ul)sign u = (Ju| — 1) sign w.
Applying Theorems 2.2 we obtain the above result. O

Using the same proof and applying Theorem 2.3, we obtain in the partic-
ular case of symmetric forms
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THEOREM 2.14 Assume that the forra is symmetric. The following as-
sertions are equivalent:
1) The semigrouge*4);>¢ is L>°-contractive.
2)u € D(a) = (1 A |u|)sign v € D(a) and
a((1 A |ul)sign u, (1 A |ul)sign u) < a(u,u).
3) There exists a cor® of a such that(1 A |u|)sign v € D(a) and
a((1 A |ul)sign u, (1 A |ul)sign v) < a(u,u) forall u € D.

We have assumed in Theorem 2.13 thag accretive. In the next result,
we show that actually this assumption is not needed in the equivalence of
assertions 1) and 3). This refinement is of some interest and will be applied
to uniformly elliptic operators in Chapter 4.

THEOREM 2.15 Assume that the formis densely defined and there exists
a constantw € R such that the form

(a+w)(u,v) := a(u,v) + w(u;v), u,v € D(a)

is accretive, continuous, and closed. The following assertions are equiva-
lent:
1) The semigrouge*4);>¢ is L>°-contractive.
2)u € D(a) = (1 A |u|)sign v € D(a) and

Ra((1 A |ul)sign u, (Ju| — 1) Tsign u) > 0.
Proof. We can assume that > 0; otherwise the result is already proved.
Assume that 1) holds. This implies that the semigréep(4+)),>, as-
sociated with the forna + w is L>°-contractive, too. Thus by the previous
theorem we obtain

(LA Ju|)signu € D(a) forallu € D(a).
Now by Lemma 1.56, we have
Ra((1 A |u|)sign u, (Ju| — 1) sign )

1
:%ir% tﬂ?/ [(1 A Ju))sign u — e (1 A |ul)sign w)](Ju] — 1) sign Tdp
- X

:%iné 1?)?/ (Ju] — 1)*[1 — sign (@)e (1 A |u|)sign u)]du
- X
> 0.

Here we use the fact that—*4((1 A |u|sign u))| < 1 to obtain the last
inequality.
Assume now that 2) holds. Late L?(X, u, C) be such thatu| < 1. Set

o) = 5 [ e ul = 1)* P
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A simplecalculation shows thaf, [e *4u| = R(—sign (e~4u) Ae~4u) at
eacht > 0 (see Propositiod.4 below). Thus, we have for evety> 0,

§R/ —Ae (e ] — 1) Tsign (e—tAu)du
e, (le” | — 1) Fsign (e ).

The second equality makes sense because of 2) and the faettHat €
D(a) for t > 0 (see the previous chapter). Using

e~y = (1A e ul)sign (e ) + (Je Hu| — 1) Tsign (e u)
and assertion 2) we obtain
¢/(t) < —Ra((Je ] — 1)*sign (e~ u), (e u] — 1) Fsign (e u)).

This and the accretivity assumption of the foam w imply that¢'(t) <
2we(t) for all t > 0. Sincelim;_o ¢(t) = 0, we obtaing(t) = 0 for all
t > 0. This gives|e~*4u| < 1, which is theL>-contractivity property. O

If our starting contraction semigroup—*4)>o on L?(X, u, C) satisfies
the L°°-contractivity property, then using the Riesz-Thorin interpolation
theorem, we can extend each operatdr* from L?(X, u, C)NLP(X, i, C)
to a contraction operator ab’ (X, 4, C) for 2 < p < co. We denote again
by e~*4 this extension td.?(X, i, C). A density argument shows that the
family (e_tA)tZO defines a strongly continuous semigroup of contractions
on LP(X, u,C) for eachp with 2 < p < co. By duality, the adjoint semi-
group(e~*4");> is strongly continuous and contractive bA( X, 11, C) for
1 < p < 2. In addition, it also defines a strongly continuous contractive
semigroup o’} (X, u1, C). In order to show the strong continuity, we prove
that

limle™*" x5 — x5/ = 0

for every measurable subsBtof finite measure, whergp denotes the in-
dicator function ofB.
By Holder’s inequality, we have

“xpldp — /Bdeu' < u(B) e x5 = xpll2-

Thus, the strong continuity oh?(X, p, C) implies

lim [/ \e_tA*XBWM—/ XBdM} =
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Since
Ixsl > lle™ Xl :/ |6‘““><3|du+/ e " xBldp,
X\B B
it follows that

lim le " xldu = 0.

Writing
le™™" x5 — x5l = / e~ x5 — xldp + / ey g ldp
B X\B
< u(B)2)le " v — xalla + / e\ ldp,
X\B

we see tha}ir% le=*" x5 — xB|l1 = 0. The strong continuity of the semi-
group(e~*4")>0 on L (X, u, C) follows then by a density argument.

Recall that(e=*4"), is the semigroup associated with the adjoint form
a* (cf. Proposition 1.24). Using this and the previous results, we can char-
acterize the fact that the semigroup *4"),> is L>°-contractive (or equiv-
alently, that(e=*4),> is L!-contractive). We have

COROLLARY 2.16 Under the assumptions of Theorem 2.13, the following
assertions are equivalent:
1) The semigrouge 4", is L>-contractive.
2) For eacht > 0, ¢4 is a contraction operator oi.”(X, u, C) for all p,
I<p<2
3)u e D(@a) = (1 A |u|)sign u € D(a) andRa(|u| — 1) sign u,u) > 0.
4)u € D(a) = (1 A |u|)signu € D(a) and
Ra((|u] — 1)Tsign u, (1 A |u|)sign u) > 0.
4") There exists a cor® of a such that(1 A |u|)sign u € D(a) and
Ra((|u] — 1)Tsign u, (1 A |u|)sign v) > 0 for all u € D.

In order to extend the semigrop—*4),>¢ to a contraction semigroup on
LP(X,u,C) forallp,1 < p < oo, one has to check thB>-contractivity
for both semigroupge=t4);>¢ and(e~*4");>¢. By the previous results, this
is equivalent to the validity of the following three conditions:

)ue D(@) = (1A |u])signu € D(a).

i) Ra((Ju| — 1) *sign u, (1 A |u|)sign u) > 0 for all u € D(a).

i) Ra((1 A |ul)sign u, (Ju| — 1) *sign u) > 0 for allu € D(a).

Note also that it enough to check these properties on any care of



58 CHAPTER 2

COROLLARY 2.17 Under the assumptions of Theorem 2.15, the following
assertions are equivalent:

1) The semigrouge*4);>¢ is sub-Markovian.

2)u € D(@) = (Ru)™, (1 A |u|)sign u € D(a),a(Ru, Su) € R,

a((Ru)™, (Ru)™) < 0,andRa((1 A |u|)sign u, (Ju| — 1)Tsign u) > 0.

3) (e7t) >0 is positive,l A u € D(a), anda(l A u, (u — 1)*) > 0 for all

wve D@NHT.

Proof. The equivalence of 1) and 2) follows from Theorems 2.6 and 2.15.
Theorem 2.6 shows that 2) implies 3). It remains to prove that 3) implies
1). Foru € D(a), we have(Ru)* € D(a) because of the positivity of
(e=*)>0 (cf. Theorem 2.6). Applying then 3) t&u)* yields

IA(Ru)T € D(@)and a(1A (Ru)™, (Ru)™ —1)T) > 0for allu € D(a).

By Theorem 2.2, this implies thé& %), leaves invariant the convex set
C ={ue€ L*X,u,C),0 <u < 1} (the projection onto this convex set is
given byPu =1 A (Ru)™). O

We have seen that for symmetric forms all the above criteria can be given
in terms of the quadratic form. Thus, as a corollary, we obtain the well-
known Beurling-Deny criteria.

COROLLARY 2.18 Assume that the forais symmetric on the real Hilbert
spaceH = L?(X, u,R). The following properties are equivalent:

1) (e7*);>0 is positive.

2)u € D(a) = |u| € D(a) anda(|ul, |u|) < a(u,u).

Assume now thaie=*4)>¢ is positive. Then the following assertions are
equivalent:

3) (e7*);> is sub-Markovian.

4)0<wue D(a)=1Aue D(a)anda(l Au,1 Au) <a(u,u).

2.3 DOMINATION OF SEMIGROUPS

We turn now to another property. Latandb be two sesquilinear forms on
H = L?(X, u,C) and satisfying the standard assumptions (1(2)5) as in
the previous sections. Denote Byand B their associated operators, respec-
tively. Denote by(e~4);>0 and(e~*#),>¢ their associated semigroups on
H. We want to characterize in terms of the forms the domination property

‘e_tAf’ < e_tB]f\ forall f € H andt > 0.

Here and in the rest of this section, all the inequalities are understood in the
/L a.e. sense.
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When this inequality holds, we will say th&*4),>, is dominated by
(e7tB);>0. This property plays an important role in several situations, e.g.,
in estimates of heat kernels or in spectral theory (properties like compact-
ness or Hilbert-Schmidt carry over froem®? to e —4).

We first introduce the following definition.

DEFINITION 2.19 LetU andV be two subspaces éf. We shall say that
U is an ideal ofV/ if the following two conditions are satisfied:
DuelU= |uleW

2)Ifu € U andv € V are such thatv| < |u|, then the productsign u € U.

In the first result, we show that positivity of the semigroup implies thgt)
is an ideal of itself. We have

PrRoPOSITION 2.20 Let a be densely defined, acrretive, continuous, and
closed form onf = L?(X, i1, C). Consider the following assertions:

1) The semigrouge %)~ is positive.

2) D(a) is an ideal of itself and

Ra(u, |v|sign u) > a(|u|, |v]|) for all u,v € D(a) such that |v| < |ul.

Then 1) implies 2). The converse is trugdf?4),> is real.

Proof. Assume that assertion 1) holds. Then fortalt 0 and all f € H,
we have

e A f] < et f]. (2.5)

Indeed, iff is real-valued then (2.5) follows from the positivity ©f** and
the obvious inequalitieg < |f| and—f < |f|. For generalf, it follows
from

/] = sup{R(e”f), 0 < 0 < 27}
Define now onH x H, the sesquilinear form

C(U(), Ul) = a(uo, ul) + a(vg, 1)1),
D(c):=D(a) x D(a), Uy = (uo, o), U1 = (u1,v1).
It is easy to see that the sesquilinear farns densely defined, accretive,

continuous, and closed. The semigrdUfit));>o generated by (minus) the
operator associated withon H x H is given by

e~ 0
T(t) = ( 0 etA> forallt > 0.
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Now it is clear from (2.5) thate~4) > is positive if and only if( T'(¢));>0
leaves invariant the following closed convex sefbfx H,

C ={(u,v) € H x H, |u| <v}. (2.6)
Using (2.1), one shows that the projectiBrof H x H ontoC is given by

1 + +
P(u,v) = 3 ( [lu\ + |ul A %v] sign u, [\u| VR + ERU] ) (2.7)

Theorem 2.2 implies thad®(u,v) € D(a) x D(a) for all (u,v) € D(a) x
D(a). This implies thatD(a) is an ideal of itself.
Now by Lemma 1.56, we have

1
Ra(u, [vfsign u) = lim ~R(|u| - sign(@)e " u; [v])

1
> lim sup E(|u| — e s |v])

t—0

=a(lul, [v])-

Conversely, assume that—'4),~ is real and thaiD(a) is an ideal of
itself. Thus,|u| € D(a) for everyu € D(a). This implies thatu™ € D(a)
for everyu € D(a) N Hg. Apply now assertion 2) witlh = «™ to obtain

a(u, u’) > a(lul,u’),
that is,
a(u™,ut) <O0.

By Theorem 2.6, this implies that the semigrdep®);> is positive. O

Remark. The positivity of(e7*4),>¢ implies thatjv|sign v € D(a) for all
u,v € D(a) such thatjv| < |ul|. This follows directly from the fact that
D(a) is an ideal of itself.

We come now to the domination property. We consider two densely
defined, accretive, continuous, and closed sesquilinear fararsdb on
H = L*(X,u,C). We denote bye~*4);>¢ and(e~*P);>( their associated
semigroups, respectively.

THEOREM 2.21 Assume that the semigroggt?),> is positive. The fol-
lowing assertions are equivalent:

1) e tAf| < e tB|f|forallt > 0and all f € H.

2) D(a) is an ideal of D(b) and Ra(u, |v|sign u) > b(|ul|, |v|) for all
(u,v) € D(a) x D(b) such thafv| < |ul.

3) D(a) is an ideal of D(b) andRa(u, v) > b(|ul,|v|) for all u,v € D(a)
such thatuw > 0.
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Proof. We define on{ x H the sesquilinear form

C(U(), Ul) :a(uo,ul) + b(vo,vl),
D(c)=D(a) x D(b),Up = (uo,v0), Ur = (u1,v1).

The semigroug'(t)):>0, associated with on H x H is given by

T(t) = (e‘o“‘ eOtB> :

Clearly, 1) is equivalent to the fact th@&{¢)C C C for all ¢t > 0, whereC is
the convex set given by (2.6).

Assume thatl) holds. By Theorem 2.2, we ha@(D(a) x D(b)) C
D(a) x D(b). Using (2.7), we obtain thab(a) is an ideal ofD(b).

Let u,v € D(a) be such thatw > 0. In particular,uv = |u||v|. By
Lemma 1.56, wéave

Ra(u,v) =lim §R%(u — e ;)

t—0
1
= lim R (Ju] — sign(v)e"u; |o])

1
>limsup R~ (Ju| — e B|ul; |v|)
t—0 t

=Db(ful, [v])-

This proves 3).
To prove that 3) implies 2), we pick € D(a),v € D(b) such that
|v| < |u|. Hence|v|sign v € D(a) andu|v|sign(w) > 0. So by assertioB),

Ra(u, |v[sign u) > b(|u|, |vsign u|) = b(Jul, |v]).

Finally, we prove that 2) implies 1). Lét,v) € D(a) x D(b). Since
lu| € D(b) and the semigroufe=t5),- is positive, we obtairf|u| + |u| A
Rv)* € D(b) (see Theorem 2.6 and Proposition 2.20). For the same reason,
(Jlu| Vv Rv + Rv)* € D(b). Since D(a) is an ideal of D(b), we obtain
(|Ju|+ |u| ARv) Tsign u € D(a). Thus,P(D(a) x D(b)) C D(a) x D(b) =
D(c), whereP is give by (2.7).

Sinceu € D(a) and 3 (|u| + |u| A Rv)™ € D(b), we apply 2) to obtain

1
Ra <u,u — §(|u] + |u| A Rv)tsign u>
1
=Ra <u, [Ju] — 5(\u| + |u| A Rv)tsign u>

1
> (Jul = (Jul+ ful AR )
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Hence, forevery(u,v) € D(a) x D(b),
R (,0), (1) = P 0) 2l = 5ul + 1l A )

+b <v,v — %(|u! VR + §Rv)+>
:%d(ﬂu’u U)? (’U‘,U) - P(|U|, U))a
whered is the form given by

d(Uo, Ul) = b(uo, ul) + b(v(), Ul)
D(d) :D(b) X D(b) UO = (UU,’UU) U1 ul,vl)

(20 ) e

0). The positivity of (e ~Z),>( implies thatS(¢)C C C for all ¢ > 0 (again
C is given by (2.6)). Thus, by Theorem 2.2

Rd((Jul, v), (|ul,v) = P(lul,v)) = 0.
Thus, we have proved
Re((u, v), (w,v) — P(u,v)) > 0.
We again apply Theorem 2.2 to conclude that)C C Cforallt > 0. O

The semigroup associated withs given byS(¢)

COROLLARY 2.22 Assume thaa andb are restrictions of a forns whose
associated semigroup is positive. Assume in addition(#1df), is pos-
itive. Then the following assertions are equivalent:

1) (e=*4);>0 is dominated bye 7).

2) D(a) is an ideal ofD(b).

Proof. Let (u,v) € D(a) x D(b) be such thatv| < |u|. By assumption,
the semigroup associated with the fosrs positive, hence by Proposition
2.20

Rs(u, |v|sign u) > s(|ul, |v]).
Using this, we have

Ra(u, |v|sign u) = RNs(u, |v|sign u)
> 8(|ul, [v])
=b(Jul, |v]).

The conclusion follows from Theorem 2.21. O
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We consider now the situation where the two semigrdep$”);>o and
(e7tB);>¢ are positive. Clearly, in this case, it is enough to consider only
non-negativef in the domination property. This leads to a simplification in
the characterization of the domination. In particular, the ideal property co-
incides now with the known notion of lattice ideal in Banach lattice spaces.
More precisely, we have

PROPOSITION 2.23 Assume that the semigrou@s 4),>o and(e*%);>¢
are both positive. Ife=*4);>( is dominated bye~*#),>( then D(a) C
D(b). Moreover, the following are equivalent:

1) D(a) is an ideal ofD(b).

2)If0 <v <wu,u e D(a)andv € D(b) thenv € D(a).

3) If |v| < |ul,u € D(a) andv € D(b) thenv € D(a).

Proof. Letu € D(a). Since(e™*4);> is positive, we havétu, (Ru)t ¢
D(a) (cf. Theorem 2.6). Sinc®(a) is an ideal ofD(b), we have(Ru) ™ =
|(Ru)*| € D(b). The same argument applied teu, yields thenRu €
D(b). Applying this withiu if necessary, we conclude that € D(b).
Thus,D(a) C D(b).

Assume now that assertion 2) is satisfied. (tetv) € D(a) x D(b) such
that|v| < |u|. We have to show thatsign v € D(a). In fact, R(v)sign u €
D(b) since D(b) is an ideal of itself by Proposition 2.20. By the same
proposition, one ha:| € D(a). Since0 < (R(v)sign u)™ < |u|, and that
(R(v)sign u))™ € D(b) by Theorem 2.6, we obtain from assertion 2) that
(Re(v)sign u))™ € D(a). Using also this for—v andiv if necessary, we
obtainusign v € D(a). This shows that 2) implies 1).

Finally, we show that 1) implies 3). For, let| < |u| with v € D(a) and
v € D(b). Thenwusignu € D(a) C D(b). But |vsign u| < |u|, and this
implies a@in thatvsign u sign u € D(a), thatis,v € D(a). 0

THEOREM 2.24 Assume that the two semigroues*4);>o and(e~*%);>¢
are positive. The following assertions are equivalent:

1) (e7*);> is dominated bye*%);>.

2) D(a) is anideal ofD(b) anda(u, v) > b(u,v) forall u,v € D(@Q)NH™.

Proof. Theorem 2.21 shows that 1) implies 2).
Conversely, lets,v € D(a) be such thatw > 0. Because of (2.5)ve can
apply Theorem 2.21 with in place ofb and then obtain

Ra(u,v) > a(|ul,|v]).
This and assertion 2) imply
Ra(u,v) > a(|ul, [v]) = b(|ul, [v]).

3This is why we used the terminology of "ideal” in Definition 2.19.
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The conclusiorollows again from Theorem 2.21. O

Remark. 1) The results in this section are true if instead of assuming that
both forms are accretive we merely assume e(tu, u) > —c;|jul|% and
Rb(u, u) > —callul|% with ¢; andes two positive constants. In fact, let=
max {c1, c2}; then the formga + ¢) and (b + ¢) are accretive. It is clear
that (e=*4);>¢ is dominated bye~*%);>¢ if and only if (e=“'e~4) >0 is
dominated bye~e~*5);>.

2) The assumption that the forms are densely defined can be removed in
all the above results. See Section 2.6 below.

3) The method presented in this section can be used in other circum-
stances. For example, to characterize the property

dlef) < e Po(f)

for some convex functiow : R — R, one can apply Theorem 2.2 to the
—tA
semigroup( 0 €OtB> and the convex set

C ={(u,v) € Hx H,¢p(u) <v}.

2.4 OPERATIONS ON THE FORM-DOMAIN

A normal contraction oi€ is a functionp : C — C which satisfies
p(0) = 0 and |p(z) — p(y)| < |z — y| forall 2,y € C.

Givenu € H = L?(X, u,C), we definep(u) to be the composition func-
tion p(u)(x) = p(u(x)). It is well known that normal contractions operate
on the Sobolev spacH*(R"), that is,p(u) € H'(R™) for every normal
contractionp and everyu € H'(R™). More generally, it is well known that
normal contractions operate on the domain of any symmetric Dirichlet form
(the latter means a symmetric form whose semigroup is sub-Markovian).
We prove this in the next result. We also show a similar result for forms
whose associated semigroup is merkfy-contractive.

THEOREM 2.25 Assume thaa is a densely defined, accretive, and closed
symmetric form o = L?(X, i, C). The following assertions are equiva-
lent:

1) The semigrouge*4);>¢ is sub-Markovian.

2) p(D(a)) € D(a) anda(p(u),p(u)) < a(u,u) for everyu € D(a) and
every normal contractiop.
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Proof. Choosing the functiong(z) = (Rz)" andp(z) = (1 A |z|)sign 2
and applying Theorems 2.7 and 2.14, we see that 2) implies 1).

Assume now thate=*4), is sub-Markovian. Using Lemma 1.56, we
see that it is enough to prove that for every 0 and everyu € H,

(p(u) — e “p(u);p(u)) < (u—e Husu).

By a density argument, it is enough to prove this inequality for functions
u =", a;xa,, WhereA; are disjoint measurable subsets¥fsuch that
u(A;) < oo. Herex 4, denotes the characteristic function 4f. Thus, we
need to prove that

n n
D (xa — e Mxas xa)pladplag) < Y (xa, — ey xa, e
i,j=1 i,j=1
Set

bij = (x4, — € “Xxaixa,)s A= (xaixan), aij = (e7xa,ix4,).

Sincee 4 is self-adjoint, we have

mep (a)plag) = > aglp(eq) = play) P + D Ny = > aijllp(ey)
1<j 7 %

The sub-Markvian property of the semigroup implies that > 0 and

Yoy ai; < Aj. Using this and the fact thatis a normal contraction we

obtain the desired inequality. O

In the next proposition we show that(#~*4),- is L°°-contractive, then
it is dominated by a sub-Markovian semigroup. More precisely,

PROPOSITION 2.26 Assume that7'(t)):>o is strongly continuous semi-
group onL?(X, u,C) which is contractive on.?(X, u, C) for everyp €
[1, 0o]. Then there exists a sub-Markovian semigré@ip' (¢)).>o which sat-
isfies

T (t)u| < TOt)|u| forallt > 0,u € LP(X,u,C).

Moreover, any other semigroup which dominaté$t)),>o also dominates
the semigroug7®(¢))¢>o0.*

Proof. For eacht > 0, the operatofl'(t) is a contraction or.} (X, u, C).
Thus by a result of Chacon and Krengel [ChKr64], it has a modulus operator
|T(t)| € L(LY(X, pu, C)), defined foro < f € L'(X, u,C) by

IT(t)|f := sup |T(t)g| for 0 < f € LY(X,pu,C).
lgl<f

YT (t))s>0 is called themodulus semigroup of’(¢)):>o.
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Kubokava [Kub75P has shown that the semigro@p®(t)),>o can be de-
fined inL' (X, u, C) as follows:

(27r]

T®(r)f :=lim ‘T (21”> fforreQtand0 < f e L'(X,pu,C),

where|.] denotes the integer part. For reéat 0, one puts

T@t)f = lim  T®(r)f.
r—t,reQ+

)

—

Now it is clear thatl'®(¢) satisfied) < T®(¢)f < 1for 0 < f < 1. Hence
(T®(t))i>0 is a sub-Markovian semigroup.

Assume thafS(t)):>o is a positive semigroup acting di¥ (X, ., C) for
somep € [1,00), and which dominate$T'(t));>o. Then for everyf e

L'nre,
1 1
T (gn)|11= e 7 (35)
‘ 2 lgI<|] 2

1
<5 (5 ) 11l

Hence, it follavs from the definition off ®(r) that

T(r)|f] < S(r)lf|
for eachr € Q. This implies the last claim of the proposition. O

The next result shows how normal contractions operate on domains of
forms whose semigroup is merely°-contractive.

THEOREM 2.27 Assume that the formis densely defined, accretive, con-
tinuous, and closed. If the semigroufes®4);>o and its adjoint(e*4");>¢
are bothL>-contractive, then:

p(|ul)sign u € D(a) for everyu € D(a) and every normal contractiop.

Proof. If (e7*4);>0 and its adjoin{e~*4"),>, are L>°-contractive, then the
semigroup(e~‘?),~( associated to the symmetric part= %(a + a*) is
L°°-contractive.This can be seen by applying Theorem 2.13 to both forms
a anda*. It follows now that(e~*#),~( acts as a contraction semigroup on
L1(X, u,C) for everyq € [1,00). By the previous proposition, there exists
a modulus semigroufiI'®(t));>o of (e=*5);>o. We have also seen in the
proof of the latter proposition thaf"®(¢)),>o is a contraction semigroup
onLY(X,u,C)forl < g < oo.

5See also KipnigKip74].
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The semigrougT®(t))¢>0 dominates(e~*5),>o on L?(X, 1, C); then
by taking the adjoints, we obtain théT'®(¢)*);>o dominates(e=*5);>¢.
Hence (T (t)*)¢>o dominateg7T(t)):>o. We deduce from thisthdt@( )
is self-adjoint for each > 0. This implies that the generator 6F® (¢)*):>0,
say —C, is a self-adjoint operator. Let be the symmetric non-negative
(i.e., accretive) form whose associated operatdr i& exists by Theorem
1.57). Theorem 2.21 asserts thata)(= D(b)) is an ideal ofD(c). Now
letw € D(a) andp be a normal contraction. Sin¢e| € D(c), we have
p(Ju|) € D(c) by Theorem 2.25. Bup(|u|)| < |u| and using again the fact
thatD(a) is an ideal ofD(c), we obtainp(|u|)sign u € D(a). O

THEOREM 2.28 Leta and (e~*4);>o be as in the previous theorem.

1) If (e7*4);>0 and (e7*4");>( are sub-Markovian, thenv € D(a) for all
u,v € D(@)NL>®(X,pu,C).

2) If (e7*4);>0 and (e7*47),>0 are L>®-contractive, theru|v| € D(a) for
all u,v € D(a) N L>®(X, pu,C).

Proof. Let b, ¢, B, and C be as in the proof of Theorem 2.27. Note that
if (e7');>0 and (e=*4");>0 are sub-Markovian, thefe='%),>q is sub-
Markovian, too; and ife~*4),> and(e~*4"),>( are L*°-contractive, then
sois(e~B);>0 (apply Theorems 2.6 and 2.13).

1) Usinguv = 3(u+ v)? — 1u® — 307, it is enoughto prove that® €
D(a) = D(b) for all w € D(a) N L*>°(X, u, C). In order to show this, we
use the same idea as in the proof of Theorem 2.25ulet> " | a;x 4,
where A; are disjoint measurable subsets with finite measure.b$et=
(xa; —€7"Bxa;:x4;), i == (a5 x4,) @ndaj := (e""Pxa,5x4,). Since
e~ !B is self-adjoint, we have

(u? — e tPu? u? E bijala;?

2 2|2 2|2
DIUIEETINS 3| WS o [
1<j j )

<45up oy |? Za”|az — -|2

1<j
+suplail® Y Ay - Zaij] el
1 . .
j i

To obtain the last inequality, we have used the factsdhat 0 and\; —
>, a;; > 0 which follow from the sub-Markovian property ¢¢~:5);>.
Thus, we have proved

(u? — e Bu?u?) < 4f|u)? (u— e Bu;u).
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This inequalityextends to allu € L?(X,u,C) N L*®°(X,u,C). An ap-
plication of Lemma 1.56 shows thaf € D(b) = D(a) for all u €
D(a)NL>®(X,pu,C).

2) As in the proof of Theorem 2.27, we construct a symmetric form
whose associated semigroup is sub-Markovian and suctitaat= D(b))
is an ideal ofD(c). Now if u,v € D(a) N L>®(X, u, C), then|ul|, |v| €
D(c) N L*>®(X, u, C). In addition, assertion 1) gives||v| € D(c). Using
now

[ul[o] < [|vllooful

and the fact thaD(a) is an ideal ofD(c), we obtain assertion 2). O

2.5 SEMIGROUPS ACTING ON VECTOR-VALUED FUNCTIONS

In this section, we analyze semigroups acting on vector-valued functions.
Let us first fix notation. LetK be a Hilbert space with scalar product

.,. > and associated norin . Let H := L?(X, u, K) be the space of
measurable functiong such that

1= [ If(x)lfxdu(x)]m <.

Here (X, 1) is ao-finite measure space. As above we denotd| fjyand
(.;.) the norm and scalar product &f, that is,

(ujv) == /X <u(z),v(x) >k du(x) for all u,v € H

and|[u]| = /(u;u).
Let a be a denselylefined, accretive, continuous, and closed sesquilinear
form on H. We denote byA the operator associated wiéh The operator

— A generates a contraction semigrdep*?)i>o on H = L*(X, u, K).
In this section we study the question of extending the semigeotip to

a contraction semigroup ob? (X, u, K) for p # 2. In order to do this, we
will study two properties. The first property I$*°-contractivity:

HeftAUHLoo(X,M,K) < lull oo (x )

forallu e L*(X, u, K) N L®(X, u, K') and allt > 0.
As in the scalar case, {e=');>¢ is L>-contractive then it extends to
a strongly continuous semigroup d (X, u, K) for 2 < p < oco. The

same conclusion holds fdr < p < 2 if the adjoint semigrouge ~*4");>
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is L>°-contractive. If both(e™*4);>¢ and (e*4");>( are L>-contractive,
then the semigroupe—4),>( extends to a strongly continuous semigroup
onLP(X,u, K),1 < p < oco. The strong continuity o' (X, 1, K) can be
shown by similar arguments as in the scalar case (see Section 2.2).

There is a second way which allows us to exténd'“),>( to a con-
traction semigroup orl?(X, u, K) spaces. It consists of finding a sub-
Markovian semigrouge*4),>¢ acting onL?(X, u, R) which satisfies the
domination property

]e_tAu(.)\K < e ulg () forallt > 0,u € H.

As above, if this property holds, we say that'4);> is dominated by
(e7")ix0-

We have studied both properties in previous sections in the scalar-valued
caseK = C or R. We will see here that the same results hold in the vector-
valued setting.

We definesign u as in the scalar case by replacing the absolute value by
the norm ofK. That is

ux)
sign u(x) = { lu(e)|x li ugxi
if u(x

o8
I N

0,
0,
foru € H = L*(X, u, K). We also use the notatidn|x for the function

THEOREM 2.29 The following assertions are equivalent:
1) The semigrouge*4);>¢ is L>°-contractive.
2)u € D(@) = (1 A |u|k)signu € D(a) and
Ra(u,u — (1 A |u|g)signu) > 0.
3)u e D@ = (1 A Ju|k)signu € D(a) and
RA((1 A |u|k)sign u,u — (1 A |u|g)sign u) > 0.
3") There exists a cor® of a such that(1 A |u|x)sign v € D(a) and
Ra((1 A |u|k)sign u,u — (1 A |u|g)sign u) > 0 forall u € D.
If the forma is symmetric, then the above assertions are equivalent to
each of the following:
4)u e D(@) = (1 A |u|g)signu € D(a) and
a((1 A |ulg)sign u, (1A |u|g)sign v) < a(u,u).
4") There exists a cor® of a such that(1 A |u|x)sign v € D(a) and
a((1 A |ulx)sign u, (1A |u|k)sign u) < a(u,u) forall u € D.

Proof. It is easy to see that>°-contractivity is equivalent to the fact that
for everyu € L?(X, u, K) N L*>®(X, u, K),

ul < 1= |e ulx <1 forallt > 0.
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The latterproperty is equivalent to the fact that the semigrQaptA)tzo
leaves invariant the closed convex set fbfgiven by

C = fu e LA(X, 1, K), Jul <1}.

The projection ofL2(X, u, K) ontoC is given byPu = (1 A |u|x)sign u.
Applying Theorems 2.2 and 2.3 we obtain the above result. O

Now leta be a densely defined, accretive, continuous, and closed form on
L*(X, 1, R). Denote by(e*4),> its associated semigroup. We have

THEOREM 2.30 Assume thafe "), is positive. The following asser-
tions are equivalent:

1) (e7*4);>0 is dominated bye ') ;>0.

2) D(a) is an ideal of D(a) and Ra(u, |f|sign v) > a(|u|x,|f]) for all
(u, f) € D(a) x D(a) such that f| < |u|k.

3) D(a) is an ideal ofD(a) and Ra(u,v) > a(|u|k, |v|x) for all u,v €
D(a) such that< u, v >g= |u|x|v|k-

Here, we say thab(a) is an ideal ofD(a) if the following two properties
are satisfied:

) u e D(@) = |u|lg € D(a).

i) If w e D(a), f € D(a) are such thaltf| < |u|x, then|f|sign u € D(a).

Proof. Again the proof is very similar to the case of scalar-valued functions.
Suppose that assertion 1) holds. Define the foonH := L?(X, u, K) x
L*(X, 11, R) by

c(U,V)=a(u,v)+a(f,g), U=(u, f),V=(v,9) € D(c) = D(a@)xD(a).

The semigroup generated bpnH is given by

—tA
et .= <6 0 e—OtA> for all t > 0.

The domination property is equivalent to the fact that the semigeotp
leaves invariant the closed convex set

C:= {(U, f) € Lz(X,M7K) X L2(X,/j,7 R)) |u’K < f}
The projectiorP? ontoC is given by
1 + +
P, ) = g ([l + R Aulie] sien e [fube v 7 41,

Theorem 2.2, together with the fact tHayf, (Rf)™ € D(a) for all f €
D(a) due to the positivity ofe*4);>, (see Theorem 2.6) imply thd?(a)



CONTRACTIVITY PROPERTIES 71

is an ideal ofD(a). Foru,v € D(a) such that< u,v >g= |u|x|v|x We
have by Lemma 1.56

1 ~
Ra(u,v) = }g% ;%(u — ey w)

:%LH(I) %3‘% <u(z) — e Mu(z),v(x) >K du(z)
X
>timsup ¢ [ [Jula)lx = e~ (o) llo(@) idu(o)

> T ; /X [u() | — el (2)]o() Kk dp(z)

=a(|ulk, lulk)-

This showsassertion 3).

If 3) holds, then for(u, f) € D(a) x D(a) such that f| < |u|x we have
|flsign w € D(@) and< wu, | f|sign v >x= |u|k]|f|. Applying 3) tou and
| f|sign u yields 2).

The proof that 2) implies 1) is exactly the same as in the scalar case. The
idea is to show that

Re((u, f), (u, f) = P(u,v)) = 0
forall (u, f) € D(c) = D(a) x D(a) and apply Theorem 2.2. O

Remark. 1) If we assume in addition thde—*4),>¢ is sub-Markovian,
then the domination property allows us to extdad4),> to a strongly
continuous semigroup ob? (X, u, K) forall 2 < p < cc.

2) We have written the results of this section in the case wheélis a
Hilbert space, but we could include the case whE&rés a vector bundle
over X equipped with an inner produet .,. >, on each fiberk,. The
inner produck .,. >, depends measurably anand eachi, is a Hilbert

1
space with respect to the nor, =< .,. >2 . The scalar producof
H = L*(X,p, K) is given by (u;v) = [ < u(z),v(z) >, dm(z). In
this situation,L>°-contractivity is equivalent to the fact that the semigroup
(e*“‘)tzo leaves invariant the closed convex set

C:={uc L*(X,m, K),|u(x), <1 (uae.)}.

We then obtain Theorem 2.29 withx replaced by.|,. in the statements.
Similarly, Theorem 2.30 holds in this setting, too.

Consider as above, a sesquilinear famn L?(X, pu, K) and denote by
(e7t);>0 its associated contraction semigroup. [Rt: X — L(K) be
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a field of bounded linear operators dgi and assume that the map—<
R(z)u(z), u(z) >k is measurable for ak € L?(X, u, K). We define the
perturbed fornb := a + R by

b(u, v) = a(u,v) + /X < R(z)u(z), v(z) >k du(z),
D(B) = {u e D(a),/X | < R(z)ula), u(z) >k |du(z) < oo}

(in the sequel, we shall write for simplicity. R(x)u,u >y instead of
< R(z)u(x),u(z) >x). We assume that the forimis densely defined,

accretive, continuous, and closed. Denotédy?),> its associated semi-
group onL?(X, u, K). Note that if the familyR(x) consists of compact
self-adjoint operators o then we can write (analogous to Setinger
operators)R = Ry — R_, where< Ri(z)u,u >x> 0. This can be

seen by puttingR ; (z){ = R(x)¢ if £ belongs to the eigenspace corre-
sponding to some non-negative eigenvalu®¢f) and= 0 otherwise, and

R_ = (—R)4+. Now the questions of continuity and closability lpfcan

be studied more easily because this form can be seen as the perturbation
of & + R (which is the sum of two accretive forms) byR _, which is
assumed to bed + R )-bounded with bound less than

PROPOSITION 2.31 Suppose tha([e*t“i)tzo is L*°-contractive. Then the
semigroup(e~*B),>¢ is L>-contractive if and only if

%/ < R(@)u,u > —5(Julg —1)Tdu

Jul%
> —RA((1 A |u|g)sign u, (|Ju|x — 1) Tsign u),

for all w € D(b). In particular, if R < R(z)u,u >, > 0 (fora.e.z € X
and allu € L*(X, u, K)), then(e~8),>¢ is L*>°-contractive.

The proof is a simple application of Theorem 2.29 and the obvious remark
that
< R(z)(L A |u|k)sign u,u — (1 A |u|x)sign u >k

=< R(z)u,u > —5(Julxg —1)*.

Jul%

Note that ifa is symmetric and th&k(z) are self-adjoint operators ofd,
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then the inequality in this proposition can be replaced by

1
/ < R(z)u,u > (1 — —5 (1A Julg)?)dp
X |ul%
> a((1 A |u|x)sign u, (1 A |u|x)sign u) — a(u, u).

Now let (e7*4),>0 be the semigroup o?(X, 1, R) associated with a
forma and letV : X — R be a measurable function. Define as above the
formb := a+V, which we assume to satisfy the usual conditions. Denote by
(e7tB);> its associated semigroup @3 (X, i, R). SinceV is real-valued,
if (e~*4),>0 is positivity preserving then the same holds fer’?),~. This
can be seen by applying Theorem 2.6, sia¢e™, v~ ) + (Vu™,u™) =
a(ut,u™) <0.

PROPOSITION 2.32 Suppose thafe~t4),~, is dominated by(e~4),>(
and suppose that

R < R(z)u(z),u(x) > > V(x)|u(x)|% forall u € D(b).

Then(e*té)tzo is dominated bye'7);>.

Proof. By Theorem 2.30, if(e=*4);>¢ is dominated by(e~*4);>, then
D(a) is an ideal ofD(a) and

Ra(u, |f|sign ) > a(|u|x, | f])

forall (u, f) € D(a) x D(a) such thaff| < |u|k.

Now it is easy to see that this implies thatb) is an ideal ofD(b) and
this inequality holds if we replac@anda by b andb, respectively. We apply
Theorem 2.30 again to conclude. O

If, for example, theR (x) are self-adjoint compact operators An then
the above proposition can be applied by takiigz) to be the smallest
eigenvalue ofR (x).

These results can be applied to study systems of evolution equatibhs in
spaces. For a systemokquationsK = C" andA (the operator associated
with the forma) andR (z) aren x n matrix operators. The operatdr+ R
can be studied oh? (X, u1, K) by the sesquilinear form theory, and4fand
R satisfy the the assumptions of Proposition 2.31, one can then extend the
original semigroup defined oh?(X, u, C") to LP(X, 1, C™). This allows
one to prove existence and uniqueness of the solution to the system with
initial data inL? (X, u, C") for 2 < p < oco. The system orl?(X, 1, C™)
for p < 2 can be treated by duality.
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2.6 SESQJILINEAR FORMS WITH NONDENSE DOMAINS

In the previous sections, we have studied several properties of semigroups
in terms of their sesquilinear forms and we have assumed that the forms are
densely defined. In this section, we show that we can remove this assump-
tion. All the results of the present chapter (except Theorems 2.9, 2.10, and
Corollary 2.11) hold for forms which are not densely defined.

To understand why this situation is of some interest, let us mention, for
example, that in order to compare (in the domination sense) two semigroups
where one is acting oh?( X, 1, R) and the other o?(€, i, R), whereQ is
an open set ok, then the sesquilinear form associated with the semigroup
acting onL?(Q, 1, R) can be seen as a form dit(X, 1, R) which is not
densely defined.

Our approach to obtain criteria for positivitg>°-contractivity, and dom-
ination of semigroups is based on Theorems 2.2 and 2.3. Therefore, these
criteria hold once we extend the latter two theorems to the case of forms
which are not densely defined.

Let H be a general Hilbert space as in Section 2.2 and bt an accre-
tive, continuous, and closed form. There exists an associated opéracor
ing on the closure (with respect with the normij D(a) of D(a). The op-
erator— A generates o (a) a semigroup whichve denote bye=*4);>o.
We extend this semigroup # by putting

e~y if we D(a),
Tty = { 0 if we D),

whereD(a)' denotes theomplement ofD(a) in H.
Now let C be a closed convex set éf and letP be the projection off
ontoC. We have

THEOREM 2.33 The following assertions are equivalent:
1)T(t)C CCforallt > 0.
2) P(D(a)) € D(a) andRa(u,u — Pu) > 0 forall w € D(a).
3)P(D(a)) C D(a) andRa(Pu,u — Pu) > 0forall u € D(a).
3") There exists a cor® of a such thatP(D) C D(a) and

Ra(Pu,u — Pu) > 0forall u € D.

If the forma is symmetric, then 1) is equivalent to each of the following
assertions:
4)P(D(a)) C D(a) anda(Pu,Pu) < a(u,u) forall u € D(a).
47) There exists a cor® of a such thatP(D) C D(a) anda(Pu, Pu) <
a(u,u) forall uw € D.
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Proof. Denote byQ the orthogonal projection dff onto D(a). If 1) holds,
thenin particular?’(0)C C C, that is,

QC CC. (2.8)
This implies that
P(D(a)) € D(a). (2.9)
Indeed, foru € % and eeryv € C, we have
|lu — QPul|| = ||Qu — QPul| < |Jlu — Pu| < ||lu— .

But QPu € C because of (2.8). It follows then from the definition of the
projection thatPu = QPu, which gives (2.9).

Clearly, D ( )N C is aclosed convex subset @(a). In addition, since
P(D(a)) € D(a) N C (remember (2.9))t follows thatD( ) N C is not
empty It is also clear that the projection @f(a) onto D(a) NC is P. Thus,
Theorem 2.2applied toa considered as a form abR(a) and to theconvex
setD(a) N C showsthat assertion 1) implies each of the other assertions of
the theorem.

Conversely, assume that one of the assertions 2), 3), 3") (or 4), 4") in the
symmetric case) holds. Using the continuity®find the fact thaP (D) C
D(a) we obtain (2.9). In particular, the closed convex Bg¢a) N C is not
empty Theorem 2.2 applied again #oand the convex sdd(a) N C gives

et (D(@)NC) C D@)NC forallt > 0. (2.10)

Now we show that (2.9) implies (2.8). Let € C andv € D(a). As
above,

lu—PQul = ||[Pu—PQu| < |lu— Qul < |u—0v|.

It follows from (2.9) thatP Qu € D(a) and since thabove inequality holds

forall v € D(a), we conclude thaP Qu = Qu and hence (2.8) holds.
SinceT (t)u = e *4Qu for all u € H, we conclude from (2.8) and (2.10)

that assertion 1) holds. This finishes the proof. O

Based on this result, our approach in the previous sections to obtaining
criteria for positivity, L°°-contractivity, and the domination is still valid for
forms with not necessarily dense domains. Thus all those criteria hold for
these forms with(T'(t)):>o (defined above) in place db~'4);>q in the
statements. As we already mentioned, Theorems 2.9, 2.10, and Corollary
2.11 have to be reformulated in this case. Theorem 2.10 and Corollary 2.11
must be written as criteria for invariance und@t(t));>o of L?(2, u, C)
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and notas irreducibility of(7°(¢))¢>0.

We have shown in the previous proof that condition (2.9) is a neces-
sary condition for the invariance of the convex €etinder the action of
(T'(t))¢>0- This implies in particular the following properties:

1) Assumethatl = L?(X, u, C). If (T'(t))¢>0 is positive theRu, (Ru)*
D(a) for everyu € D(a).

2) Let H = L*(X,u, K), where K is any Hilbert space. IfT(t)):>0 is
L*>-contractive, theril A |u|x)sign u € D(a) for everyu € D(a).

3) Leta anda be asin Theorem 2.30. Define as above

~ —t4d,
Tl =4 ¢ Tu if uwe D(a),
(D { 0 if we D@ .

If (TZt))tzo is dominated by(7'(t)):>0, thenD(a) is an idealbf D(a).
This followsby applying (2.9) with

C={(u,f) € L*(X,u, K) x L*(X, 1, R), Julx < f}
and noting that fofu, f) € L?(X, u, K) x L?(X, u,R),

Pl ) = 3 [1aic + 1) Al sign s Il v + 8] +).

Notes

Section 2.1 This part is mainly taken from Ouhabaz [Ouh96]. Theorem 2.2 (ex-
cept assertion 4)) is proved in Ouhabaz [Ouh96]. The core version in assertion 4)
of Theorem 2.2 and the remark following its proof were observed by Manavi, Vogt,
and Voigt [MVVO01]. Theorem 2.3 (without assertion 3)) is proved in [Ouh96].
Theorem 2.2 is inspired from the work of Brezis and Pazy [BrPa70] (where an
operator version can be found). The same theorem was extended bglBanygh
[Bar96] to forms that are associated with nonlinear coercive operators.

Section 2.2 The idea of deducing positivity,°°-contractivity, and domination cri-

teria as corollaries of invariance of closed convex sets comes from [Ouh96]. Propo-
sition 2.5, Theorems 2.6, 2.13 (without assertion 37)), and Theorem 2.14 (without
assertion 3)) are proved in [Ouh92b] and [Ouh96]. Theorem 2.15 is taken from
Auscher et al. [ABBOOO]. A more general definition of irreducibility of semi-
groups can be found in Nagel [Nag86]. It coincides, however, with Definition
2.8 for positive holomorphic semigroups (see again [Nag86]. Remember that the
semigroup associated to a form is holomorphic; see Chapter 1). Theorem 2.9 can
be deduced from a result in Schaefer [Sch74] saying that every closed ideal of
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L?(X, u,C) is an L*(Q, u, C) for someQ2 C X together with the fact that irre-
ducibility means that the semigroup has no nontrivial closed invariant ideal (see
[Nag86]).

Beurling-Deny criteria can be found in several books, e.g., Fukushima [Fuk80],
Fukushima, Oshima, and Takeda [FOT94], Bouleau and Hirsch [BoHi91], Davies
[Dav89], Ma and Rckner [MaRy92]. The theory of Dirichlet forms has seen im-
portant developments since the publication of the pioneering papers of Beurling
and Deny [BeDe58], [BeDe59]. This is due to the rich interplay between Dirichlet
forms and Markov processes. We refer the reader to the books [Fuk80], [FOT94],
[BoHIi91], and [MaRy92] for more information on Dirichlet forms. In [Ma®2]
nonsymmetric forms are also considered and criteria are given there for the sub-
Markovian property. As we want to study elliptic operators with complex coef-
ficients as well, we give separate criteria f°-contractivity without assuming
positivity.

The arguments used to prove strong continuity o of (e*“‘*)tzo (when
(e7t)>0 is L>°-contractive) are taken from Davies [Dav89].

Section 2.3 The results on the domination of semigroups presented here are proved
in Ouhabaz [Ouh96]. The notion of ideal in Definition 2.19 was introduced in that
paper. The implicatior2) = 1) in Theorem 2.24 was first proved by Stollmann
and Voigt [StVo96] in the case of symmetric forms. Closed ideals in Dirichlet
spaces are studied in Stollmann [Sto93]. Weak versions of Theorem 2.21 were
proved by Simon [Sim79], Hess, Schrader, and Uhlenbrock [HSU77], énair&
[Bér86]. Note that characterizations of the domination of semigroups in terms of
their generators are known and hold in a more general setting of Banach spaces
(see Nagel [Nag86]).

Domination of semigroups plays a crucial role in spectral theory, in particular
in the proof of Cwikel-Lieb-Rozenblum eigenvalue estimates; see Rozenblum and
Solomyak [RoS097] and Rozenblum [Roz00]. Theorem 2.21 is used by Melgaard,
Ouhabaz, and Rozenblum [MORO03] in order to derive eigenvalue estimates for
Aharonov-Bohm hamiltonians.

Section 2.4 Theorem 2.25 and assertion 1) of Theorem 2.28 are well-known prop-
erties of Dirichlet spaces. Such results and more on Dirichlet spaces can be found in
the books mentioned above [BoHi91], [Fuk80], [FOT94], [M#R], and [Dav89].

The proof given here for Theorem 2.25 can be found in [(8R and is based

on similar ideas used in the proof of Theorem XlIl.51 in Reed-Simon [ReSi79].
Theorem 2.27 and assertion 2) of Theorem 2.28 seem to be new.

Section 2.5 The section on semigroups acting on vector-valued functions is taken
from Ouhabaz [Ouh99] following a work by Shigikawa [Shi97]. We describe
briefly another application of the results in that section. For details and defini-
tions, see Brard [Ber86], Chavel [Cha84], Cycon et al. [CFKS87] (Chap. 12),
and Strichartz [Str86]. On a complete Riemannian manifdldone considers the
space\* (M) of C= differential forms of degregé < dim M. Letd be the exterior
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derivative ands its formal adjoint. The Hodge-de Rham Laplacidnacting on
differential forms of degree k is the operatefdsé + dd). It has a decomposition
(the Weitzenbck formula)A = A+ R*, whereA is the Bochnetaplacian which
satisfies -

le™t B w| < e wl.

Here A is the Laplacian acting on functions (note that we are in the setting de-
scribed in Remark 2) following the proof of Theorem 2.30; in particular, the norm
|.| depends on the point). For a proof of the above domination property, see Hess,
Schrader, and Uhlenbrock [HSU80],eeard [Ber86], p. 172, or Cycon et al.
[CFKS87], p. 264. If\(z) denotes the smallest eigenvalueR®f(z), then it fol-

lows from Proposition 2.32 that

|e—tA,w‘ < e HARA@) |y, (2.11)

In particular, if X is non-negative thehe—m)tzo is L°°-contractive.

The domination property (2.11) is also established in Shigikawa [Shi97]LThe
contractivity (when is non-negative) is proved by Strichartz [Str86], who also
proved negative results to th&-contractivity for everyp # 2.

Section 2.6 This section is taken partly from Thomaschewski [Tho98] and partly
from Bartheemy [Bar96].



Chapter Three

INEQUALITIES FOR SUB-MARKOVIAN
SEMIGROUPS

In this chapter we prove certain inequalities for sub-Markovian semigroups
and their generators. A relationship between the sub-Markovian property
and Kato type inequalities for the generator is established. This completes
some of the results of Section 2.2. Note that the operators in consideration
here are not necessarily associated with sesquilinear forms.

Starting with a symmetric sub-Markovian semigroup on sdmespace,
we have seen in the previous chapter that it induces strongly continuous
semigroups on the scale éP-spaces. We prove some inequalities for the
corresponding generator dif. As a consequence, we obtain the holomor-
phy of such semigroups ob”,1 < p < oo, with a sector of holomorphy
wider than the usual one obtained by the Stein interpolation theorem. In the
same time, a partial description of the domain of the corresponding genera-
tor on L? is given.

Throughout this chaptefX, 1) will denote as-finite measure space. For
u € LP(X, u,C)andv € L4(X, u, C) with ]19 + % = 1, we use the notation

(u;v) = /X u(z)v(x)du(z).
If w e LP(X, u, C) withp € [1, 0), we set
F(u) := |ulP~sign u, (3.1)

where sign denotes the signum function defined in (2.2 # 1, then
F(u) = sign u. As in the previous chapter, all inequalities between measur-
able functions are understood in the.e. sense. We use again the notation
(e—tA)tZO for the strongly continuous semigroup generated by the operator
—A.

3.1 SUB-MARKOVIAN SEMIGROUPS AND KATO TYPE INEQUALITIES

We consider a strongly continuous semigrdep®4);~o on L?(X, u,C)
for somep, the following result characterizes in terms of its generator the



80 CHAPTER 3

L°°-contractivity of the semigroup.

THEOREM 3.1 Let (e7*4);5( be a contraction semigroup ob? (X, u, C)
for somep € [1, 00). The following assertions are equivalent:

1) The semigrouge*4);> is L>°-contractive.

2) R (Au; F((Ju] — 1)Tsign u)) > 0forall u € D(A).

3) There exists a cor® of A such thatk (Au; F((Ju| — 1)Tsignu)) > 0
forall w € D.

Proof. We use the obvious fact that for> 1
F((ul = 1)*sign u) = [(ju] = 1)~ "sign u,

and forp = 1, the term in the right-hand side is replaced\gy, - 1}sign u,
wherex,>1} denotes the characteristic function of the set whefe- 1.

Of course, 2) implies 3). Assume now that assertion 3) holds. By a den-
sity argument, it is clear that the inequality there extends to @l D(A).
Fix now A > 0, f € LP(X,u,C) with |f| < 1 and apply this inequality
with u = A(A\I + A)~1 f. We obtain

&e/ A+ A) L (AN + A) L f] = 1) )P~ sign N + A)Fdy

X
> 0.

In other words, the term
§R/ [fsign A + A)~Lf = AAT+A)LF[IANAT+A) L f|—1) TP~ tdp
X

is non-negative. Sincg| < 1, it follows that

R(fsign A + A)~1f—AA+A) " FIIIAAT+A4) 7 f-1) P! <o,
Thus,

Rl fsign A + A)~1f —AAL+A) FIAAT+A) L f|-1) P = 0.

This implies thafA\(AI + A)~! f| < 1. Since this is true for al\ > 0, we
obtain assertion 1) by the exponential formula as in the prooof of Proposi-
tion 2.1.

Assume thate=*4),>¢ is L>°-contractive and let € D(A). We have

R (Au; F(([u] ~ 1) sign u)) = lim %%(u— e Hu; F((Jul — 1) *sign u)).

Letus writeu = 1A|ulsign u+(Ju|—1)*sign u, wherelAlu| := inf(1, |ul).
Thus,

R(u— e ) F((ju| — 1) Tsigna) = I, + I



INEQUALITIES FOR SUB-MARKOVIAN SEMIGROUPS 81
where
L =R[1A |u| — e_tA(l A |u|sign u)sign @] [(|u| — 1) TP~
and
I = R[(|ul = 1)" — e ((Ju| — 1)Tsign w)sign @][(|u] — 1) 7P~

Since|l A |ulsign u| < 1 and the semigroup i&>°-contractive, we have
I; > 0. On the other hand, the semigroup is contractive 80X, ., C), so
it follows from Holder's inequality tha_le I»dp > 0. This implies assertion
2) of the theorem. O

It is clear in this proof that for positive semigroups, one may consider
only non-negative: € D(A) in assertion 2). This leads to the following
result.

PROPOSITION 3.2 Assume tha(e*“‘)tzo is a positive contraction semi-
group onLP(X, 1, C) for somep € [1, 00). Then the semigroufe—4),>
is sub-Markovian if and only if Au; F((u — 1)*)) > 0forall 0 < u €
D(A).

The result in this proposition is in the spirit of the following well-known
result which characterizes generators of positive contraction semigroups.

PROPOSITION 3.3 Assume thate=*4),> is a contraction semigroup on
LP(X, u, C) for somep € [1,00). Then(e~*4),>¢ is positive if and only if
itis real and(Au; F(u™)) > 0 for all real uw € D(A).

Proof. Assume thate™4),>, is a positive semigroup. Let € D(A) be
real. We have

(u—e M) F(u) = ()P — (et ()Pt + (e u) (uh)P!
O T U
Again, (u*)P~! has to be replaced bYfu>oy if p=1.
The fact that the semigroup is contractive together wigthddr’s inequal-
ity imply that for allt > 0
(u— ety F(u™))>0.

Thus,

1
(Au; F(u™)) = }ir% “(u—e Ay F(uth)) > 0.



82 CHAPTER 3

Conwersely, letf € LP(X, u,C) be such thaf < 0. We apply the in-
equality (Au; F(ut)) > 0, with u = A(AI + A)~1 f whereX > 0 is fixed.
This gives

18 =ML+ A OO + 4z o
X
Sincef < 0, we have

[f =AML+ A) T[N + A7) TP <o,
and hence

[f =AM+ A) TN + A7) TP =0,

This gives(A(A+A)~! f)™ = 0, which means thax(\I+A)~! is positive.
This implies the positivity of the semigroup. 0

In the rest of this section, we will consider only positive semigroups.
Thus, we can assume without restriction that beispaces are real. Indeed,
if the semigroup(e™*4),( is positive, then clearlytu € D(A) for every
u € D(A) and the restriction ofe~*4);>¢ to real parts of elements @ is
again a strongly continuous semigroup whose generatedisvith domain
the set offtu with u € D(A).

Recall also that ife=4),> is sub-Markovian, then it induces a strongly
continuous semigroup oh?, for eachq € [p, c0). We will keep the same
notation(e~*4),>o to denote the semigroup obtained bt for everyq €
[p, 00).

Assume thate '), is a strongly continuous semigroup 6A( X, 11, R)
for somep € [1, 00). Let Jy be the set of convex functions: R — R such
that;j(0) = 0. We have the following Jensen’s inequality.

PROPOSITION 3.4 The semigroupe*“‘)tzo is sub-Markovian if and only
if it satisfies

e ) < e (),

forall w € LP(X, p,R) N L>®(X, u,R),t > 0andallj € Jy. Herej(u) is
the functionj(u)(z) = j(u(x)).

Proof. Note first thatj € Jj is locally a Lipschitz function and hence for
u € L*®(X,u,R), j(u) € L>®(X,pu,R). This shows that the quantity
et j(u) makes sense.

Recall that every convex function dis the supremum of affine func-
tions onR. Fix j € Jy and lets — (a,s + b,) be a sequence of functions
onR such that

j(s) =sup(ans+by), s€R.
n
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Sincej(0) = 0, it follows thatb, < 0 for all n > 0. Thus, if (e7*4);>
is sub-Markovian then,, < e~*4b,. Hence, for every: € LP(X,u,R) N
L>(X, u, R), we have the pointwise inequality

ane Hu+ b, < e_tA(anu +by), t > 0.
Taking the supremum yields

j(e_tAu) < sup eftA(anu +by) < eitAj(U)a
n

where we use the positivity of the semigroup to obtain the second inequality.
Conversely, choosing(s) = |s|, we obtain for every > 0 andu €
LP(X, 1, R), |e tu| < e7*4|u|. This gives the positivity of the semigroup.
Choosingj(s) = —(1 A|s|), we obtaine ™4 (1 A |u|) < 1 A e~ ul, which
implies theL°°-contractivity. a

Note that every functio € Jy has at each point € R, left and right
derivativesj; (r) andj,(r). Recall that
71) < i) < 2LZID < ) < (o) forall s > 0. (32)
Itis clear from (3.2) that the intervgy’ (r), j%(r)] coincides with the set of
real elementsy such that

j(s) > j(r)+w(s—r)foralls € R

The set of suchv is called the subdifferential of at the pointr and is
denoted by)j(r). For a functioru € LP(X, i, R), we will write w € 95 (u)
to mean thatv(x) € 9j(u(z)) for pa.e.xz € X.

Let us now denote by;° the subset ofly, of functions whose right and
left derivatives are bounded ¢t Note that for everyj € J3°, there exists
a constaniV/ such thatj(r)| < M|r|for all » € R. Thus,

j(u) € LP(X, 1, R) for all j € J5© and v € LP(X, 1, R).

It follows in particular that forj € J§° the inequality in the previous propo-
sition holds for allu € LP(X, i, R).

The sub-Markovian property can be characterized in terms of Kato type
inequalities. More precisely,

THEOREM 3.5 Let (e7*4);>( be a strongly continuous and positive semi-
group onL?(X, u, R) for somep € [1,0). The following assertions are
equivalent:
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1) The semigrougpe—*4),> is sub-Markovian.
2) For everyj € J5°, we have

(J(u); A%¢) < (Au; we)
forall 0 < ¢ € D(A*), v € D(A) andw € 95(u).
3) For everyu € D(A) and evernyd) < ¢ € D(A*),
(Xqu<1yAus @) < (LA u; A%9),
wherex (,<1y denotes the indicator function of the det€ X, u(x) < 1}.

Proof. We show that 1) implies 2). Let € D(A),w € 9j(u), and0 <

¢ € D(A*). Sincej € J§°, itfollows thatw € L*>°(X, i, R). Moreover, we

have from the definition ofv € 9j(u) and from the previous proposition,
e j(u) > jle ) > j(u) + w(e u — u) for all ¢t > 0.

Here the expressioe 4 (u) makes sense becaugie) € LP(X, i, R) as
explained above. Thus, sinfe< ¢, we have fort > 0

1 A 1 ¢ .

S(u—e Au,w@_;(w(u—e Au); ¢)
> 2(i(u) — e (u)s0)
= G0~ )

— <j(u); % /Ot e—tA*A*¢>> :

The desired inequality holds by lettiig— 0.
Choosingj(s) = —(1 A s), s € R, we obtain that 2) implies 3).
Assume now that 3) holds. We want to show tijat?*4),>o is sub-
Markovian. Using the formula

t —n
e "y = lim <I + A) ufor allu € LP(X, u, R),
n

n—oo

it is enough to show that(AI + A)~! is sub-Markovian for al\ > 0, large
enough. Leb € LP(X,;,R) and0 < ¢ € LI(X, u, R) with  + 1 = 1.
We apply 3) withu = A\(AT + A)~lv and¢ = ((A + A)~!)*+ to obtain

(X4 - 1o<1 AT + A) 7o MM + A) 1)
< (LAXNA + A) Loy A*((A 4 A) 1 ).

IHere A* denotes the adjoint operator df
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This inequality can be rewritten as
(XA TA)-1o<1} (0 = AT 4+ A) 7o) A((M + A) 71" )
< (LAMNM + A Losah — MM+ A)"H*).
Note that we always have the pointwise inequality
LAV —=1AMNM+A)
< XOr+A) 1<t} (0 — AT + A) o).

Using this and the fact that(AI + A)~1+¢ > 0 (remember that the semi-
group is assumed to be positive) we obtain from the preceding inequalities

(LA —=1TAXN+ A) Lo MM+ A)7H*e)

< (LAXMN + A) 7 rosp — MM+ A)~H* ),
and hence

(LA MM 4+ A)"H*) < (LAXNN + A) Loz ap).
Since this holds for ald < ¢ € L(X, u,R), it follows that for allv €
LP(X, i, R),
MM+ A 7M1 Av) STANM + A) "o,

This implies that\(\I + A)~! is sub-Markovian. O

Note that the assumption of positivity of the semigroup plays an impor-
tant role in the previous result. The following example shows that without
positivity, the Kato type inequalities above do not imply the sub-Markovian

property.

Example 3.1.1 Consider onL?((0,1), dz,R) (dz denotes the Lebesgue
measure) the operator

Au = —u', D(A) = {u € H(0,1),u(0) = —u(1)},

whereH'(0, 1) denotes the classical Sobolev space @ ). The operator
— A generates the semigrodp—*4),>, given by

e u(z) = (~1)"u(x+t—n)ifz+t € n,n+1] (n eN).

Clearly, the semigrouge—4);>¢ is not sub-Markovian. We show that the
operator A satisfies assertion 2) of the previous theorem. It is not hard to
see that

D(A*) = {u € HY(0,1),u(0) = —u(1)}, A*u=1'.
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In particular, if » € D(A*) is non-negative, then(0) = ¢(1) = 0.

Fix0 < ¢ € D(A*) and letu € D(A),j € Jg° andw € Jj(u). We have
fora.e.x € (0,1) andd small

J(u)(z +6) = j(u)(z) = wz)(u(z + 6) — u(z)).

Therefore, fow > 0

Litu)(x — j(u)(x 1 u(x —u(x
JREEEL S DGR R DO

Hence,

lim inf/l i@ +9) = j(u)(x)¢(x) > —(Au; wo).
0

510 0
On the other hand, using the obvious equality
1 0+1
| ittt aotin = [ i@t - oo
and the fact thaty(0) = ¢(1) = 0 one obtains

o [ i@ +6) = (@)
510 Jo 0

1
b()da = — /0 §(u)(2)! (2)de
— —(j(w); A7),

This shows that the Kato’s inequality of Theorem 3.5 (assertion 2)) holds
for A.

Under an additional assumption, it is possible to characterize the sub-
Markovian property of the semigroup in terms of Kato’s inequality (without
assuming the positivity of the semigroup). We first recall the following
result which characterizes the positivity in terms of Kato’s inequality (see
Theorem 3.8 and Corollary 3.9 in Nagel [Nag86]).

THEOREM 3.6 Let (e=4);>0 be a strongly continuous semigroup acting
on LP(X, u, R) for somep € [1, 00). The semigrouge=*4);>¢ is positive
if and only if the following two assertions hold:
i) For everyu € D(A) and every) < ¢ € D(A*),
(sign u Au; ¢) > (|uf; A*¢).

ii) There existp > 0, ¢ € D(A*) and\ € R such thatd*¢ > \¢.
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Here¢ > 0 means that(z) > 0 for pa.e.x € X.
Assume now that the generatord of (e~*4),>( satisfies the inequality
of assertion 3) in Theorem 3.5. That s,

(X{u<yAu; ¢) < (1 Au; A%¢) for allu € D(A),0 < ¢ € D(AY).
Applying this inequality tonu for all » > 0 and noting thafl A nu =

n(1 Aw), we obtain

1 .
(X{u<1/nyAu; @) < (n Au; A <Z5>

forallu € D(A),0 < ¢ € D(A*). Applying this inequality to—u yields

—(Xqus—1/n}Au; ¢) < <Tll A (—U);A*¢>

forallu € D(A),0 < ¢ € D(A*).
The sumof the two inequalities gives

1 1
([X{u<1/n} - X{u>—1/n}]Au; ¢> < (n AN+ E N (_u); A*¢>

forallu € D(A),0 < ¢ € D(A*). Now if n — +o0, we obtain Kato’s
inequality

(sign u Au; @) > (Jul; A*¢) forallu € D(A),0 < ¢ € D(A").
As a consequence of this and Theorems 3.6 and 3.5, we have

THEOREM 3.7 Let (e~*4)>0 be a strongly continuous semigroup acting
on LP(X, u,R) for somep € [1,00). The semigroude™*4);>¢ is sub-
Markovian if and only if the following two properties hold:

i) For everyu € D(A) and every) < ¢ € D(A*),

(Xu<1yAus @) < (LA u; A%9).
ii) There existp > 0, ¢ € D(A*) and\ € R such thatd*¢ > \¢.

It should be mentioned that, in contrast to Theorem 3.1 and Proposition
3.2, the characterization of the sub-Markovian property in terms of Kato
type inequalities holds without assuming that the original semigroup (de-
fined onL?(X, u, R)) is contractive.

Theorems 3.6 and 3.7 can be used to prove the sub-Markovian property
for perturbed semigroups. We consider below the case of multiplicative
perturbations.
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Assume that(e~*4);>( is a strongly continuous semigroup acting on
LP(X, pu,R) for somep € [1,00). Letb : X — R* be a measurable
function such thab,% € L*(X,u,R). Assume in addition that the op-
erator—bA, with domainD(A), generates a strongly continuous semigroup
(e7?4);50 on LP(X, u, R). We have

PROPOSITION 3.8 1) The semigrouge ‘1)~ is positive if and only if
(e=%4),5 is positive.

2) The semigrouge~*4);>¢ is sub-Markovian if and only ife=**4);~¢ is
sub-Markovian.

Proof. Assume that the semigrOL(p—tA)tZO is positive. We denote by
Li(X, u,R) the dual space at” (X, i, R). Clearly,

D((bA)") = {y € LUX, 1, R), by € D(A%)}, (bA)"¢p = A™(bi)).

Now let0 < ¢ € D((bA)*) andu € D(bA) = D(A). By Theorem 3.6 we
have

(sign u Au; bp) > (|ul; A™(bg)).

This means that A satisfies the Kato inequality of Theorem 3.6. To con-
clude that(e~*4), is positive we have to check condition ii) of the same
theorem. This follows easily since df satisfies ii) forA, then%qﬁ satisfies

ii) for the operatom A.

The converse follows as above, singée= 1 (bA).

Assume that thesemigroup(e—*4);>¢ is sub-Markovian. Assertion 1)
implies that the semigrouf—'*4),~ is positive. In order to conclude that
this semigroup is sub-Markovian, we apply Theorem 3.5. (Let ¢ €
D((bA)*)) andu € D(bA). We have

(Xu<130AU; 9) = (Xfuc1y Au; bd) < (1A u; A™bg) = (1 A u; (bA) ).

This shows thate=*4) > is sub-Markovian. O

3.2 FURTHER INEQUALITIES AND THE CORRESPONDING DOMAIN
IN LP

Let (X, ) be ac-finite measure space and assume thista densely de-
fined, accretive, and closed symmetric formbH( X, 11, C). Denote byA

and (e~*4);>¢ the self-adjoint operator and the semigroup associated with
a. As explained in the previous chapter(if4),>( is L>°-contractive, then
(e=*4);>0 extends to a strongly continuous semigroupIéiiX, ., C) for

1 < p < oo and continuous o> (X, u, C) for the w*-topology. Denote



INEQUALITIES FOR SUB-MARKOVIAN SEMIGROUPS 89

by —A, the generator of the semigroup obtained/@ii.X, ;,C),1 < p <

0o (Ay := A). The semigrougde4r),>o generated by-A, coincides
with (e7*4);>0 on L2(X, u, C)N LP(X, 11, C). This suggests that the opera-
tor A, should have the same formal expressionlablowever, it is not easy

in general to describe precisely the domain of the opetajoiThe follow-

ing result gives a partial description of this domain when the semigroup is
sub-Markovian. It also shows some interesting inequalities satisfiet, by

THEOREM 3.9 Assume thate*4),> is a symmetric sub-Markovian semi-
group onL2(X, u, C). For every fixedp € (1,00), we have the following
properties:

1) If f € D(A,), thenf|f|2~! € D(a) and

A1 115 S RO £ sign ),

R(Apf; | fIP sign £) < 2a(fI 270 fIFI1E7H).
2) Foreveryf € D(A,), we have
(i1 sign 1] < 2L, 3 1P sign 1)

Proof. We show that for every fixed > 0 and everyf € L'(X,u,C) N
L®(X, 11, C) with p({z, f(z) # 0}) < oo,

pp; LU = A fB1 FF157Y) < R(f—e A £ sign f),
(3.3)
R(f—e M Af; | fPsign £) < 20112 e A FIF127 5 FIF1E D), (3.4)

and

4

[S(f = T A3 7 sign f)] < 2'%%(10 — AL sign /).
(3.5)

By densitythese inequalities will hold for alf € D(A,). The first assertion
of the theorem follows then by applying Lemma 1.56, (3.3), and (3.4). The
second assertion follows from (3.5).

The proof of these inequalities will be given in several steps.

We fixt > 0andf € LY(X,u,C) N L®(X, u, C) with u({z, f(x) #
0}) < o0.

(i) First, we may assume without loss of generality thaX) < oo.
Indeed, the operatoyy,., f(;r);éo}e_tA is sub-Markovian and clearly we may

replaceX by {z, f(x) # 0}.
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(i) We can assume thaf is a compact topological spage;'4 is a sym-
metric sub-Markovian operator which leaves invariafitX') (the space of
continuous functions o), andf € C(X). Indeed, lefl" : L>°(X, 4,C) —
C(K) be the Gelfand isomorphism, whekéis a compact space (the spec-
trum of the algebrd.>°(X, 11, C)). The measurg is transported to a mea-

surefi on K such that
/F(g)dﬂz/ gdp.
K X

We may now replace the operator*4 by e AT ~!. Note thaf(¢)I'(h) =
I'(gh) for everyg, h € L>=(X, i, C). This implies thal"e*AT"~! is a sym-
metric sub-Markovian operator ob?(K, j1,C). In addition, this operator
leaves invarianC'(K'). Note also that sinc&'(¢g) = I'(sign g)I'(|g|) and
I'(lg]) = |T'(g)], the signum function is defined afi(K) by sign I'(g) =
I'(sign g).

ReplacingX by K, x by i ande~'4 by e *4T—1, we see that we have
to show (3.3)-(3.5) witl'(f) in place off.

(iii) Using (ii), e** now becomes a symmetric sub-Markovian operator
on L?(X, u,C) and leaveC(X) invariant. It follows that there exists a
symmetric Radon measure, on X x X such that

/Xemmez/’ g(@)h(y)dmi(z,y) for all g, h € C(X). (3.6)
X XxX

In order to prove this, we consider the subspBa# C'(X x X)) of functions

of the typeh(z,y) = > p_; fu(x)gk(y) (Wheren € N) and thefollowing
functional onFE

'—n e_tA xT x).
MM~;A fuo(@)g(@)du(x)

One checks easilthat ¢ is well defined (i.e., it does not depend on the way
in which we expresé& € FE). We prove that is continuous. By the sub-
Markovian property(e~*4),> is a contraction semigroup ai(X). Thus,

2see also Fukushin{&uk80], Lemma 1.4.1.
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for everyh as above

|6(h)| < u(X) sup | > (e fi) () gi(x)

zeX L

< u(X) sup sup Z(efmfk)(x)gki(y)

y =z k

= (X)) sup sup e_tA(Z fk@)(x)

Yy T

< u(X) supsup Z Ji(@)gr(y)
K

Yy T

= (X)Pllexxx)-

By density,¢ extends to a continuous linear functional 61X x X'). We
prove now that this extension is a positive functional. Let firgt, y) :=
Sy fr(z)gr(y) > 0forall 2,y € X. This means that for every € X, the
function ), frgx(y) is non-neative. By positivity of the semigroup, we
have

Ze (f)gx(y)(z) > 0forallt > 0,2,y € X.

In particular,

Ze_tAfk(x)gk(ac) >0forallt >0,z € X
k

and this givess(h) > 0. Thus¢ is positive onE. In order to show that its
extension ta”' (X x X) is also positive, it is enough to prove thth|) > 0
for all real-valuedh € E. Take a sequence of polynomial, such that
P,(t) > 0forall ¢t € [—1,1] and P, converges uniformly if—1, 1] to
the functiont — [t|. Hence, the sequendg,(h/[|h||c(x x x)) converges in
C(X x X) 10 |[hl/|Ihllogx ). Sinced < Pu(h/|hllo(xxx)) € E andg
is positive onE, we conclude thab(|h|) > 0.

This proves existence of the positive measue The symmetry ofn,
follows from the symmetry of the semigroup.

(iv) Let now

= (fIf127 = e AFFIE TS AR Y.
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Using (3.6),we have
P= (1= e L) + (e L 1) = (T AAIF1E f1A1E
—U= )+ [ @) rdm(ey)

X x

- / @) @) 5T )3 dmy ().
XxX

Using thefact that the measure, (., .) is symmetric, we can rewrite the last
equality as
P=(1—e 1| fP)
1 p p E-17§ 51
+5 [F @) +[f @I = F@)[f @) f W)l ()2
XxX

—FOIF W f@)f (@) | dmy(, y).
We use the following notation. Set
f(@) = 1f(@)]e”") = 5@, f(y) = 1Y) and 0 = 6(x) — O(y).

We have

1
P= (1—etA1;\f|p)+/ [ + 1P — 25212 cos O]dmy(z,y). (3.7)
2 Jxxx

Let@ := (f — e tAf; | f|P~sign f). We have in a similar way
Q=(1— e ML |fPP) + (e 15| f[?) — (e 7™ f;| f|P~ 'sign f)

-t g [ r@r P

—f@If P2 (y) = F)If @) P2 f (@) | dma(a, ).
Hence,using the same notation as above, we obtain

RQ = (1—e~t1, ]fp)—i-;/ [sP 1P —(sP~ 4-51P71) cos O)dmy (z, ).

XxX
(3.8)
From (3.7), (3.8) and the Lemma below, we obtain (3.3) and (3.4).
From the previous expression @fwe also have

1
SQ| < 2/ |sP~ — sIP™L|| sin O] dmy(z, y).
XxX

Usingthis and (3.8) we deduce (3.5) by applying again the next lemma.
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LEMMA 3.10 Let0 < s,I < oo andf € R. Fixp € (1,00). The following
three inequalities hold:

p—1

d—5—[s" + 1V - 25212 cos O] < P + P — (s" 11 + s1P~ 1) cos 0,
p

SP+ 1P — (sP 4 slP V) cos < 2[sP + IP — 25217 cosb],

: - — lp — 2| 1 —1
|sin@|[sP~H — 1P < [P + 1P — (sPH + sIP7Y) cos B].
2yp—1
Proof. Note first that
25212 < s 4+ P71 (3.9)

This followsfrom the elementary inequaliu.b < a’c + §b2 by choosing

=1L

The fnequality (3.9)mplies easily that the function

—1
F(u):=4 [sP 4 1P — 2sgl§u] — (8P +1P) + (sP7H + slPHu
is nondecreasing. Hencé;(u) < F(1) for all w € [-1,1]. Thus, we
merely need to prove thdt(1) < 0 to obtain the first inequality. Assume,
for example, that < s and use the Cauchy-Schwarz inequality to obtain

4 s 2 s s
—2(8§ —15)2= (/ vg_ldv> < / dv / P 2dv
p l l l

1
= p— (s — ) (P~ — P71,
This gives the desired inequality(1) < 0.
Now we prove the second inequality. We want to show that

Fyp:=s"+10"— 25512 cos) — 25217 cosf + (5P~ 1 + sIP~) cosf > 0.
If cos® > 0, then this inequality follows from (3.9). Hos 6 < 0, then
Fyy> —cosO[sP + 1P + 45215 — (sP71 + sIP7Y)]
= —cosf[(s —)(sPL —1P7h) + 4s§l%]
>0.

Finally, we show the third inequality. Consider the following function
with variableu € [-1,1],

(sP7H — sIP=1)2(1 — u?)
[sP 4 1P — (sP=1 + slP—1)u]?’

F(u) ==



94 CHAPTER 3

The thirdinequality of the lemma means thai{u) < fff;_)lj forall u €
[—1,1].
We first optimizeF'(u) with respect ta:. A simple calculation shows that

; . - -1 -1
the maximum ofF'(u) is obtained whem = u; = £t~ Thus
sP+4[P

(Sp_2 _ lp_2)282l2
(sP 4 1P)2 — (sP~1] + slP—1)2"

F(u) < F(u) =

Now wehave

s 2
(P72 — P72 = (p — 2)? (/ vp_3dv>
I
/ v 3dw / 0P 3dw
! l

p— 2)2 (82 _ 12)(5237—2 _ lQp—Q)
(p—1) 522

p—2)2 (sP +1P)2 — (sP7H + sIP71)2
- 4(p—1) 5212 )

This showshat F'(u;) < 55;_2)12) and finishes theroof of the lemma. O

We gave in the foregoing theorem a partial description of the domain
of the generator orl?(X, u, C) when the semigroup is symmetric. For
nonsymmetric semigroups we have a less precise result. Namely,

THEOREM 3.11 Assume that is a densely defined, non-negative, continu-
ous, and closed form ab?( X, , C). Assume that the associated semigroup
(e=*4)>0 is sub-Markovian. For each € [2, ), the following assertion
holds:

J € D(A,) = |15 € D(@) anda(lf|%, f15) < SR(ALF: |17 sign /).

Proof. Fix p € [2,00) andlet f € D(A,). Since the semigroufe=4);>¢
is positive, we have

e f1 < e 1.
By the sub-Markovian property and Proposition 3.4, we deduce that
et f1E < et 1.

Thus,

(12 — e FI25]£12).

~+ | =

1 p p p
Z(f12 = e f155 1112) <
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The following elementary inequality holds:
|a|2 — |b|2 < (|a| |b|)|a|§_1 foralla,b € C,p € [2,00).
Hence,
(FI5 = le A F15; 1 F18) < SO = le ™ f1s A7)
We have proved
LURIE = e BB < B et A g )

Sincef € D(A,), theni(f —e ' f) conveges inLP(X, y1,C) to A, f (as
t | 0). Hence, by compositiof(| f|—|e~* f|) converges t&(A, fsign f).
Consequently,

N3

Sup <\f|2 — e f1551£15) <
We concludeby Lemma 1.56 tha|tf\§ € D(a) and that
a(lf|%,1f]%) =lim ~ (!f|2 — e f15 1 £12)
(Ifl e 1P

< im
=R < A fi|f1P sign ).

This prowes the theorem. O

3.3 LP-HOLOMORPHY OF SUB-MARKOVIAN SEMIGROUPS

We start with a semigroufe—*4);>o which is bounded o.?( X, i, C) and
onLP (X, i, C) for somepg € (2, 00]. As above, we may write- A, to de-
note the generator of the corresponding semigroupiX, 11, C) for p €
2,p0). Assume that orl.?(X, 11, C), the semigrouge*4),>¢ is bounded
holomorphic on the sectot(y) := {z € C,z # 0 and |argz| < ¥}

for somey < (0, §]. The holomorphyof the semigroup carries over from
L*(X,u,C)to LP(X, 1, C) (2 < p < po). However the sector of holomor-
phy depends op, in general. More precisely, the following classical result
holds.

PROPOSITION 3.12 For eachp € [2,p), the semigroup generated by

— A, is bounded holomorphic on the sectB(,) wherey, = (L —

1 1 1 1 P
23— p)
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Proof. Fix § € (—,%) andr > 0. Define onL?(X, u1, C), the opera-
tor T, := e~Ar¢""*. By the holomorphy assumptios, — T, is bounded
and holomorphic o0 < Rez < 1. In addition, forz such thatkz =
L, | Tofll2 < Mg fll2, and if Rz = 0, | T2 fllp, < M]|f ], whereM and
My are positive constants. By the Stein interpolation theorem, we conclude
thatT; € L(LP(X,p,C)) for p andt € [0,1] such that, = £ + =L, In
other wordse=*4 extends to a bounded operator B X, 11, C) for z such
that|arg z[ < 4(; —-)(3— ;)" Forz = ¢ > 0 thisextension coincides
with e~%4r. By a density argument one shows that*+=)4 = ¢—24¢—%'4
as operators oi? (X, u, C) (for z, 2" € X(¢,)). The strong continuity is
shown as follows. Fix € (0,¢,) and f € LPo(X,u,C) N L*(X, u, C).
We write the classical interpolation inequality

1 s 1-s
747 = fllp < 147 = fllleAr = 13 (3 =3+222).

wherep’ € (p,po) is chosensuch thate=*4 is uniformly bounded on
LP (X, p11,C) for z € %(v). By the strong continuity oi.?(X, u,C), we
obtain|le=*4f — f|, — 0asz — 0,z € %(v). By a density argument this
holds for everyf € LP(X, p1,C).

Finally, the holomorphy of — ¢=*4 on LP(X, i1, C) (for z € ¥(v) with
v as above) can be shown by applying Vitali's theorem as in the proof of
Theorem 6.16 (or Corollary 7.5 below). O

Note that the above proof gives a similar result if we start with a semi-
group which is holomorphic of?(X, 11, C) in place of L?(X, i1, C).

Assume now that the operatdris associated with a non-negative, densely
defined, continuous, and closed form. Then, the semig(euﬁf““))tzo
is bounded holomorphic oh?( X, 1, C) on some sectat(v) (cf. Theorem
1.52). If in addition,(e~*(A+®)),5, is L>°-contractive for some constant
w, then the induced semigrodp='47),~¢ on L?(X, 11, C) is holomorphic
on the sectoE(%w) for all p with 2 < p < oo. If the adjoint semigroup
(e-tA™w)), o4 is L>®-contractive, then one obtains by duality the holo-
morphy of the semigroup oh?(X, u,C) for 1 < p < 2 on the sector
(2 — %)). In the particularcase whered is self-adjoint and the semi-
group(e~t4);> is L>°-contractive, this holds withh = 5

Using Theorem 3.9ye obtain a better result on the holomorphy for sym-
metric sub-Markovian semigroups. More precisely,

THEOREM 3.13 Assume thad is the self-adjoint operator associated with
a non-negative closed form ab?(X, i, C). Assume that the semigroup
(e7*1);>0 is sub-Markovian. Then for eagh € (1,c0), the semigroup
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(e7r)i>¢ is holomorphic on the sectat(Z — arctan 'f’/ﬂl). In addition,

le™*4 || 2o (x ey < 1forall z € (F — arctan \\p/il)

The proof isa simple adaptation of the arguments given in the proof of
Theorem 1.54. The sectoriality condition (1.27) is now replaced by

lp — 2|
2/p—1

which we proved in Theorem 3.9.

|S(Ap f | fIP~ sign f)] < R(Apf: | f P~ sign f),

Remark. 1) Itis an elementary fact that the sector of holomorphy obtained
in this result is larger than the one obtained in Proposition 3.12.

2) The previous results on the holomorphy does not give any information
for the extreme casg = 1. We will see later, as a consequence of Gaus-
sian upper bounds for heat kernels, that semigroups associated with several
classes of uniformly elliptic operators are holomorphig®non L? for all
p, 1 < p < oo (see Theorem 6.16).

In the general setting, the above theorem is optimal. The most significant
example showing this is given by the Ornstein-Uhlenbeck operator, that is,
the operatord associated with the form

a(u,v) = Z » DyuDyve™ " 2dz.
k=1

It follows from Theorem 1 in Weissler [Wei79] or Theorem 1.1 (and Note
1.2) in Epperson [Epp89] that the maximal sector on which the semigroup

(e7*)1>0 is holomorphic onLP(R?, e~**/2dx) is ©(% — arctaan}jT‘l).

This semigroup imot holomorphic oL} (R?, e==*/2dz).

As a consequence of the previous theorem and Theorem 1.45, we have the
following information on the spectrum(A,) := C \ p(4,) of the operator
Apin LP(X, 1, C).

COROLLARY 3.14 Under the assumptions of the previous theorem, we have
for eachp € (1, 00), the spectrum ofl,, satisfies

lp—2|
o(4,) C {z € C, |arg z| < arctan ——— NS U {0}.

Notes
Section 3.1 Theorem 3.1 is proved in Ouhabaz [Ouh93]. Proposition 3.2 is taken
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from [Ouh93]and can also be found in Ma andékner [MaR)92] and Jacob
[Jac01]. Results of the same type are proved for the so-called completely mono-
tone (nonlinear) operators byéRilan and Crandall [BCr91]. Proposition 3.3 is
well-known (see, e.g., Nagel [Nag86]). An operatdacting onL? and such that
(Bu, F(u*)) < 0forallu € D(B) is called dispersive.

Jensen’s inequality for sub-Markovian semigroups as stated in Proposition 3.4 is
taken from Arendt and &nilan [ArB&92]. The fact that 13= 2) in Theorem 3.5 is
also proved in Arendt and@ilan [ArBé92]. 1)< 3) of the same theorem as well
as Theorem 3.7 are taken from Ouhabaz [Ouh93].

The original Kato’s inequality is the distributional inequality

(sign f)Af < A[f]

for f € Ll suchthatAf € Ll . It was proved by Kato [Kat73] and was a
powerful tool in his proof of essential self-adjointness of $climger operators on
C>(R%). Theorem 3.6 is due to Arendt [Are84]. An exhaustive study of Kato’s in-
equality as stated in Theorem 3.6 as well as its relation to positivity of semigroups
can be found in Nagel [Nag86].

Section 3.2 This section follows mainly the works of Liskevich and Semenov
[LiSe93] and [LiSe96], from which Theorem 3.9 is taken. Assertion 1) of Theo-
rem 3.9 was first proved by Varopoulos [Var85] for non-negafive D(A,). The
proof given here is taken from Nagel and Voigt [NaVo96] and Liskevich and Se-
menov [LiSe96]. The representation (3.6) in Part iii) of the proof is well-known
and can be found in Fukushima [Fuk80] and Davies [Dav80].

Section 3.3 Proposition 3.12 is well-known. The proof used here is taken from

Davies [Dav89] (Theorem 1.4.2) and Reed and Simon [ReSi75] (Theorem X.55).
Theorem 3.13 is due to Liskevich and Perelmuter [LiPe95] (see also [LiSe96]).
This theorem was proved previously by Bakry [Bak89] and Okazawa [Oka91] in
some special cases.



Chapter Four

UNIFORMLY ELLIPTIC OPERATORS ON
DOMAINS

This chapter is devoted to second-order uniformly elliptic operators con-
sidered on domains ¢ and subject to various boundary conditions. We
apply the criteria of positivity/L°°-contractivity, and domination of semi-
groups, stated in an abstract setting in the previous chapters, to concrete
situations of differential operators. The operators under consideration here
may have real- or complex-valued measurable coefficients. The aim is to
describe precisely how the above properties of the semigroup depend on the
boundary conditions and on the coefficients of the operator.

4.1 EXAMPLES OF BOUNDARY CONDITIONS

Let Q be an open subset &< (d > 1), endowed with the Lebesgue mea-
suredz. All the integrals over) are taken with respect téz. We write
LP(Q,K) := LP(Q,dz,K), whereK = R or C. We will often consider the
caseK = C. The scalar product af?(£2, K) is denoted by.; .). We denote
by W*(Q), H1(Q) = W12(Q) and H} () the classical Sobolev spaces.
Recall thatH}(2) is the closure inH!(Q) of C°(2), the space of>°>°-
functions which are compactly supportedSi The space of distributions
on Q will be denoted by(C°(Q))".

We consider measurable functioms,, by, ci,, andag (1 < 7,k < d) on
Q. We assume that the following uniform ellipticity condition holds.

(U.Ell) The functionsay;, by, ci., ag are bounded ofe, i.e.,
ajj, br, cr,a0 € L°(Q,C) forall 1 <j,k<d (4.2)

and the principal part is elliptic; i.e., there exists a constant 0
such that

d
R ar(2)€8 = ¢ forallE € CF aezeQ. (4.2)
7,k=1

The maximal possible in (4.2) is called the ellipticity constant of the
matrix (ajk)1<j k<d-
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LetD; = % and defineon L?(£2, C) the sesquilinear form

d

ay (u,v) /[ Z arjDuDjv + Z (bgvDju + cruDyv) + aguv | dw,
Q k,j=1

with domain
D(ay) =V,

whereV is a closed subspace &f!(Q) with H}(Q) C V C HY(Q). If
w € Ris a constant, we denote By + w the form given by

(ay + w)(u,v) == ay(u,v) + w(u;v), u,v € D(ay).

Under the assumption (U.Ell), there exists a constaatich that
n
Ray (u,u) + wllul|3 > 5”11”%[1(9) forallu e V (4.3)

and theform ay + w is continuous and closed. Indeed, ke€ V and set
M = |||§R(bk + Ck)‘ + ’%(bk — Ck:)|||oo We have

Ray (u,u) =R Z/ aijkumd:c + Z/ R(by, + cx)R(uDpu)dx
T JQ Q

—i—Z/ (e — br)S(uDyu dm+/ Rao|u|*dzx
an/ |Dku|2dx—ZMk/ |uDku|—/(§Ra0)_|u|2d:v.
L Q 3 Q Q

By the Cauchy-Schwarz inequality, we have for every 0

%av(u,u)ZnZ/ \Dkulzd:c—az/ |Dyu|?dz
PERAL PERaL
- (512M13+||(§Ra0)||oo>/QU|2dl’7
k

which implies (4.3).
The proof of the continuity ody, + w follows from (4.3) and the inequal-
ity

1/2 1/2
8y (u,v)] < C[Z |Diull? + ruus} [Z |3 + ||vu%}
k k
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which holds for some positive constafitand allu, v € V. The latter in-
equality follows easily from the Cauchy-Schwarz inequality and the bound-
edness ofi;, by, i, andag.

Finally, the fact that the formay + w is closed follows from the assump-
tion thatV’ is a closed subspace &f!(€2). Note that the norm of7!(Q)
and+/ay(.,.) + w(;.) are equivalent ofV. Therefore, the fornay, + w
satisfies the standard assumptions (1(2)5). One can then associate with
ay +w an operator o.?(£2, C). This means that we can associate veith
an operatordy,. Formally, Ay is given by the expression

d

d
Ayu=— Z Dj(@ijku + Z (b Dxu — Dy(cku)) + apu.  (4.4)
k,j=1 k=1

The role of the spac¥ is to impose boundary conditions. Although the
dependence o is not visible in the formal expression ofy/, it must
be understood that for two different spadésand W, the operatorsdy
and Ay are different as they are subject to two different types of boundary
conditions.

We give now some examples of boundary conditions. We will say that
we have:
(i) Dirichlet boundary conditions if V = H}(Q);
(i) Neumann boundary conditionsif V = H'(Q);
(iii) mixed boundary conditionsif

V=Tugue eI 7, (4.5)

wherel is aclosed subset a2, v denotes the restriction afto (2, and

1
{.. .}H “ denotes the closure iHL(0).
Roughly speaking, (i) corresponds to the conditice 0 on the boundary
092 of 2, whereas (ii) corresponds to the condition

(Z ag; Dyu + qu) n; = 0 on 0€),

2

d
Jj=1

whereri = (n1,...,ngy) denotes the outer unit normal on the boundaty
Mixed boundary conditions correspond to Dirichlet conditionlband the
Neumann one on the rest of the boundary. All of this can be done pre-
cisely by applying Green’s formula if bo#2 and the coefficients;, c;,
are smooth enough.

If T is empty, then (4.5) becomes

HY(Q)

V = HI(Q) := {uq,u € CX(R)} (4.6)
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The boundargondition given by sucly is similar to the Neumann one. We
call thisthe good Neumann boundary conditions It is well-known that
for domains with smooth boundary (Lipschitz boundary, for instance) one

hasH () = H1(%)). See, for instance, Adams [Ada75] or Brezis [Bre92].
The following is another type of boundary conditions.

(iv) Robin boundary conditions. Assume thaf) is bounded and has smooth

boundary (e.g., Lipschitz boundary). In this case, every H'(Q) has a

trace onof2. One can then consider perturbations of the previous foym

by integral terms on the boundary. More precisely, consider the sesquilinear

form

bV,a(uav) = ay(u,v) +/ a(z)uvdo, D(bV,a) =V, 4.7)
i)
whereq is a non-negative and bounded function@n anddo is the sur-

face measure. The operator associated with this form has the same formal
expression (4.4) but it is subject to different boundary conditions, called
Robin boundary conditions. In the case whéfe= H'((), they corre-
spond to the condition

Z (Z ap; Dyu + c]u> nj + au = 0 on o).

J=1

For V' as in (4.5), the condition looks like the previous oned$h\ I" and
u=0onT.

The boundary conditions in @)(iv) are only examples of boundary con-
ditions which fit into the framework of the present chapter. Other examples
can also be considered.

Consider now a general spakelt follows from Theorem 1.52 that the
operator— Ay is the generator of a holomorphic semigrdep®4v );>o on
L?(Q, C). In particular, the parabolic equation (or the Cauchy problem)

( 9 9 ., au (t,z)
a _
) _Zﬁ% <“’”'( g9 - Zb’“ o

(CP) Z T, (cx(z)ult, z)) — agu(t, z)

= —Avu(t T

), t >0,
u(0,.) = f€L*Q,C)

has a unique solution(z, .) = e *4v f € D(Ay ) forallt > 0. The solution
u(t, .) satisfies the boundary conditions imposedibyNow, as explained
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in Chapter 2, if the semigroufe=*4v);~( is L>°-contractive, then it in-
duces a strongly continuous semigroup BH({2, C) for eachp € [2, )

and we obtain existence and uniqueness of the solution of the analog of
(CP) in LP(Q2,C). The same holds fot < p < 2 if the adjoint semi-
group(e~*4v);>q is L>-contractive. For the parabolic equaticfiP), the
L*>-contractivity of the semigroufe =4V )~ can be rephrased as:

lfI <1 =Ju(t,.)| < 1lforallt > 0.

Thus, it is a maximum principle fofC' P). Note that the positivity of the
semigroup(e 4V )~ can also be interpreted as a maximum principle for
(CP).

In the next sections we study positivity, irreducibility, domination, and
L*>-contractivity of semigroupge~*4v),>, associated with differerit’s.

4.2 POSITIVITY AND IRREDUCIBILITY

We keep the framework and notation of the previous section. We assume
the uniform ellipticity condition (U.EIl).
An application of Proposition 2.5 shows that the semigreagv ),
is real if and only ifRu € V for all w € V anday (u,v) € R for all real
u,v € V. Clearly, this is again equivalent to the fact that € V' for all
u € V and that for every,,v € V

d d
aV(u,v) :/Q |: Z %(akj)Dkum+Z(%(bk)@Dku+%(ck)um)

4k=1 k=1

+ %(ao)uv} dz. (4.8)

This means thahe formay, (and hence the operatdr,) is given by real-
valued coefficients.

PROPOSITION 4.1 The semigrouge*4v);~ is real if and only ifRu €
V for all w € V anday has real-valued coefficients.

The following result characterizes the positivity of the semigroup.

THEOREM 4.2 The semigrouge 4V ),>q is positive if and only if the fol-
lowing two conditions hold:

DueV=RuteV.

2) The formay is given by real coefficients (i.ea;, satisfies (4.8) for all
u,v € V).
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Proof. The fact that the conditions 1) and 2) are necessary follows immedi-
ately from the previous proposition and Theorem 2.6.

Assume now that 1) and 2) are satisfied. Applying 1}t shows that
Ru = Ru)t — (Ru)~ € V for all uw € V. It follows from the previous
proposition that the semigroup is real. Simeg(Ru)* = Dj(Ru) X {nu>0}
(see Proposition 4.4 below), one h@as((Ru) ™, (Ru)~) = 0. Theorem 2.6
implies the positivity of the semigroup. O

COROLLARY 4.3 Assume thaty is given by real coefficients. Then for
Dirichlet, Neumann, good Neumann, or mixed boundary conditions, the
corresponding semigrou v ), is positive.

This result follows from Theorem 4.2 and the following proposition.

PROPOSITION 4.4 LetV be one of the spacé$ (), H'(2), H1(X), or

1
{ujn,u € C(RI\ F)}H @ (wherel is a closed subset @f(2). Then for
everyu € V, we have(Ru)™, |u] € V, and

D;(Ru)t = Dj(Ru)x (ru>0} and Dju| = R(sign(w) Dju),

wherexr.~0} denoteghe characteristic function of the set wheke: is
> 0.

Proof. Assume first that’ = H' (). Consider orC, the function

fe(z) = V|22 + 2 —e.

Clearly f. has partial der/iatives%f8 and %fe which arecontinuous and
bounded orC (heret = Rz ands = $z) andf.(0) = 0. Thus by a classical
resultf.(u) € HY(Q) forallu € H'(Q).1 Now

Djfe(u)= gtfg(%u, Su)Dj(Ru) + Eifg(%u, Su)Dj(Su)
L [RuD;(Ru) + SuDy(Su)

u

Letyp € C°(2). We have for alle > 0,

u

¢dx

1This factcan also be deduced from Theorem 2.25.
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Taking the limit where — 0, it follows that
/ |u|Djpdx = —/ R[sign(w)Djupdx.
Q Q

This implies thatju| € H'(Q2) and D;|u| = R[sign(u)D;u]. Applying

this to Ru andusing the fact that®u)* = 1(|Ru| + Ru), one obtains
(Ru)t € HY(Q) and D;j(Ru)™ = Dj(Ru)x(nus0}- FOr V. = Hg(Q),

the assertions follow from the facts that € H'(Q2) for all real-valued

u € C°(Q) and that functions iff!(©2) which have compact supports in
QareinH(Q).

We prove the proposition in the case of mixed boundary conditions, i.e., we

1
assume that’ = {ujq,u € C°(R\ F)}H @ (the casevherel is empty
gives the good Neumann boundary conditions). First, itis cleafithat V'
forallu € V. Fix nowu = Ru € V and letu,, € C2°(R?\TI") be a sequence
of real-valued functions which convergeato H'(Q). It follows that(w,!)
converges ta:* in H'(). Let p, € C>°(R?) be a regularizing sequence
and denote by the convolution. Clearly, for each fixed the sequence
(pm * ul)m converges i1 (RY) to u andp,, * uf € C*(RY\ T) for
largem. This givesu,” € V and hence:™ € V. A similar argument shows
that|u| € V forallu € V. O

Example 4.2.1 LetV = {u € H'(0,1),u(0) = iu(1)}. Define the form

1
ay (u,v) :/ u'v'dz, D(ay) =V.
0

This form has real coefficients, but the semigroup is not real becluse
not stable under the real pait. In particular, the semigroup is not positive.
If we choose now

V ={ue HY0,1),u(0) = —u(1)},

then the semigroup is real but not positive (the positive pdrtdoes not
operate onl).

We study now the irreducibility of the semigrogp*4v),>¢. Since an
irreducible semigroup is in particular positive, it follows that the conditions
1) and 2) of Theorem 4.2 are necessary for irreducibilityeof4v ) ;~.

THEOREM 4.5 Assume thatRu)™ € V for all uw € V and that the form
ay satisfies (4.8). Consider the following assertions:

1) The semigrouge 4V ),>q is irreducible.

2) The open subsét is connected.

Then 2) implies 1). The converse holdslif is subject to Dirichlet, Neu-
mann, mixed, or good Neumann boundary conditions.
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Proof. Firstly, note that the semigrOL(p—tAV)tZO is positive (cf. Corollary
4.3).

By Corollary 2.11, the irreducibility ofe=*4v ), is equivalent to the
following: if €2 is a subset of2 such that

ueV=xquelV, (4.9)

then eitherA(2;) = 0 or A(2 \ ©;) = 0, where\ denotes the Lebesgue
measure oR?.

Assume thaf? is connected. Suppose for a contradiction thasatisfies
(4.9) andA\ (1) > 0, A(2\ ©21) > 0. We have in particular,

u € CP(Q) = xo,u € HY(Q). (4.10)

The operatoDy, satisfiesy,—qyDrv = 0 forallv € H(Q). This implies
that D (xo,u) = xq, Dru. Hence,xo,u € Wy*(0O) forall p € [1, 0],
whereQ is an open subset ¢t with smooth boundary which contains the
support of a fixed, € C°(Q2). (Note that there always exists an increas-
ing sequence of open subseéfs of 2 with smooth boundaries, such that
U,U, = Q. Using the fact that the support afis compact, one obtains
from this that suchO exists.) Choosing large enough, we deduce from
Sobolev embedding theorems that,u = v a.e. onO, with v being a
continuous function od.

Assume for a moment that there existse €2 such that for every) > 0

A B(zo,m) N Q1) > 0and A(B(xo,n) N Q) >0, (4.11)

whereQ, = Q\Q; andB(zo, n) denotes the open euclidean ball with center
xo and radius). We taken > 0 small enough such th&(z¢, 2n) C Q and
considery € C2°(Q2) such that(z) = 1 for all z € B(xo,n). We have for
a.e.x € B(xo,n) N and a.ey € B(zg,n) N Qs

1= [xa,u(r) = xo,u(y)| = [v(z) = v(y)].

From the fact that is continuous, we see that this equality cannot hold.
Now we prove the existence of, satisfying (4.11). Assume that for ev-
eryz € (, there exists; > 0 such that eithen(B(z,n) N Q1) = 0 or
A(B(z,n) N Q) = 0. DefineO; (respectivelyDs) as the union of all balls
B(z,n), wherez andn are such thah(B(z,n) N Q1) = 0 (respectively
A(B(z,m) N Q2) = 0). One checks easily th&?; andO are disjoint open
subsets such th& C O; U Os. In addition, if 2 C O;, thenA(£2;) = 0.
Since we have assumed thdt2;) > 0 for i = 1,2, we obtain a contradic-
tion with the fact thaf? is connected. This proves the existence:gf
Assume now that we have one of the boundary conditions listed in the
theorem. That is, respectively, = H}(Q),V = H(Q),V is as in (4.5),
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orVis asin (4.6). IfQ2 is not connected thefd = Q1 U Qy, where
and(2, are two disjoint open sets. Itis not hard to see fhasatisfies (4.9)

in each of the four cases above and this implies that semigroup cannot be
irreducible. O

In the above theorem, we can assert that 1) implies 2) for several other
boundary conditions. Those listed there are particular cases for which the
implication 1) = 2) holds. However, this implication is not true for all
boundary conditions, as the following example shows.

Example 4.2.2 LetQ2 = (0,1) U (2, 3). Define the form
1
ay (u, v) = / WVdz, D(ay) =V = {u e H'(Q),u(0) = u(3)}.
0

This corresponds to periodic boundary conditiong)and 3 and the Neu-
mann conditions at and2. This form is well defined, sindé! (Q) C C(Q)

by Sobolevembedding. The semigroup=*4V);>o associated with this
form is irreducible. Indeed, by Theorem 4.2 and the fact thate H'((2)
for every realu € H'(Q) and (u™) = /x>0y, it follows that the semi-
group is positive. Now if); satisfies (4.10) and has nonzero measure, then
one deduces easily that eith@; = (0,1), 21 = (2,3), or Q; = Q. As-
sume that2; = (0, 1). Hence(xo,1y»)(0) = (x(0,1)»)(3) forall u € V.
We deduce that(0) = 0 for all w € V, which is not the case. The same
conclusion holds if2 = (2, 3). Thus,2; = 2 and we conclude by Theorem
2.10 or Theorem 4.5 that the semigroup is irreducible.

4.3 L*°-CONTRACTIVITY

This section is devoted to the>-contractivity property of the semigroup
(e7t4v),>0. Our aim is to describe precisely in terms of the coefficients and
also in terms of the boundary conditions imposed/hywhether or nof.>°-
contractivity holds. In order to do this, we apply the criteria given in Chapter
2. Recall that by Theorem 2.15, the following condition is necessary for
L°°-contractivity:

u€eV = (1A|u])signu V. (4.12)

This restricts, independently of the coefficients of the fafgm the range of
boundary conditions for which>-contractivity of (e ~*4v);~o may hold.
We first state and prove the following result.

THEOREM 4.6 The semigrouge 4V ), is L°°-contractive if and only if
the following two conditions are satisfied:
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i) V satisfies (4.12).
i) For all w € V such that prp,; € L1(Q2,C) andpD;jr € L1(€, C) for
S(sign(u)Dju)

everyj,k =1,...,d,wherer = [u| andp; = p;(u) == =" X{ux0},
we have
d d d
L X Rapeeir = 3 staany+ 336 - e
@ J,k=1 k=1 =1
d
+ Z(?ch)Djr + 3‘8(&0)7} dx > 0.
j=1

Proof. Let w € V and putv = (r — 1)" sign u. We haveDj|u| =
R(sign(w)D;u) for everyu € H() (cf. Proposition 4.4), and by Propo-
sition 4.11 below, we hav®,v = (Dyr +i(r — 1)) sign u x -1y and
Dy ((r A1) sign u) =i oy, sign u x(p>1) + Dru xgr<13- HENce

Ray ((r A1) sign u, (r — 1) sign u)

= /ﬂ |:Z§R(akj)90k90j(7' —1)" =Y S(arj)epDir xrs1y
3k gk

+ 3 S(ej = b)ps(r = 1)F
j=1

+ Z(S‘Ecj)Djr X{r>1) + R(ao)(r — 1)+} dzx. (4.13)
J

Assume now that conditions i) and ii) are satisfied. We have (r —
1)*signu € Vandjv] = (r — 1)", ¢;(v) = ¢j(u) x{r>1y- It follows that
erpjlv] andp,Djlv] € L1(£2, C). We apply ii) forv and obtain

Ray ((|u| A1) signu, (Ju| —1)" sign u) > 0.

Theorem 2.15 implies thgt—*4v ), is L>-contractive.

Conversely, assume that—*4v ), is L>°-contractive. As mentioned
above, (4.12) holds. Again Theorem 2.15 implied;tdor k£ > 0 gives
(4.13) with (r — k)™ in place of(r — 1) and x(,~x In place ofx,~13.
Letting k& — 0, we obtain with the help of the dominated convergence theo-
rem the assertion ii). O

In the case of Dirichlet boundary conditions, i.&.,= H&(Q), a more
precise result holds.

. —tA . .
THEOREM 4.7 The semigrouge ! Hé)tzo is L°°-contractive if and only
if the following four conditions are satisfied:



UNIFORMLY ELLIPTIC OPERATORS ON DOMAINS 109
) S(ag; +aji) =0forall j, k {1,...,d},
d

i) fo=RNag — Z D;(Re;) is a positive Radon measure 6n

j=1
d
i) fr = DiS(arj) € Lige(Q), k€ {1,...,d},
7j=1
iv) Z (ar; ék&pLZ b))+ f)&+for > 0a.e.onQforall € €
k.j=1 Jj=1

R?, where fo, is the regular part of the measurg (i.e., the absolutely
continuous part).

Proof. Note thatH} () satisfies condition (4.12) (see Proposition 4.11). It

follows that the semigroupe_tAHé )e>0 Is L>°-contractive if and only if for
everyu € H}(2) such thatprp,r, o Djr € L*(Q, C), we have

/ [Z% a;j @kcp]—i—z ¢]+8‘Ea0}rdx
> /Q [Zg(akj)gok - Z(éch)] Djrdz, (4.14)

k7j ]
wherer = |u| andyp; = 1 S(Dju sign u) x{u0y s aboe. Assume

that(e_tAHé )e>0 iS L°°-contractive. We apply (4.14) with = re®, where
r e C(Q,RT) andy € C*(R%, R). Sincep; = Djp x{>0}. We obtain

Z% Qg Dk(ijgO-i-Z ]‘P"i'fo

+ij Djo+ Y Slar))DjDy o > 0in (C(Q))  (4.15)
J k.j

for all p € C*(R%,R), wheref,, f; are the distributions defined in ii) and
i), respectively.

We apply (4.15) withp = 0 and obtainf, > 0 in (C°(Q)’, that is, ii).
On the other hand, it follows from (4.15) th#t + Zj fiD;p is a Radon
measure o2 whose singular part is non-negative for alie C>*(R%,R).
Fork = 1,...,d, choosep(z) = Az, A € R, we deduce thafy is a
Radon measure with a trivial singular part and hefice L] _(Q), thatis,
iii).

Now letzg € Q be a Lebesgue point faty;, ¢, b;, f;, fo, and apply

(4.15) withp(z) = 3((z — 20). €),¢ € R, andX € R (where. denotes
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the classicainner product oR?). We obtain

N R(ars)ér & (2 — o). +>\Z bj) + i) ((x — x0)-£)&;
k,j
+ for +>\Z\s (arj)ék & >0 (ae.z € Q).
k,j

Forx = x, this gives

for(zo) + A Sagj(z) & & > 0 forall A € R.
khj

Since) is arbitrary inR, we obtain} ;. ; Say; § & = 0 a.e. onf, for all
¢ € R? thatis, i).

Finally, we apply (4.15) withp(z) = £. = to obtain iv).

Conversely, we assume that the four conditionrsv) are satisfied. We
show thatfe "#3),5¢ is L*-contractive.
Using (4.13), Theorem 2.15 and the fact th&(Q) is dense inH} (Q2), it
is enough to check that for everyc C°(9Q2),

0< /Q [Z Ranj)r pi(r = 1) =Y S(arg)or Dj(r — 1)

k.j k.j

+Z bj)pj(r—1) —&—Z?Rc] i(r—1)7F

J

+ Rag(r — 1)+} dz, (4.16)

wherer andy; are as above. Sinde — 1)* € W1>°(Q2) and has compact
support and _; D;(Re;) = Rag — fo is a Radon measure ¢h(condition
i), we have

/ Z%cj (r—1)* /Q(fo—éRao)(r—l)*.

On the other handy, € C*°({r > 0}) andg@k = g? Indeed, orthe open
set{r > 0}, ¢ = —i sign u Dy (sign u), henceD]gok = —i(—pjpor +

(sign @) Dy D;(sign u)), which is symmetriavith respect tqk, j).
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Hence using iii) and i), we have
> DiS(akjen) = <Z D; \fak]> ok + Y Sar; Djpy
k.j k J k.j
=Y fepr In (C({r > 0}))"
k
Since(r — 1)* has compact support ifr > 0}
/ —> (Sarj)er Dy(r — 1)* = / > feer(r—1)"
Q 0 Q7
Hence the right-hand side term of (4.16) is given by
/ [Z %akﬂpk@]""‘z +fj)90]+f0r](r_1)+dx
+/(’r‘ — 1)+ d(f[)75),
Q

wherefy s = fo — fo,r is the singular part ofy. From iv) and ii) we deduce
that this quantity is nonnegative. a

COROLLARY 4.8 Assume thaftc; and Sai; = —Saj, € WH(Q) for
k,je€{1,...,d}. Letw € R be any constant such that

w+fo—f2\% —i—f]\ >0on ,

wherer, is the ellipticity constant. Then, the semigroiep s 1+w))t20 is
L°°-contractive.
Proof. The following trivial inequality holds

d

> (S(e=bj)+1)& = —(4m) 1Z| b)+fil*— 77252 (4.17)
j=1
This together with the ellipticity property (4.2) show that COI’]dItIOHSN’)
of the Theorem 4.7 hold withy + w in place ofay. O

Note that the conditions i)i¥) in Theorem 4.7 are necessary conditions
for the L>°-contractivity of (e=*4v);>( for everyV satisfying (4.12). In-
deed, by Theorem 2.15, tHg®-contractivity of (e 7*4v),>( implies (4.12)
and

Ray ((|u| A1) sign u, (Ju| — 1)* signu) >0



112 CHAPTER 4

for all u € V. SinceHZ(Q) C V, this inequality holds fou € H (). In
particular, thel>°-contractivity of(e =4V )~ implies theL>*-contractivity

of (¢ A )¢>0. We conclude by applying Theorem 4.7.

4.3.1 Validity of L°°-contractivity: real principal part

As previously, we assume the uniform ellipticity condition (U.EIl). Recall
again that; denotes the ellipticity constant in (4.2).

THEOREM 4.9 Assume that for alj, & € {1,...,d}, the coefficientsi;
are real-valued and thakc; = 0. Then the following assertions are equiv-
alent:

i) V satisfies (4.12).

ii) There exists a constant € R such that the semigroufe—*Av+v)),5

is L°°-contractive.

In this case, ii) holds with any constaatsuch that

d
1
w—i—ﬂ?ao—%Z]%(cj — b)) > 0o0n Q. (4.18)
i=1

In particular, (¢~*4v);> is L>-contractive ifRag — 4 > [S(es —
b;)|? > 00onQ.

Proof. Since (e *(4v+®)),5 is the semigroup associated with the form
ay(.,.) + w(.;.), with domainV, it follows from Theorem 2.15 that ii)
implies i).

Assume now that i) holds. We apply Theorem 4.6. etoe as in that
theorem. Itis enough to prove that

d

d
Z R(arj)erp; + Z S(¢j — bj)ej + Rag +w > 0on Q.
k=1 j=1

Using the ellipticity assumption (U.EIl), we see that this inequality holds for
everyw satisfying (4.18). O

In the next result, we assume that the coefficients satisfy the hypothesis
of the previous theorem.

COROLLARY 4.10 If Ay is subject to Dirichlet, Neumann, good Neumann,
or mixed boundary conditions, théa—*(4v+v)),- is L>°-contractive for
everyw satisfying (4.18).
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This result follows from the previous theorem and the next proposition.
Note that for Dirichlet boundary conditions, we had a better result in Corol-
lary 4.8. Note also that by combining Corollary 4.10 with Corollary 4.3,
one obtains that, if all the coefficients are real-valued, {laefi4v +%)),5q

is sub-Markovian for everyw € R such thatv + ag > 0.

PROPOSITION 4.11 The spacedi} (), H!(Q), H1(%), and

1
{ujn,u € C(RI\ F)}H @ satisfy (4.12) Moreover,
. S(sign(w)Diu) .
Dj((L A |ul)sign u) = ZWSlgn UX {Juf>1} + X{ul<1y Dju

foralluw € H'(Q)andallj € {1,...,d}.

Proof. We first consider the casé = H'(€). Since the idea of proof is
similar to that of Proposition 4.4, we only sketch the proof. Let

. (t—1)2+e2—c if ¢t>1,
f‘f(t)‘_{ 0 if t<1.

As in the proof of Proposition 4.4, singé has bounded derivative dR,
f-(u) € HY(Q) for all real-valuedu € H'(Q2). Again, by Proposition 4.4,
we conclude thaf.(|u|) € HY(Q) for allu € H'(Q). Lettinge — 0 in the
expression oDy, f-(|u|) one obtaing|u| — 1)™ € H!(2) with

Dy(|ul = 1)F = Xgju>13Drlul = xqpu/>13R(sign(@) Dyu).

From this, itfollows that—%— (|u| — 1)™ € H*(Q) foralle > 0 andu €

H(Q). Lettinge — 0 in the expression ob),, {\/&T(\uy — 1)+} and

arguingas in the proof of Proposition 4.4, it follows th@dt:| — 1) *sign u €
H(Q). The equalityu — (1 A |u|)signu = (Ju| — 1)Tsign u gives the
desired assertion.

The corresponding result fof = H} (Q2) follows from the fact that1 A
lu|)signu € HE(Q) for all w € C2(Q) (since it is in H'(Q) and has
compact support ife).

Finally, if V' = {ujq,u € C*(RI\T)} ), the resultfollows as in
Proposition 4.4 by considering A |u|)sign « in place ofu™. O

HY(Q

If no regularity assumption is imposed &, the conclusions of Theo-
rem 4.9 and Corollary 4.10 do not hold. This is shown in the first example
below. The same example shows also that the situation for the adjoint semi-
group(e~t4v ), is different, even whel’ = H}(Q).
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Example 4.3.1 LetQ = (0,1) andb, c € L>(2). Consider the form

1 —
ay (u,v) = /0 [u'v" + b(z)u'v + c(x)uv'|dz, D(ay) = V.

1) Lete(z) = /r andV = HE(Q). If there exists a constant such
that (e~HAv+w)),5 is L>-contractive, then by ii) of Theorem 4.7, we must
havew — ¢ is non-negative 010, 1). This is not the case for any. If we
takeb(z) = /z andc = 0, then thee exists nav such that e ~“A7+v)), 4
is L*°-contractive.

2) LetV = H'(Q), b(z) = 1 andc(z) = 0. By Corollary 4.10, the
semigroup(e *4v )~ is L>-contractive. However, there exists noc R
such thaie~*(4v %)), is L*°-contractive (despite the fact the coefficients
are in W1>(Q)). Indeed, if suchw exists, then for every < u € V,

ay((u—D" 1 Au) +w((u—1)"51Au) > 0. (4.19)

This gives

1 1
/ X{us1y0'dz + w/ (u—1)Tdz > 0.
0 0

Applying this forku in place ofu and lettingk — oo, we obtain

1 1
/ u’dx+w/ udz > 0.
0 0

In other words, for every non-negati¢& -functionu on 2,

w/ol udz > u(0) — u(1).

Applying this for the sequeneg, = (1 — z)" yieldsw > n + 1 for every
n € N which is not possible. Hence (4.19) cannot hold for any

3) Let nowV = {u € H*(0,1),u(0) = au(1)}, wherea € C. Assume
thatb = ¢ = 0. It is easy to check that” satisfies (4.12) if and only if
la] = 1. Thus, the semigroufe=—4v),5¢ is L>°-contractive if and only
if |o| = 1. In particular, for & = 7 one obtains a semigroup which Is*-
contractive but not positive (it is not even real) and o= 2, the semigroup
is positive but nof.>°-contractive.
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4.3.2 Absence of.°°-contractivity: complex principal part

We consider in this section the foray- given by the principal part, that is,

ay (u,v) Z /aijkuD vdx, D(ay) = V. (4.20)
k,j=1

We assume as previously that the uniform ellipticity (U.EIl) holds.

We have seen in the previous subsection thitshtisfies (4.12) and if the
coefficientsa;,; are real, then the semigro@p—tAV)tZO is L°°-contractive.
This paragraph is devoted to the necessity of havingathjeto be real-
valued. More precisely, we study the question whetheffliecontractivity
of (e7*4V ), implies that

ay (u,v) Z / R(arj)DruD; Dvdx for all u,v € V, (4.21)
k,j=1
which entails that the forray, (and hence the operatdr, ) has real-valued

coefficients.
For Dirichlet boundary conditions, the answer follows from Theorem 4.7.

COROLLARY 4.12 Suppose that the formay, is given by (4.20). The fol-
lowing assertions are equivalent:

i) (¢ 13),5¢ is L-contractive.

. —tA 1 .

i) (e )t>0 is real.

i) ap o) (u,v) =32, ; Jo Rla;) DyuD;v, forall u,v € H ().

iv) \s(akj + a]k) =0,1 <k,j<dand}; D;j(Sax;) = 0in (C&F(Q))
forl <k <d.

Proof. The equivalence i¥=> iv) follows from Theorem 4.7. The implica-
tion iv) = iii) follows from the equality

/ Z Sag;)DyuD; dx
Q

k,j
/ [Z D;(Sagj)Dru+ - Z S(arj + aji) DpDju|dx

forall u,v € C2°(Q).iii) = i) follows from Theorem 4.7. Finally, i}=
iii) follows from Proposition 4.1. O

We consider now more general boundary conditions. Recall that con-
dition (4.12) is necessary fak>-contractivity of (e=*4V);>o. Thus, we
consider only spacés that satisfy (4.12).



116 CHAPTER 4

PROPOSITION 4.13 Suppose that the foray, is given by (4.20) and sup-
pose thatuy; = ajy for j, k € {1,...,d}. If (e74v),>q is L>°-contractive,
thena,; are real-valued for every andk. In particular, the formay- satis-
fies (4.21).

Proof. As explained after the proof of Corollary 4.8,(f*4v )~ is L°-
contractive, then the same holds fer “Ang )i>0. Therefore, condition iv)

of Corollary 4.12 and the symmetry assumption = a;;, give the propo-
sition. O

This result answers the above question for general boundary conditions
However, we have assumed a rather restrictive condition on the coefficients.
For general coefficients, we will see later that the result does not hold for
generalV.

We assume thdl” satisfies the following property:

u€V = (Ru)", (1A |u|)signu € V. (4.22)
We have

THEOREM 4.14 Assume that the formy, is given by (4.20) and assume
that V' satisfies (4.22). If the semigrogp4v ), is L*°-contractive, then
ay satisfies (4.21).

Proof. We show that thd.>-contractivity of(e~*4v),~, implies that

d
Z / (Sag;)DyuD;v de = 0 for all u,v € V. (4.23)
kj=1 78

It follows from (4.22) thatRu, Su € V for all u € V. Hence, it is enough
to prove (4.23) for all real, v € V.

Sinceu™,u~ € V for all realu € V, it is enough to prove (4.23) for
u,v € V such thats > 0 andv > 0.

Assume for a moment that we have established (4.23) for non-negative
u,v € VNL®(Q,R). Let0 < u,v € V. It follows from (4.22) thatt A u
ands Av € V forall t,s € RT. Thus we have

d
> /(sakj)pk(t Au)D;(s Av)dz = 0.
kj=1 79

In other words,

d
Z / (%akj)Dku X{u<t}Dj'UChi{U<s}d$ =0.
kj=1 7%
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Lettingt — +o0o ands — +oo, we obtain (4.23) for, andv. This shows

that it is enough to prove (4.23) for non-negative € V' N L*>°(Q, R).

It follows from (4.22) and Theorems 4.2 and 4.9 that the semigroup associ-
ated with the symmetric form

d
b(u,v) = Z/QDkuDkvdx, D)=V
k=1

is sub-Markovian. On the other hand, the functiga) = 1 (e — 1) is

a normal contractiown R. Theorems 2.25 and 2.28 assert thet) C V
andV NL>(Q,C) is an algebra for the standard multiplication of functions.
Thus, for0 < u,v € VNL*>® (), R), we writeue™ = 2up(v)+u and deduce
thatue™ € V.

Now we apply Theorem 2.15 withe™ € V in place ofu. We obtain

d
R Z / axj Di((1 Aw)e™) Dj((u— 1) e ™)dx > 0.
k=17

SinceDy,(1 Au) = Dyuxfy<1y @ndDy(u — 1)" = Dypux(y>1}, We obtain

d
Z L%(akj)DkUDjU(U— 1)tdx

k,j=1

d
> Z /Q%(akj)DjuDkvx{u>1}dx.
k,j=1

We apply the same argumentsute~* to obtain

d
Z /Q%(akj)DkUDjU(U— 1)tdx

k,j=1

d
> Z/Q%(akj)DjuDkvx{u>1}dx.

k,j=1

Applying this inequality with* (with ¢ > 0) insteadof v and lettings — 0,
we obtain by the help of the dominated convergence theorem

d d
Z /%(akj)Dkajvudmz Z/%(akj)DjuDkvda:. (4.24)
k,j=1" ¢ k=1
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Replacingv by \v in (4.24)and letting\ — 0 yields

Z / Sag;)DjuDvdr = 0,

k,j=1
which is the previous assertion. O

The next example shows that the assumption (4.22) cannot be omitted in
the previous theorem.

Example 4.3.2 LetQ = (0,1) x (0,1) and
Vo = {ve HY(Q,C), v(x,0) = v(x,1) = 0 and v(0,y) = v(1,y)}.
Lety € C(R?,R) such that32 (0,y) < 52(1,y) forall y € R. Set
V= V.

Fix 0 < 6 < 1 and consider the sesquilinear form definedioty
ou O0v 8u ov
(u,v) // <8:c oz By oy ) dedy
Oou 0v  Ou Jv
0[] | +———— — dzdy.
+ //g(@fﬂ oy 0Oy 8:6) vy

Thecoefficients ofy satisfy the uniform ellipticity assumption (U.EIl) and
we have

PROPOSITION 4.15 The semigrouge 4V )~ associated with the form
ay is L°°-contractive but the formy does not satisfy (4.21).

Proof. Consider foru,v € V

Foru,v € V NC%(Q,C), we hae by the Green-Riemann formula and the
fact thatu(z,0) = u(z,1) =0,

1) // (81‘( y)%( g::» ey

v
—/ u%daz—}—ua—dy

:/01( (1,y) gy (L,y) — u(0,y) gz (O,y)> dy.
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Sinceue ™", ve~¥ € Vj it follows that
u(1,y) e 1Y) = (0, y) e 7OV,

D (1, ) e #00) = L (0, ) 00D,

dy dy
Hence
ov ov
u(l, y) a*Z“’y) —u(0,y) a@ (0,)
— i u(0,y) 50, w) (?;;m,w -5 <1,y>) |
Thus,
1
o) =i [ u(0.)(0.) (‘ZZ <o,y>—g§<1,y>) dy.  (4.25)

This extends to all;, v € V by a density argument. From this expression
and the assumptio? (0,y) — %2 (1,y) < 0, we deduce thak(u, u) # 0
for all w such that(0, . ) is not the zero function o}, 1[. This proves that
the formay, cannot satisfy (4.21).

Now we show thate*4v),>¢ is L>°-contractive. For this, we apply
Theorem 2.13.
Firstly, it is easy to check thdtu| — 1)" sign v € V for all u € V. Thus,
we only have to check that

Ray ((Ju| A1) sign u, (Ju| —1)" sign u) > 0.
Clearly, it is enough to prove that
RGT ((Ju| A1) sign u, (Ju] —1)" signu)) > 0.

But this follows from (4.25) since

il ((Ju| A1) signu, (Jul —1)T sign u)
! dp Dy )
= uw(0,7)] — D1 (=X (1,y) — == (0, d
[ (w0107 (G2 )= 52 0) ay
> 0.
Thisfinishes the proof of the proposition. O

We point out that the conclusion of Theorem 4.14 does not hold if we
merely assume that there exists a positive constastich that the semi-
group (e~tAv+w)),. is L*°-contractive. This can be seen from Corollary
4.8.

In the two-dimension case, we have the following result.
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PROPOSITION 4.16 Assume thatl = 2 and letay be as in (4.20). Then
t(AHl—l-”LU)

there exists a non-negative constamsuch that(e 0" ");>q is L°°-
contractive if and only ifSa;; = Sage = 0 and Sa1s = —Sag €
Whee ().

Proof. It follows from Theorem 4.7 that the semigroup o4 H1+w))t20

is L°°-contract|ve if and only ifSa1; = Sage = 0, (a2 + a21) = 0,

8(22 Saig, Bz Sag € L100< ) and
0
Z %akjfkfj (\Salg) fl—i——(\sagl) {2 +w > 0for all fl, §2 € R.
k,j=1
(4.26)
Seth = Sa1a = —Sagy and let

2
C:= max Rag; & &, and c¢: min Rag; & &;.
g+e5=1, Z IR T et kz I

Clearly, (4.26) implies that

IVh(z)]? < 4wC a.e.z € Q
and (4.26) holds if

|Vh(z)]? < 4wca.e. z €.

This proves the proposition. a

4.4 THE CONSERVATION PROPERTY

In this section we discuss the conservation property
e V1 =1forallt > 0. (4.27)

Here 1 denotes the constant function with valueClearly, this property
cannot hold for all boundary conditions. To see this, one can consider the
case of a bounded domain with smooth boundary4pndhe Laplacian with
Dirichlet boundary conditions. In this case;*4v1 ¢ H}(Q) forallt > 0
and cannot coincide with.

For the same reason, the conservation property cannot hold for mixed
boundary conditions (if" in (4.5) is not empty). We will see that it does
hold for Neumann and good Neumann boundary conditions.
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The notation and assumptions here are the same as in Section 4.1, that is,
the formay is given by

d d
ay (u,v) :/Q { Z aijkum + Z(bkﬁDku + cxuDypv) 4+ apuv | dx
kj=1 k=1

with domain
D(ay) =V with V = H'(Q) or = HI(Q). (4.28)

We assume again that the coefficienis, by, ci., andag are bounded mea-
surable (possibly complex-valued) functions and satisfy the uniform ellip-
ticity condition (U.EIl). Let2 be an open subset 8.

THEOREM 4.17 LetV be eitherH! () or H1(3)). Assume that
/ ( E bjDju + aou) dr =0 foralluc Vnwhi(Q).  (4.29)
Q -
J

Assume in addition that the semigro{ep 4V ),>( extends froni.2(2,C)N
L'(9, C) to a strongly continuous semigroup @n(€2, C). Then

/ e WV dr = / wdz forallt>0,u e L*(Q,C)NLY(Q,C). (4.30)
Q Q

In other words, if we also denote y—*4v);~, the strongly continuous
semigroup inL'(Q2, C), then the adjoin{e 4V )~ satisfies the conserva-
tion property (4.27).

If there exists a constant such that the semigroufe=44v %))~ is
L>-contractive, then the semigrogp—4"),>, extends fromZ?(2,C) N
L'(£,C) to a strongly continuous semigroup &#((2, C) (see Chapter 2).
In this case, one has only to check condition (4.29) to obtain (4.27) for the
adjoint semigroup.

The assumptions of the previous theorem hold in the particular case where
ay; are real-valued functions amgl = ¢, = ag =0forl1 < k,j <d.

In order to prove Theorem 4.17, we will need the following lemma.

LEMMA 4.18 Suppose thatl’ = H(Q) or V = H1(82). Then there exist
two constants’; andw; such that for evenR > 0, everyu € LQ(Q,C)
with support contained if|z| < R} and everyr > 0, we have

1/2
(/ (le~t v aul? + Z \DjetAVu\Q)da:>
On{|z|>R+r} .

J
< i1+t ety |y, (4.31)
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forall ¢ > 0.

Proof. Assume first that’ = H*(Q).

Sety(x) := (Jz| — R)* Ar and letS(t) := e¥e Ve ¥. We have
Y € WHe(RY) 4)(z) = r onthe sef|z| > R+ r}, |Djv| < 1a.e. onR?
forj € {1,...,d}, andu = ue~¥ onQ. Hence

e MVu=e"YS(t)u
D; (e u) = e (D;S(t)u — S(HyuDj),

and the term in the left-hand side of (4.31) is bounded by

1/2
e " ((1 +2d)||S(t)ul|2 + 2 Z ”DjS(t)u”g) . (4.32)

J

Now we estimate (4.32). Note that(t) = ¢~'Pv  where By is the
operator associated with the form

by (f,9) =av(e ¥ f,e¥g) forall f,g € V = H'().

The formby, has the same principal partag. Hence there exist; andC
such that

Cevtt
t )

IS@) 22y < € I1Bv Sl g2y <

3 UDIE<R [ By fFde £} forall £ € D(By).
J

From this and the bound (4.32) we obtain the lemma for the dase
HY(Q).

IfV = m), the proof is similar. It only remains to check that the form
by, is well defined. That is, we need that

fe m) e Vfelfe ]ﬁm)
We show that for every € W1>°(R?) we have
fe HIQ) = of € HI(D). (4.33)

Let f, € C°(R?) be such thaf, o converges tof in H'(Q). Let p,, be a

regularizing sequence. Fix For eachn, we have(¢ * p,,) f, € C°(RY)
and this sequence convergedin(R?) to ¢ f,,. Since¢ f,, converges t@ f

in H'(2) we deduce thapf € H1(%). O
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Proof of Theorem 4.1 By a density argument, it is enough to prove (4.30)
foru € L?(Q, C) with compact support. Le® > 0 be such that the support
of u is contained inf{|z| < R}. Letp € CX(RH)with0 < p < 1,p =1
on{|z| < 1}. Setp,(z) := p(£) andu(t) := e~V u. Foreveryt > 0, we
have

I(t) = / (Avu(t))pn do = ay (u(t), pr)

Q
= ; Z <Z CijDkU(t) + (Cj — b])u(t)> Dj ppdz,
J k

where we have used the fact thgt € V' and the following consequence of
(4.29):

/ﬂ(zj: bipnDju(t) + apu(t)pn)dr = — /Q Zj: bju(t)D;ppdz.

SinceDjpn(z) = 2 Djp(£) = 0 for |z| < n, we have

[1n(2))]

1/2
< MZ ||Dj,0nH2 (/Q (olon} (’u(t”? + Z |Dku(t)2> dw) 7
i N{|z|>n &

J

whereM = max (||ag;l|oo; [lc; — bjlloo)-
Now using Lemma 4.18, we see that for> R

L(t)] < M C1 Y IDjpllans ~le ™ (1 + ¢ 1) 2Rt ull,.
J

But I,(t) = —4 [, u(t)ppdz andu(t) is continuous from[0, oo| into
L'(©2,C) by our assumption on the semigroup. Hence ok s < t,
we have

/Q w(t)ds — /Q u(s)de = lim < /Q w(t) prd — /Q u(s)pnd:r>

t
= lim [ IL,(7)dr =0.

—
n—oo s

Letting s — 0, we obtain (4.30). O

As an application of Theorem 4.17, we have the following stronger ver-
sion of Theorem 4.14 which in turn is limited to Neumann and good Neu-
mann boundary conditions.
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THEOREM 4.19 Letay be as above and assume thats either H' () or

HT(XY). Assume that

/ (Z c;Dju + a0u> dr =0 forallu e VNWHH Q).  (4.34)
Q

J
If the semigrouge=*4v) > is L>-contractive, then
(u,v) / ZS‘E ak;)DruDjvdz + Z?R )vDjudx  (4.35)
2k

forall u,v € V.
We first show the following elementary lemma.

LEMMA 4.20 LetT € L£(L*>*(£2,C)) be a contraction operator such that
T1=1. ThenT isreal; thatis,Tu € L>*(Q,R) forall u € L>*(Q,R).

Proof. Letu € L*°(Q,R) with ||u]|~ < 1. Fix A € R. Using the assump-
tions onT', we have

(1 = ASTw)? + N2(RTw)? = |1 4 i\ Tul?
=|T(1+ i\u)|?
<1+ dduf? <1+ 22
Hence

M (1 — |Tul?) + 2A3Tu > 0 for all A € R.

This implies that3Tu = 0. a

Proof of Theorem 4.19t the semigrouge *4" ), is L>-contractive, then
the adjoint semigroupe—t4v ), extends to a strongly continuous contrac-
tion semigroup onl!(Q2, C) (see Chapter 2). Using (4.34) we can apply
Theorem 4.17 and obtain that*4v1 = 1 for all t > 0. The previous
lemma implies then thate =4V )~ is real. By Proposition 4.1 it follows
that for allu,v € V

ay / [ Z R(ak; DkuDJv—}—Z (b )vDyu~+R(ck)uDyv)

k,j=1

+ R(ag)uv | dz.



UNIFORMLY ELLIPTIC OPERATORS ON DOMAINS 125

Butif u,v € VN L*°(2,R) we haveu.v € V and it follows from (4.34)
that for allu,v € V.N L>*(Q,R)

/ [Z%C] (uDjv 4+ vDju) + %aouv]

% / [ D, (uv) +a0uv] da

This implies (4.35) foru,v € V N L>®(Q,R). As in the proof of Theorem
4.14, by applying this ta A t andu A s and lettingt — oo ands — oo, we
extend this to all real, v € V. Now sincelRu € V for all u € V, we obtain
(4.35) for allu,v € V. a

4.5 DOMINATION

The aim of this section is to study the domination property for semigroups
generated by uniformly elliptic operators. For general semigroups associ-
ated with sesquilinear forms, criteria for the domination property are given
in Chapter 2. We apply some of those criteria to the semigréugs'V ).

As previously, we define the foria, by

ay (u,v) = / { Z ap; DiuD; U+Z b Dy + cpuDyv) + aguv | da.
Q k,j=1

The domain ofay is V. Here() is any open subset d&?¢ and we assume
again that the coefficients satisfy the uniform ellipticity condition (U.EIl).

THEOREM 4.21 Assume thatu;, by, i, and ao are real-valued for all
J,k € {1,...,d}. The following assertions are equivalent:

1) u € Vimplies(Ru)™ € V.

2) The semigroupe_tAHé )i>0 is dominated by the semigrogp—4v)>o.
That is, the following inequality holds for all> 0 and all f € L?(Q2,C) :

b fl < etV ) (4.36)
H'(Q)

Now letV = {uq,u € C(RI\T)} , whereI is a closed subset of

00. Then(e~*4v),> is dominated by the semigroupts*tAHMn))tzo and
(e ) 0.
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Proof. By Theorem 4.2, the positivity of the semigro(p 4 ), implies
assertion 1). In particular, 2= 1).

Assume now that assertion 1) is satisfied. Again, Theorem 4.2 shows that
the semigroupie—tAV)tZO is positive. For the same reason, the semigroup

(eitAHé)tZO is also positive. To establish the domination, we show that
H}(Q) is an ideal ofv” and apply Corollary 2.22.

By Proposition 2.23, it suffices to show thatlif< v < u,u € HE(Q)
andv € V, thenv € H}(Q).

Let (un)n, € C.2(Q) be such thatu,),, converges ta: in H'(Q). Set
v, = inf(|uy,|,v). For eachn, v, has compact support it and hence
v, € HY(Q). But (v,), converges ta in H'(Q) (this follows from the
continuity of the absolute value iH'(Q2)). Thus,v € H}(Q2). This shows
that 7} () is an ideal ofi” and assertion 2) holds.

In order to show the last claim of the theorem we have to show, as above,
thatV is an ideal ofH'(Q) and of H1(0)). Since A1) C H(Q), it is
enough to prove thadt is an ideal of H!(Q2). Let0 < v < uwithu € V
andv € H(Q). Letu,, € C°(R?\ T be a sequence which converges to
uin HY(Q). Letv,, = inf(u,,v). As mentioned abovey, converges ta
in H'(Q) and thus it suffices to prove that € V for each fixedn. Let
pn € C°(R?) be aregularizing sequence. The sequenge v,, converges
in H'(Q) to v, asm — oo. Sincewv, has compact support contained in
R\ T, it follows that form large, p,,, * vy, is in C2°(R?\ T') and this proves
thatv,, € V. O

It follows from the above result that the semigroup associated with the
Dirichlet boundary conditions is the smallest semigroup (for the domination
property). However, the semigroup associated with the Neumann boundary
conditions does not dominate all the others. Indeed, it is easy to construct
subspace¥ which are not ideals of/! (2). For example

V= {ue H(0,1),u(0) = u(1)}
is not an ideal off*(0, 1). To see this, pick a function € H'(0, 1) with
0 <wv<Tlandv(0)#u(l). Thenv ¢ Vbuto <v<1€V.
Now let V be a closed subspace &F(Q2) which containst{ (), and
letp € Whe°(Q). Define
W = eV
We have

PROPOSITION 4.22 Assume thaiy;, by, i, andag are real-valued for all
J.k € {1,...,d}. Assume also thattu)™ € V for all u € V. Then, the
semigroupe W)~ is dominated bye*4v ).
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Proof. By Corollary 2.22 (or Theorem 2.21) it is enough to prove that
is an ideal ofV. So letu € W andv € V such thatjv| < |u|. We need
to show thatvsign u € W. Let nowuy € V such thatu = e*®ug. Thus
lv| < |ug|. The assumption ol implies that the semigrouf =4V ), is
positive and henc¥ is an ideal of itself (cf. Proposition 2.20). This implies
thatvsign ug € V. Now vsign v = vsign uge’® € W. a

The next result shows that for Dirichlet boundary conditions, the semi-
group increases as the domain increases. To be more preciQe,def)s,
where(; are open sets d&“. Define now the form

d d
aHé(%)(u, v):/Q Z aijkuDjv+Z(bk@Dku+ckuDkv)—|—a0uﬁda:,
2 kj=1 k=1

where thecoefficients satisfy (U.Ell) in2,. We can now define the form
(o) by the same expression by taking the restrictions of the coefficients
a;j, by, cx, ap t0 1. Then we have

PROPOSITION 4.23 Assume thaiy;, by, ci,, andag are real-valued for all

J.k € {1,...,d}. Then the semigroupeftAHf%(Ql))tZO is dominated by

(e—tAH3<92) )tzo-

Proof. Sincef); € ), the formay, q,) is seen as a non-densely defined

form on L?(Q,, C). Applying the results of Sections 2.3 and 2.6 (for non-
dense forms), it is enough to prove thd¢ (Q,) is an ideal ofH} (). In
order to do this, considér < v < u, whereu € H{ () andv € H}(Q2).
Let (u,) € C°(Q4) which converges ta in H'(Q;) and(v,,) € C°(Q2)
which converges te in H'(Q,). The sequencef(u,,v,) converges ta
in H'(Qy), and for each, inf(u,,, v,) has a compact support contained in
Q4. This implies thatnf (u,,v,) € Hi(Q1) and hence € H}(Q;). O

We consider now elliptic operators with Robin boundary conditions. As-
sume that? is a bounded smooth domain Bf' and letby.,, be the form
defined in (4.7). We denote by, the operator associated with the form
by, and setdy := By (i.e., the operator corresponding to the case 0
on of?).

PROPOSITION 4.24 Assume thaty;, by, i, andag are real-valued for all
J,k €{1,...,d}. Assume also thattu)* € V for all u € V and thata >
0 on d€. Then the semigroue—*Bv.e),~ is dominated bye =47 ).

Proof. By assumption oV, the semigroupge 4 );>¢ and (e tBv.e),5
are positive (see Theorem 4.2; the proof of positivity(efBv.e),5 is



128 CHAPTER 4

similar tothat of (e =4 ),5). It follows from Proposition 2.20 thdt is an
ideal of itself. Thus we only have to check that

by o(u,v) > ay(u,v)

forall 0 < u,v € V and apply Theorem 2.24. This inequality is satisfied
sincec is non-negative 00 2. O

An immediate consequence of the previous proposition and Theorem 4.9
is that if V' satisfies in addition (4.12) angl = 0 for all &k € {1,...,d},
then the semigroupe=*(Bv.at)),- is L>-contractive for some constant
w.

We have seen above that many results on domination and contractivity
hold for elliptic operators with real-valued coefficients. In order to con-
sider operators with complex-valued coefficients, we may ask whether one
can dominate the associated semigroup when the coefficients are complex-
valued by the semigroup of a similar operator having only real-valued co-
efficients. We show that it is possible to prove such domination under an
appropriate condition on the imaginary parts of the principal coefficients
Qi

<Ne first consider the case of Dirichlet boundary conditions and then show
how the domination result extends to other boundary conditions.

We suppose that

d
Sarj + ajr) =0, fr =Y _ D;(Sag;) € Li,,() (4.37)
j=1
forall k,j € {1,...,d}, whereD;3ay; is taken in the distributional sense.

Letn be the ellipticity constant dfay;) and set

d
> e+ Sk — b))
k=1

4n

(4.38)

m(x) =

Define the form
d

by (u,v) = /Q [ Z R(ax;)DruDjv + Z (b )UDyu + R(cp)uDyv)

k,j=1

+§R(ao)uv} dx—/muvdx
Q

::SHl(u,v)—/muvdx.
0 Q
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We assume that the potential functienis form-bounded with respect to the
form £y, with relative bound< 1, thatis, there exist € Rand0 < o < 1
such that

/m(x)\u|2dg; < ﬁ/ [uf*dz + aRE g (u, ) for all u € Hy (). (4.39)
Q Q

It follows from Theorem 1.19 that the forimy:, with domainD (b ) =

H} (), is well defined and there exists a constane R suchb + w is
accretive, continuous, and closed. Let us denot&Ry the operator asso-
ciated with the formb;,. Recall thatA ;1 is the operator associated with
the form

d d

aHé (u,v) :/Q |: Z apjDyuDjv+

(bpvDyu+ cruDyv) 4+ agut | dz,
k,j=1 k=1

where the codicientsay, by, ¢, ag are complex-valued and satisfy (U.EII).
We have

THEOREM 4.25 Assume that (4.37) and (4.39) hold. Then, for every0
and everyf € L?(9)

|eitAH(%f’ S e—tB

"1 f].

We first prove the following lemma.

LEMMA 4.26 Let u,v € H'(Q) be such thatu(z)v(z) > 0 (for a.e.
x € Q). Wehave for eacht € {1,...,d}

1) S(vDyu) = |v|S(sign(w)Dyu).

2) |v|S(sign(u) Dyu) = |u|S(sign(v) Dyv).

Proof. Letu andv beas in the lemma. Sincey,—gy Dru = 0, we have

_ _ VU u
vDpu = UDk“wX{uyéo}X{v;éo} = |U|DkUmX{u¢0}-

Assertion 1) follevs then by taking the imaginary parts.
In order to prove assertion 2), we write

VU
[v|u = ’U|Uw><{u¢o}><{v¢o} = |ufv.
Hence,

uDg|v| + |v|Dyu = vDg|u| + |u|Dyv.
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We multiply each term byignu = %X{wﬁo} and takethe imaginary parts
to obtain

[v|S(sign(u) Dru) = S(ux uroy Drv) = S(uDgv).

This together withassertion 1) (withs in place ofv and vice-versa) gives
2). O

Proof of Theorem 4.2%ince H} (1) is an ideal of itself (see, e.g. the proof
of Theorem 4.21), it suffices to prove that

Rap (u,v) > b (u,v) for u,v € HY(Q) with uz > 0 (4.40)
and then appliffheorem 2.21.
Letu,v € HE () be such thatw > 0. We have

u — v
DyuDjv = DkumX{u;ﬁo}Djva{v;ﬁO}‘

Hence

I =R Z /3‘8 ag;)DruD; D vdx

731

Z /?R ay; ) R(sign(w) Dyu) R (sign(v) D;v)dx

Jl

+ Z /%ak] S (sign(w) Dyu)I(sign(v) Djv)dx

k,j=1

Z /%ak] (sign(w) Diu)R(sign(v) D;v)dx

,Jl

v
+ Z /%ak] S (sign(w) Dyu)3(sign(w )Dju):u:X{u#O}dx’
k,j=1

where we hae used Lemma 4.26 in order to write the last equality. By
Proposition 4.4,

Dy |u| = R(sign(@) Dyu) for all u € H(Q).
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This gives
L= Z /5)’1‘, ax;) Dg|u|Dj|v|dz (4.41)
k.j=1
v
+ Z /8‘% aj;) S (sign(u) Dyu)I(sign(u )Dju)’u||x{u¢0}dx.

k,g=1

We have now to handle the imaginary part. For arbitrarty € C°(Q),

Ir:=% Z / S(akj)DruD; Dvdx

k,j=1
= -3 Z / ak] Dk’U,D ivdx
k,j=1
= Z / D;S(agj)vDgudr + 3 Z / S(akj ) vDEDjude.
7] 1 ,j 1

By assumptions(ax; + a;x) = 0, hence

d
I, = feS(vDgu)dx. (4.42)

Using theCauchy-Schwarz inequality and assumption (4.39), we see that
(4.42) extends to ath, v € H} ().
Assume again thatv > 0. By Lemma 4.26(4.42) becomes

d
n=Y /Q [+ (sign (@) D) vz (4.43)

We comenow to the terms of ordet. We have foru,v € HE(Q) with
uv > 0,

d
I3= %Z / brvDru + cpuDpvdx
Q

d
=3 [ [ROUREDL) - S0)3(@DR) + RieR(@DL)

+S(cx)S(uDyv) | de.
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As in the proof of Lemma 4.26, we have

UDgu = Dkum}v)({uyéo}x{v;éo} = UDkau:X{u;éo}X{v#o}dﬂﬂ
and thus,
R(@WDyu) = R(sign(w) Dyw)|v| = [v]Dy|ul.
Using this and.emma 4.26, we can rewritg as
d
1=y | RO + Rl Dy oo
+> /Q (Scr — Sby)S(sign(w) Dyw)|v|da. (4.44)
Concerning the termg, we have
Iy = §R/Q apuvdr = /Q§Ra0|qu]dm (4.45)

for all u,v € H}(Q2) such thatw > 0.
Slnce%aHl(u v) = I + Iy + I3 + I, we obtain from (4.41), (4.43),
(4.44), and (4.45),

d d
%aHé(u,v):/Q [ Z R(ar;)Dr|u|Dj|v] -I-Z (b)) D |ul|v]
kj—1 =1

+R(cr)ul Dyv]) + §)‘E(ao)IUHUI] dx

L v
+ Z /?Rakj S(sign(w )Dku)%(&gn(u)Dju)“u”X{Wéo}daJ

,Jl

:Z_l /Q [fk + (e — bk)] S(sign () D)o da
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It follows from the ellipticity assumption (4.2) that

v
Z /%akj S(sign(w) Dyu)S(sign(u )Dju)|u||x{u¢0}

k,j=1

+Z/ [ S(ex — bk)]%(sign(u)pku),vm

- [ m@lulloids

and this gives (4.40). O

It is clear from this proof that we may repla, in the last theorem by
(%ag)_.

We want now to consider other boundary conditions in the previous theo-
rem. LetV, ay, and Ay be as above. L&y be the form given by the same
expression agy, but with domainD(&y) = V. Assume that (4.39) holds

with 5H3 replaced by, and H} (€2) is replaced by, that is,

/ m(z)|ul?de < ﬁ/ lu|?dz + aREy (u,u) forallu € V,  (4.46)
Q Q
with some constants € R anda < 1. Define
by (u,v) = Ey (u,v) — / m(z)uvdz for all u,v € D(by) = V.
Q

Denote byBy, the operator associated with the fobq.
The above theorem can be extended to the boundary conditions givén by
if we assume that

Z / S(akj)oD; D vdx

k,j=1

- _ Z /D S(ag; ) puda — Z / S(ag;)oD;pdr  (4.47)

k,j=1 k,j=1

forallv € V, ¢ € C®(Q)NH(Q) (this means that we assume tfitSay
exist as functions). Roughly speaking, this assumption meanSithatare
smooth and= 0 on parts of the boundary 61, where functions irl” do not
necessarily vanish.

We have
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THEOREM 4.27 Assume thaV satisfies
ueV=%RuteV

and assume that (4.37), (4.46), and (4.47) hold. Then, for every) and
everyf € L?(Q)

le v | < e tBVIf).

Proof. The assumption oY together withby (u*,u~) < 0 implies the
positivity of the semigrouge =5V ).
Using again Theorem 2.21, it suffices to prove that

Ray (u,v) > by (|u|, |v|) for every u,v € V such that uv > 0. (4.48)

The proof isthe same as that of Theorem 4.25. The only place where we
used the fact that’' = H{(Q) is in the proof of (4.42). Now, in order to
prove (4.42) for,v € V we proceed as above by taking fitse C>°(Q2) N
H'(Q) andv € V, then use (4.47) to integrate by parts. This gives (4.42)
for w andv as above. The Meyers-Serrin theorem ([Ada75], p. 52) and the
assumption that is £,-bounded show that (4.42) holds for ale H!(£2)
andv € V. O

4.6 LP-CONTRACTIVITYFOR 1< p< o0

We consider again the foray defined by

d d
ay (u,v) :/Q |: Z aijkuDjv + Z(bkﬁDku + cxuDypv) 4+ aguv | dz,
kj=1 k=1

where the codicientsay;, by, ci, ap are complex-valued and satisfy (U.EIl).
We have seen in Section 4.3 that th&’-contractivity of (e=“Av+w)),5,
does not necessarily hold with some constaneven when/ = H}((2)
and all the coefficients are real. Some regularity of the coeffic@ntsis
necessary (see Theorem 4.7, ii)).

In this section, we prove that for eaghe (1, 00), there exists a constant
wy, such that the semigroyp~*4v+»)),~ is contractive orL?(2). This
holds without any further assumption &b, andRc.

Note first that the semigroug@—*4v ), is defined onZ?(Q) and satisfies
the estimate

le AV £ 2y < 1forall t > 0 (4.49)
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wherew may be chosen as follows

d

ZH\% (b + )| + S0k — )% + [[(Rao) " [le-  (4.50)
k 1

This followsfrom the inequalityRay (u, ) + w(u;u) > 0 (for all u € V),
which can be shown in the same way as (4.3).
The next result shows that this estimate extends’t62). More precisely,

THEOREM 4.28 Assume that (U.Ell) holds and that the coefficientsare
real-valued functions foi < k,j < d. Suppose thal” satisfies (4.12).
Then for every € (1, 4c0), the semigrouge 4V ), extends boundedly
to LP(Q2). In addition,

He_tAVHL(Lp(Q)) < e forallt >0, (4.51)

where

d d
_ 1/1 1 P
wp = |(Rao) oo + - ( T ) Sl — exlZ + 23 Rl
n p 2 k=1 nk:l

forp € [2,00); and

_ 13p 2
wp=||(Rao) ™ [|oc + ; Zku cll% +
k=1

forp € (1,2].

Proof. Definefor eachz € C, the formay (z) by

ay(z Z /ak]DkuD vdx

k,j=1
+ZZ/ [(%Ck:)@DkuvL(%ck)uDkv dz,
k=17

with domainD(ay (z)) = V. We denote by(T(t)):>0 the semigroup gen-
erated by (minus) the operator associated witfiz). By Theorem 4.9, the
semigroup(7;s(t)):>0 and its adjoint are botlL>°-contractive for every
seR.

Forz = 1 +is (s € R), the estimate (4.49) (applied to the semigroup
associated with the formy (1 + is)) gives

| T1tis (Ol 2L2(0)) < e2!,
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wherew) = 2 50, [Reg 2.

On the othelhand it follows from Kato [Kat80], Theorems VII-4.2 and
IX-2.6 that T, (¢) depends analytically on (for eacht > 0). The Stein
interpolation theorem allows to interpolate between the previgusand
L*>-estimates. Thus, for evepye [2, o]

2,
T2/ ()l Loy < 72"

Applying this estimatéo the semigroup associated with the form where
is changed intd ¢, yields

1T ()l czr) <e ehwht — B 3o IRekllZt (4.52)
Define nowthe form

Z /ak]DkuD vdr

k,g=1

+ Z/ [(bk — Reg )vDyu + i%ckuDkv} dx + / aouvdr
—,JQ Q

(with domainD(by ) = V') and denote byS(t));>o the semigroup gener-

ated by (minus) its associated operator. By Theorem(4:901S(¢));>¢ is
L°°-contractive for everyuy such that

d
wo—i—%ag——Z\% ¢ — br) ’2>OOHQ
k 1

In particular, this holds for

wo = [[(Rao)™ + 5 > [S(er = bi)*lloo-

This L°*°-estimate and (4.49ppplied to the semigroup associated with
imply that for everyp € [2, +o0]

1S zzr@) < elp i two(l=2)l1 , (4.53)

wherewy = L Y0 [[[R(bk — )| + S0k — a1 + 1| (Rao) ™ [loo-
Since the forrrav isthe sum

ay = 8.\/(1) + bV
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it follows from the Trotter-Kato product formula (cf. [Kat78]) that
e v f = lim (T3(t/n)S(t/n))" f (4.54)

for every f € L?(Q). This together with (4.52) and (4.53) gives

e | cquoqyy < el et ual (4.55)
This showghe desired estimate aif (Q2) for p € [2,00). The estimate on
LP(Q) for p € (1,2] is obtained by applying the previous one to the adjoint
semigroupe~*4v);>o and arguing by duality. O

For complex-valued coefficients;;, we have the following

THEOREM 4.29 Assume thaf, := >¢_| D;Say; € Lo(Q) for 1 < k <

d and letm(x) be as in (4.38). Assume that(a; + a;;) = 0 for all

1 < k,j5 < d (respectively, that the hypotheses of Theorem 4.27 are satis-
fied if V # H}(2)). Then the conclusion of the above theorem holds for
the semigroume_tAHé )i>0 (respectively, fofe =tV )=o) with ||(Rag) ™ || o
replaced by||(Rag — m) ||« in the expression ab,.

Proof. Apply Theorem 4.25 (respectively, Theorem 4.27) and the previous
result. O

4.7 OPERATORS WITH UNBOUNDED COEFFICIENTS

In this section we show that some of the results presented in the foregoing
sections can be extended to operators having unbounded coefficients and to
Schidinger type operators.

Let Q2 be an open set d&?. Assume that

d

arj = ajr € Lio(QR), 1<k j <dR D &l = nléf”  (4.56)
g.k=1

for all ¢ € C?, wheren > 0 is a constant. Leb < m € L{, (£2) and define
the symmetric form

d
by (u,v) ::/ Z aijkuDjvdx—i—/muvda:.
©k,j=1 “
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The domairof by is given by

D(by) = {u € V/ Z ap; DypuD; D;udxr < 0o and/ m|u| dr < oo}

k,j=1

whereV is a closed subspace @f'(Q) and such thati}(Q) C V C
HY(Q).

PropPoOsSITION 4.30 The formby, is densely defined and closed.

Proof. The formby is densely defined singg2°(2) C D(by ). We show
thatby is closed. Let(u,), be a Cauchy sequence in(by ). It follows
from the ellipticity assumption (4.56) and the fact thats non-negative that
(un)n is a Cauchy sequence inand hence it converges In. Letu be its
limit. Taking a subsequence,,, ) such thatD;u,, (x) converges td;u(x)
fora.e.xz € Qandallj € {1,...,d}, one obtains by Fatou’s lemma that
D(by). (To see that such a subsequence exists, one can argue as follows:
Diu,, converges tdDyu in L2(Q2, C) and hence there exists a subsequence
Dy ug,y Which converges a.e. 1u. NOW Daug(,) CONverges in.2(Q,C)
and hence we can extract a subsequencB-af,,,) which converges a.e.
to Dyu. Iterating thisd times one obtains the subsequeitag, ) with the
desired property.)

Apply again the a.e. convergence of the subsequenceand Fatou’s
lemma to obtain

bV(un — U, Un — u)

= /Q li]?1 [Z i Di(wn — tny ) Dj(un — Up, ) + mlu, — unk|2] dz

k‘.7j

<hm1nf/ [ZakJDk — U ) D (U, — Uy ) + M|ty — Unk|2:| dzx

From this it follows thatby (u,, — u,u, —u) — 0 asn — oo. Thus, the
form by is closed. O

Now letby, ¢, ap € L>(2,C) for 1 < k < d and define the form

d
ay (u,v) =by (u,v) + Z/ [bkﬁDku + cpuDyv| dx + / apuvdx,
=1 Q Q

D(av) = D(bv)

Using the fact thaby, ¢, ag are bounded, one can check that there exists
a constant’ such that the forna;, + w’ is non-negative, continuous, and
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closed. Denote by, the operator associated wik. Several results given
in previous sections for operators with bounded coefficients can be extended
to the present situation. We summarize the relevant ones in the following

THEOREM 4.31 Assume that (4.56) holds and that cx, a9 € L>(2,C)
for1 < k < d. We have:

1) Assume that for eadh the coefficientsy, ¢, andag are real. If (Ru)*
V for all u € V, then the semigroufe =4V )~ is positive.

2) Assume thatl A |u|)sign u € V for all u € V' and thatRc; = 0 for all
j=1,....d. Then for every constant such that

d
1
w+m~|—$€ag——§ Ri(e 2>00nQ,
77

the semigrouge *(4v 1))~ is L>-contractive.
3) Assume now that all the coefficiehtsci, andag are real.

i) If (Ru)* € V for all u € V, then the semigroufe A H5()),5 is domi-
nated by(e*4V)>0.

i) Let V = {uq,u € CX(RI\T)} , whee T is a closed subset of

9. Then(e~t4v);>¢ is dominated by the two semigroupis 51,
vy

and (6 ! H (Q))tz().

HY(Q)

Proof. We only sketch the proof since there is no new difficulties.
Assertion 1) follows from Theorem 2.6 once we establish tfiat) ™

D(ay) for all u € D(ay). Since this is true by assumption on the spéce

and sinceD;; (Ru) ™ = X pu>0y D;Ru, it follows that (Ru)t € D(ay).
Assertion 2) holds as in Theorem 4.9 once we h@ve |u|)sign u €

D(ay) for all w € D(ay). This follows from the assumption oWi and

the expression oD;[(1 A |u|)sign u]. Finally, as in the previous section

we obtain assertion 3) once we establish the ideal property. It follows

easily from the definition ofD(ay) and the fact thatZ}(2) is an ideal

of every V' (as in i) thatD(ap1 (o)) is an ideal ofD(ay ). Again, since

Q) . .

{fug ue Co®RN D} s anideal of H'(Q) and of HT(Y), we ob-
tain thatD(ay ) is an ideal ofD(ay1(q)) and ofD(am)). O

It should be noted that the boundedness assumption of the coefficients
bk, cx, andag does not play any role in the proof. We have assumed that
these coefficients are bounded only for simplicity and also to ensure the
continuity and closability of the forray,, + w’. We could, however, include
more general coefficients. For example, if we assume|th&t, |c|?> and
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ag are formbounded with respect to the form

ey (u,v) == Z/QDkuDkvdx
k

with form bound sufficiently small, then continuity and closabilityagf +
w’ for somew’ hold. In order to see this, we write

1
]%/ bruDyudz| < / |og |2 u|?da + = /\Dku| dx

which isalid for all e > 0. The fact thatby |2 is ¢y, -bounded means that for
some constantsy, 6. > 0,

/ bl ul?d < o / Dyuldz + B, / fu?de.
Q (9] (9]

Using this for eachy;,, ¢, ag and using the ellipticity assumption (4.56), we
obtain the desired conclusion if the constamtsare small enough.

Consider on?(£2, R) the symmetric form

a(u,v) / Z akJDkuD]vdx+/muvda: D(a) = C*(Q),
Qk,] 1

where0 < m € L{ (), the coefficientsy,; € L1oc(9) and satisfy (4.56).
We have seen that the forb}p, defined above, is closed. Henaejs
closable. We denote again byts closure and by its associated operator.
We have

PropPoOsSITION 4.32 The semigroupe—“‘)tzo is sub-Markovian.

Proof. Assume for a moment thaw| € D(a) for all u € C2°(2). By The-
orem 4.31, the semigroup associated with the fbrfﬁJﬂ is sub-Markovian
and hence Theorem 2.6 (or Corollary 2.18) implies

a([ul, [ul) = by (lul, [ul) <Dy (u,u) = alu, u). (4.57)

This implies thata(u*,u~) < 0 and we conclude again by Theorem 2.6
that the semigroupe=*4),~¢ is positive.

It remains to prove thdu| € D(a) for all u € C°(Q). Fix u € C2°(Q)
and let(p,) be a regularizing sequence. Reorarge enoughp, * |u| €
C(€2). We have for eachi € {1,...,d}

[ Dj(pn * [ul) = Djlul| = |pn * Djlul) = Djlul| < 2[|Djullo-
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Forn large enoughp,, * |u| — |u| has support contained in a compact set
which is independent of. Thus, using the fact that, a;; € L] .(2), we
obtain by the dominated convergence theorem that

d
/Q > aijk(Pn*lu—IUI)Dj(pn*IUIIUDdx+/Qm|pn*IUI—UII2dw
k,j=1

converges t® asn — oo. This shows thatu| € D(a).
The proof of theL>°-contractivity is similar. We just replace| in the
above arguments biyA u for non-negative, and apply Corollary 2.18.0

Notes

Treatment of second-order elliptic operators can be found in several books. The
sub-Markovian property for second-order symmetric operators with real-valued co-
efficients is studied in Davies [Dav89], [Dav95d], Fukushima [Fuk80], Fukushima,
Oshima, and Takeda [FOT94]. Ma anddékner [MaRy92] consider nonsymmetric
operators with real-valued coefficients.

The novelty in the present chapter is that we are able to treat operators with
complex-valued coefficients and describe precisely in terms of boundary conditions
and of the coefficients when positivit{z>°-contractivity, or domination properties
hold.

Section 4.2 The presentation of this section follows Ouhabaz [Ouh92b], [Ouh96],
and [Ouh02]. Proposition 4.1 and Theorem 4.2 are taken from [Ouh92b] and
[Ouh96]. As mentioned above, results of the same type are contained in [Dav89],
[Dav95d], [Fuk80], [FOT94], and [MaB92]. In the symmetric case.; = a;x
andb, = ¢, = 0forall 1 < k,5 < d, the fact tha) —> 1) in Theorem 4.5 is
shown by Arendt [Are01] by using the maximum principle and by Davies [Dav89]
(cf. Theorem 3.3.5) as a consequence of lower bounds for the heat kernel.

Section 4.3 The results in this section are mainly taken from Ouhabaz [Ouh92b],
[Ouh96] and Auscher et al. [ABBOO0O]. Theorems 4.6 and 4.7 and Corollary
4.8 are proved in [ABBOO0O]. Theorem 4.9 and Corollary 4.10 are taken from
[Ouh92b] and [Ouh96]. Similar results for symmetric real-valued coefficients can
be found in [Dav89], [Fuk80], [FOT94] and in [Mai®2] for nonsymmetric opera-
tors (with real-valued coefficients). Related results to Proposition 4.11 can be found
in Dautray-Lions [DaLi88], Section 7 and Adams [Ada75], Lemma 8.31. The same
proposition is proved in Arendt and ter Elst [ArEI97]. Corollary 4.12 and Theorem
4.14 are proved in Auscher et al. [ABBOO00]. Related results to Corollary 4.12
for weakly coupled systems are proved in the case of smooth coefficients (and also
smooth open sé?) by Kresin and Maz'ya [KrMa94] and Langer [Lan99].
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Section 4.4 This section is taken from Auscher et al. [ABBOOO] in which Theo-
rem 4.17 is proved. General criteria for the conservation property with applications
to second-order symmetric operators with real-valued coefficients are given in Os-
hima [Osh92] and Davies [Dav85]. Similar results to Lemma 4.18 can be found in
Auscher, Coulhon, and Tchamitchian [ACT96] and Davies [Dav95c]. Lemma 4.20
is taken from Cément et al. [CHADP87].

Section 4.5 Theorem 4.21 and Proposition 4.23 are taken from Ouhabaz [Ouh96].
These results show the role of the ideal property in the domination of semigroups.
We mention that a description of closed ideals of regular Dirichlet spaces is given
in Stollmann [St093]. See also the recent work by Arendt and Warma [ArWa03]
for related results to Theorem 4.21. Theorems 4.25 and 4.27 are shown in [Ouh02].
The idea behind the last two results is the well-known diamagnetic inequality for
Schibdinger operators with magnetic fields.

Section 4.6 Theorem 4.28 is proved in Ouhabaz [Ouh02]. It was proved for elliptic
operators with real-valued coefficients (but with less precise consiarity Robin-

son [Rob91], Daners [Dan00], and Karrmann [KarO1]. Note that Theorem 4.29
cannot hold for operators with arbitrary complex-valuggd. For operatorsd =
—>_1,; Dj(ak; Dy) with complex-valued coefficients (considered bHR?, dzx)

with d > 3), one obtains by using the Sobolev embedding that*),-, extends

to a strongly continuous semigroup @ (R?) for p ¢ [%, %}; see Daies
[Dav95c]. Itis proved in [Dav97a] that this result is sharp in the sense that for ev-
eryp ¢ [%, d%dg], there existsin operatord for which e~*4 cannot be extended

from L2 N L to a bounded operator dif (R4) for anyt > 0.

Section 4.7 Similar results to those in assertions 1) and 2) of Theorem 4.31 can be
found in Ma and Rckner [MaR92]. More can be said on elliptic operators with
unbounded coefficients; see recent works by Liskevich [Lis96], Liskevich, Sobol
and Vogt [LSV02], Sobol and Vogt [SoVo02], Metafune et al. [MPRSO02].



Chapter Five

DEGENERATE-ELLIPTIC OPERATORS

We have studied in the last chapter contractivity properties of semigroups
associated with second-order uniformly elliptic operators. In particular, we
have seen that it is possible in several cases to extend the semigroup initially
defined onL?(2,C) to LP(2,C) for p # 2. In the present chapter, we
study similar questions for second-order degenerate-elliptic operators. More
precisely, we consider operators of the type

d d
Au = — Z Dj(aijku) + Z b Dru + agu, (51)
kyj=1 k=1

where the matrixay;),; satisfies the following weaker assumption than
(4.2):

d
arj ()€€, > 0 forall ¢ € RY, a.e. € Q. (5.2)
j.k=1

In this case, any realization of the operatbris called a degenerate-elliptic
operator. For such operators, several difficulties which we did not meet
previously for uniformly elliptic operators occur now. The first one is the
L?-theory, that is, the construction of a realizationfvhich generates a
strongly continuous semigroup di?(Q2, R). If one applies the sesquilin-

ear form method, then because of the absence of the ellipticity assumption
(4.2), it becomes difficult to check continuity and closability of the form.

In the symmetric case, one can still apply this technique. We shall assume
a smoothness condition of the coefficients which guarantees the closability
of the symmetric form. One advantadge of the sesquilinear form method
is that it allows one to treat operators with unbounded coefficients. The
nonsymmetric case will be treated by a perturbation method, based on The-
orem 1.50. In both cases, we obtain a strongly continuous semigroup on
L?, which can be extended to oth&P-spaces. This extension 1@ will

be achieved by applying the results of the previous chapter together with an
approximation argument.
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5.1 SYMMETRIC DEGENERATE-ELLIPTIC OPERATORS

Let Q2 be an open subset &?. Assume thatj;, (1 < k,j < d) andag are
measurable functions dn, such that

akj = aji, € Hipo(Q,R), 1 <k,j<dand0<ag € Lip,(?). (5.3)

Here,u € H\ (€, R) means that is a real-valued function such that €
HL(Q) for everyp € C°(Q).
Define onL?(92, R) the symmetric form

d

a(u,v) = /Q [kgzl arj(x) DyuDjv + ao(x)uv |dx, D(a) = C°(2).

Note that by assumptions (5.3), the operator

d
Au= =" Dj(ar;Dyu) + agu, u € D(A) = CZ(Q)
k,j=1

is well defined. It is a symmetric and accretive operator. By Lemma 1.29,
the forma is closable. We denote @y its closure ankeep the same no-
tation A for the self-adjoint operator associated watlii.e., the Friedrichs
extension of the initial operatad with domainC2°(Q2)). Again, (e *4);>
denotes the semigroup generated-hy. We have

THEOREM 5.1 Assume that (5.2) and (5.3) are satisfied. Then the semi-
group (e*4),> is sub-Markovian.

Proof. Define the following sequence of symmetric forms:

d
an(u,v) :/Q L;l(akj (x) + %5kj)DkuDjv + ap(x)uv | dx,
D(an) =C*(9),

wheredy; = 0if k # jandd, = 1forall1 <k, j <d.

Denote bya,, the closure of,, andby A,, the operator associated with
a,. The sequence cfymmetric formga,,),, is nonincreasing. This means
thata,,+1(u,u) < a,(u,u) for all n > 0. The same property holds then
for the closurega,,),,. In addition,it is clear thatD(a,,) C D(a) for all n.
Thus, themonotone convergence theorem for forms (see, e.g., Kato [Kat80],
Chap. VIII) implies that for each > 0, the sequencé—*4»),, converges
strongly inL?(9, R) to e 4.

By Proposition 4.32, the semigroip—‘4»),>¢ is sub-Markovian. Let-
ting n — oo, we obtain thate=*4),>¢ is sub-Markovian. O
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5.2 OPERATORS WITH TERMS OF ORDER 1

5.2.1 TheL?-theory

In this section, we study degenerate-elliptic operators of the type (5.1). We
consider here th&?-theory. This will be achieved by using Theorem 1.50.
We make the following assumption on the coefficients:

axj = ajr € W»®(R% R), b, € WH°(RY R), ag € L°(R%R). (5.4)

Note that we assume here that all the coefficients are real-valued functions
and that (5.4) holds for alt, j = 1, ..., d.
Under the assumption (5.4), the operator

d d
Au = — Z Dj(ak; Dyu) + Zkaku +agu, u € D(A) = CZ(RY)
k=1 k=1

is well defined as an operator dit = L?(R? R). Moreover, there exists
w € R such thatd + wI is accretive. Indeed, let € C>°(R%) and apply
(5.2) (withQ = R here) to obtain

Z Dj( ak]Dku Z / arjDyuDjudx > 0.
k,j=1

k,j=1

Fork € {1,...,d},
(uDyuiw) == [ [uP Dby + buDylda,
Rd
and thus,
1 ) 1
(bpDyu;u) = —3 Db lul*dx > —=||Dybg|| oo (u; u).
Rd 2

Finally,

(aou; u) = —llaolloo (u; w).

These inequalities show that for somec R, ((A + w)u;u) > 0 for all
u € C°(RY). This means thatl + wI is accretive. By Lemma 1.47 is
closable. Letd denote its closurélVe have



146 CHAPTER 5

THEOREM 5.2 Assume that (5.2) (witk iRd) and (5.4) are satisfied.
Then there exists a constante R such that4 + w1 is m-accetive. More-
over, the domain ofl is the maximatlomain in the sense that

d d
D(4) = {u € L?,— > Dj(ar;Dru) + > bpDpu + agu
kj=1 k=1

(%amm%MMﬂeLﬁ.

As a consequence of this result and Theorem 1.49, we have

COROLLARY 5.3 Assume (5.2) and (5.4). ThenA generatesa strongly
continuous semigroug—*4),> on L?(R% R), suchthat

le™* fll2 < |||z for all f € LA(R%,C), t > 0.
We also mention the following corollary.

COROLLARY 5.4 Assume (5.2), (5.4) and thgt = 0 for k = 1,...,d.
ThenA is self-adjoint. Inother words, the operatoA is essentially self-
adjoint onC°(RY).

Proof. Under the assumptions of the corollary, the operates symmetric
and henced is symmetric, tooThis means thatA)* is an etension ofA.
Recall the definitiorof the adjoint operator

DAY ={ue€ L? v e L?: (Ap,u) = (¢,v) Vo € D(A)}, A*u = v.

It follows from this that

d
D(A*) = {u € L*(R,R), - Y Dj(ar;Dyu) + agu
k,j=1

(as a distribution) ELQ(Rd,R)}.

Theorem 5.2 implies thab(A*) = D(A). Since D((A)*) C D(A*) =

D(A), we conclude thatA)* = A. O

In order toprove Theorem 5.2, we will need the following lemma. Denote
by tr(C) the trace of a given symmetric matiix We have

LEMMA 5.5 (Oleinik inequality) LetC'(z) = (ckj(x))1<k,j<q be a real
symmetric matrix satisfying (5.2) fere RY. Assume thaty; € W2°°(R?)
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forall 1 < k,j < d. Then, there exists a constahf depending only oa
and|| D?.cy; |, such that for every real symmetric mattix= (uy;)1<k, j<ds

[tr(D;C(x)U)]? < Mtr(UC(z)U) forall z € R4, 1€ {1,...,d}.

Proof. Fix I € {1,...,d} and a non-negative functiofi € W?2>(R%).
Consider a regularizing sequeneg > 0. Sincep,, = f is C%, one has by
Taylor’s formula,

0<(pn* f)(x+ hey)
2
< (pn» D))+ hlpo * D)) + o (on » D)

2
< (pn » @)+ hlpw * Dif) () + 1D

forall z € RY and allh € R. Here(ey, . .., eq) is the standard basis &¢.
Lettingn — oo yields

0< f(@) + hDuf(@) + " DF
Since this inequalityolds for allh € R, it follows that
|Dyf(x)|> < 2f(2)|| D} f|| oo for all z € RY. (5.5)
Set
My := sup{| < DfC(2)€,§ >ga |,1 <1< d,x € R ||¢]lga = 1},

where|.||rs denotes the Euclidean normRf and< .,. >ga the Euclidean
scalar product.

Let U be a real symmetric matrix. Lg® be an orthogonal matrix such
that P~'U P is diagonal. We use the notatidf, to denote the coefficients
of a matrixV.

Since(P~1C(x)P);; > 0 for all z € R? we can use (5.5) to obtain

|Di(P™C (@) P)5I* < 2(P7'C(2)P) ;|| DF (P~ C(2) P)jjlloo
=2(P~'C(x)P);jjsup | < DiC(z)Pej, Pe; > |

S 2M0(P_IC(.T)P)]'J'.
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It follows that

|tr(D;C(x).U)|* = [tr(P~1D;C(z) PP~UP)?

PIDC(z)P);;(PTIUP) ;7

~'D,C(x)P)j;1*(P~IUP) ;517

i

<2M0d2 “lUP);;(P~1C(z)P);;(P~UP);

= 2M0dtr(UC’U).

This proves the lemma with! = 2dM,. O

Note that the constaat/ in this lemma depends only arand|| D7 cy; || oo,
and hence we do not need to assume t¢hat W2, The lemma holds if
the coefficients:;;, have only bounded second-order derivatives.

Proof of Theorem 5.5inceqg € L>=(R%, R), then by bounded perturbation
arguments, we may assume thgt= 0. Thus we consider that is given

by

d d
Au=—>" Dj(ar;Dyu) + Y bpDyu, u € D(A) = CZ(RY).
k,j=1 k=1

We have seen that for some constanthe operatord + w/ is accretive.
This implies thatd + w1 is accretve, too. In order to show that + wI is
m-accretie, we apply Theorem 1.50 with = —A = — 25 — ... — &

(9:1:% 8xd
((minus) theLaplace operator).
Since the coefficients,,;, b, are bounded, there exist positive constants
g anda, such that

1Aull2 < aollull g2ray < allullz + [|Aullz] for allu € C°(RT). (5.6)
Using this and the density @f>°(R?) in H2(R%) = D(S), we obtain
D(S) C D(A).
Now we show that there exists a constah& R such that

(Au; —Au) > —B(u; —Au) for all u € H*(R?). (5.7)
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Note that because of (5.6), it suffices to prove (5.7) fouatl C>°(R?).
Fix u € C°(R?) and letU := (DyDju)1<k, ;<4 be the Jacobian matrix of
u. Integration by parts gives

d
- Z Dj(arjDru); —Au
kj=1

d
= — Z / [Dj(Dlaijku)Dlu + Dj(aijleu)Dlu} dx
Rd

k:jvlzl
d d
=— Z /dDj(DlaijkU)Dlude'+ Z /daijleuDleudy;,
kgii=1"R kgii=1"R

The second term satisfies

d
Z /Rd ay; DiDyuD; Diudx = /Rd tr(U(z)(ak;(x))U(z))dx  (5.8)
k,j,l=1

and the first one can be rewritten as

d d
— Z / D;Day; DyuDjudr — Z / Dyay;D;DiuDiudx
kji=17R? keji=17R?

=1+11I.

Since all the term®); D;a;,; are bounded oR“, we have
I1>—M,; Z/ |Dyul?dz = — My (u; —Au) (5.9)
xR
for some positive constamt/;. The term/ [ satisfies

II:—Z/Rd tr((Dyax; )U)Djudzx
!

€ 1
> = tr((Dyag;)U)?dx — — [ |Dul*d
> 2¥/Rd“<( )0 de = o [ Dwlds,

where the lasinequality is valid for every: > 0. Applying now Lemma
5.5, we obtain

1> —eM, /R (U2 g (2) U () Qig(u; _Aw),  (5.10)
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where M5 is aconstant. Choosing > 0 small enough and using (5.8),
(5.9), (5.10), we see that for some constant> 0

d
- Z Dj(ar;Dyru); —Au | > —Bo(u; —Au). (5.11)
kj=1

We study now terms of order 1. We integrate again by parts

d
<Z kak’LL; —Au)

k=1

/ Db DyuDyudx + Z / by, D; DyuDjudz
k=1

d
Z/ lekauDludm— / Dy.by.| Dyul?dz
k,l= k,l=1

- Z / by DjuDy, Dyudz.

k=1

Using the assumptioby, € W1>°(R?), we can find two constant/; and
My such that

<Z b Dy —Au> > M32/|Dku|2dx— - / Dybi[Dyu)?dx
k=1
2—M4Z/1Dku\2d:c.
k
We have then shown that

d
<Z b Dy u; —Au> > — My (u; —Au). (5.12)

k=1

Combining (5.12) and (5.11), one obtains (5.7).
Theorem 1.50 implies that + wI is m-accretie for some constant.
Finally, we show that

d d
D(A) = {u € L?,— > Dj(ar;Dru) + > bpDyu

(as a distribution) € L? }
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Note first that

d d
- Z Dj(aijku) + Z b Diu

k,j=1 k=1
= — Z DjDk(akju) + Z Dj (Z Dkakju + bﬂﬁ)] — Z Djbju.
k,j J k J

Using the assumptions on the coefficieats andb,, we see that for each
u € L?(R%,R), the term on the right-hand side is a distribution.

Define now the operatof ., by the same expression dsbut with do-
main

d d
D(Amax) = {u € L%, — " Dj(arDyu) + Y bpDyu
k=1 k=1

(as a distribution) € L? }

Our aim is to show thatl = A,,... Obviously,A,,.. is an extension ofi.
Define the operator

d d d
Bu:=— Z Dj(aijku) — Z kaku — Z Dkbku,
k,j=1 k=1 k=1

D(B) = C*(RY).

Since the coefficients of the operatBr satisfy the same assumptions as
those ofA, there existsv € R such that the operatar! + B is m-accretie
(hereB denotes the closuia B).

Fix A > 0 large enough and let € D(A.x) be such thahu+ Apaxu =
0. Then for everyy € C°(RY),

0= (A\u+ Amaxtt; @) = (u; A + Bo).

This implies thab = (u; A\ + Bo) for every ¢ € D(B). Thus, if \ is large
enoughu = 0. -
If u € D(Amax), thendu + Apau € L2(RY), and sincewl + A is

m-accretivethere exists) € D(A) such that
M+ Apaxtt = A\ + Adp.

ThusA(u—1v)+ Amax(u—1) = 0 and we have just proved that this implies
u = 1p. This shows thaD(A,.x) = D(A). O
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5.2.2 Positivity and L°°-contractivity

We assume that the assumptions of Theorem 5.2 hold. By Corollary 5.3,
the operator- A generates a stronglontinuous semigroufe=*4);~( on
L?*(R%,R). We canextend this semigroup to a strongly continuous semi-
group onLP(R? R) for all p € [1,00). More precisely,

THEOREM 5.6 Assume that the assumptions of Theorem 5.2 are satisfied.
Then the semigroupz‘tz)tzo is positive andhere exists a constant such

that (e—t(zﬂ”))tzo is L>®-contractive. Ifay > 0, we may takew = 0.

In particular, (6—tz)t20 extends toa strongly continuous semigroup on
LP(RY,R) forall p € [1,00).

Proof. Define

d

Z D; ( ak-j )+ 5kj)Dku> + Zkaku—i- aopu,

k,j=1 k=1
D(A,)=C>(RY).

Applying Theorem 5.2, we obtain thdt, is closable and there exists a con-
stantw’ (independent of,) such thatd,, + w'I is m-accretie. Corollaries

4.3 and 4.10 show that there existssuch that for every, the semlgroup
(e~t(Antw)y . is sub-Markeian. In addition, ifag > 0, then(e=4),>¢

is sub-Mark@ian. Theorem 5.7 below shows that the same properties hold
for (e7*4);>0. As a consequencde ‘1)~ extends toL?(R% R) (asa
strongly continuous semigroup) for all € [2,00). This also holds for

p € [1,2] by duality, since the coefficients of the adjoiAt satisfy the
same assumptions as thoseAfThe strong continuity or.! (R, R) was
shown in a general setting in Chapter 2. O

We quote the following convergence theorem without proof (see, e.g.,
Pazy [Paz83], Chap. 3, Theorem 4.5)

THEOREM 5.7 Assume that-A,, and — A are generators of strongly con-
tinuous semigroup@*“‘n)tzo and (e*“‘)tzo on a Banach spac&’. As-
sume thate~*4»),~ is uniformly bounded (with respect#q in £(X) and
assume that there exists a cdreof A such that

1) D C D(A,,) for all n;

2) A,u converges toAu asn — oo, for everyu € D.

Then for every > 0, e ~*4» converges strongly to—*4.

Notes
Section 5.1 The smoothness condition (5.3) is assumed in order to guarantee the
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closability of the symmetric form defined there. More general results on closability
of such forms can be found in Ma an@é&kner [MaR)92] and the references there.
Theorem 5.1 is well-known and even more general results of this type can be found
in Fukushima [Fuk80] and Fukushima, Oshima and Takeda [FOT94].
Degenerate-elliptic equatiorEZJ:1 Dy(ar;Dj)u + a(z)u = f(x) with bound-

ary conditions have been studied by several authors. See Fichera [Fic56], Oleinik
[Ole67], and Devinatz [Dev78]. More recent results dealing with regularity prop-
erties of solutions to degenerate-elliptic equations are proved by Fabes, Kenig, and
Serapioni [FKS82], Franchi and Serapioni [FrSe87], Franchi, Serapioni, and Serra
Cassano [FSSC98], and Taira, Favini, and Romanelli [TFROQ].

Section 5.2 The idea of using Theorem 1.50 and the Oleinik inequality to prove
Theorem 5.2 is mentioned in Wong-Dzung [Won81]. A more elaborate proof is
used in Wong-Dzung [Won81] and [Won83] to proveldtiversion of Theorem 5.2
under the conditiom; € C? with bounded second order derivatives apd= C*

with bounded first order derivatives. Related results can also be found in Stroock
and Varadhan [StVa79], Chapter 3. Lemma 5.5 is proved in Oleinik [Ole67] and in
Stroock and Varadhan [StVa79] (Lemma 3.2.3).
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Chapter Six

GAUSSIAN UPPER BOUNDS FOR HEAT
KERNELS

6.1 HEAT KERNEL BOUNDS, SOBOLEV, NASH, AND
GAGLIARDO-NIRENBERG INEQUALITIES

Let (X, ) be ao-finite measure space and &Y := LP(X, ) be the
corresponding complex or real Lebesgue spaces. In this section we study
L? — L™ estimates of the type:

He_tAH,C(LZ,Loo) < ct=¥* forall t > 0. (6.1)

Since the operators under consideration in this book are defined by sesquilin-
ear forms, we shall focus on characterizations of (6.1) in terms of forms. We
mainly concentrate on the case of symmetric forms and assume that the as-
sociated semigroup i5°°-contractive. The latter property can be removed
in the statements. It will be assumed only for simplicity.

We start with the following extrapolation result.

LEMMA 6.1 Let(T(t))¢>0 be a strongly continuous semigroup 6A. As-
sume thatZ'(t)):>o is L°>°-contractive. If there exists > 2 such thatl’(¢)
mapsL? into L” and

1T )| g(r2,0m) < ct™ forallt >0,

wherec anda are positive constants, théf(t) is bounded froni.? into L>
and

1Tl 22,00y < dt7r2 forallt>0,

where(’ is a positive constant depending only gy, andc.

Proof. By the Riesz-Thorin interpolation theorem, we have for every
[2, 00)

T )| (o sy < /PE2/P for all ¢ > 0. (6.2)
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Letty, := =Lr=" andpy := 2(})* for k > 0. Thus,

> 1 T
dtp=1land Y —=_— .
k=0 oo 2Ar=2)

Applying (6.2) withp = py, yields

1T )| £(r2, 100y < H T (i)l 2Lrw, Lrerr)
k=0

o0
< H c2/Prp—20/pk t];%‘/pk
k=0

ro

7, —
:ct 7727

which prowes the lemma. a

The conclusion of Lemma 6.1 holds without assuming tidt)):>o is
L*°-contractive; it is enough to assume that the semigroup is uniformly
bounded or.*>°. We refer the reader to Coulhon [Cou91] and Varopoulos et
al. [VSC9z2].

Throughout this sectiorg denotes a densely defined, symmetric, accre-
tive, and closed form or?. We denote byA its associated self-adjoint
operator and bye~*4),>( the semigroup generated by4. We will use the
classical formula:

a(u,v) = (AY2u, AY%p) for all u,v € D(AY?) = D(a),

whereA'/? is the square root ofl.1

The following result shows thdt? — L> polynomial decay of the semi-
group (e7*);>0 is equivalent to a Gagliardo-Nirenberg type inequality.
More precisely,

THEOREM 6.2 Assume that the semigroup—4),>¢ is L>-contractive.
The following assertions are equivalent (here’, and d are positive con-
stants):

1) He*tAHL(LgLoo) <t~ forallt > 0.

2) For everyq € (2, 00| such thatdqQ;q2 < 1, we have

p de=2  1-d%2
lullg < da(u,w)*5 ul, “* forallu € D(a).

1412 is the self-adjointaccretive operator such than'/?)2 = A. See, e.g., Kato
[Kat80] or Chapter 8.
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3) There existg € (2, oo],d% < 1 such that

ga=2 ~ 1-d%i2
lullg < cau, w)™ @ [lull, ~** for allu € D(a).
Proof. Of course, 2= 3). Assume now that 3) holds. For every: D(a)
andt > 0,

a=2 1-d42
le™ 4l < da(e Au, e Au) 5 et ],

1—d42 L di2 L, de2
<ully " [Ae™ ully * fle™  ull,

d

< /It* (14;2
<" Jula,

Assertion 1) holdsiow by applying the previous lemma.
It remains to prove that 13= 2). By the Riesz-Thorin interpolation
theorem, it follows from 1) that

q—2

_2
”e_tAHL’(LQ,Lq) <c'o "% forallt > 0. (6.3)

Letu € D(a) \ {0} and writeu = e *4u + [ Ae~*4uds. Using (6.3) we
have for some positive constarnts

t
lully < lle=ul, + /0 /24 Ac=5/24 | ds
—2 t —2
<c [td‘tquunﬁ / sdq4q||A1/Qe_5/2AA1/2u||2ds]
0

—2 i —2 1
<o [tdiq llull2 + / P T |]A1/2u|]2ds]
0
—2 —2 1
<es[t™ T ||us + ¢ T2alu,w)2).

Assertion 2)follows by choosing = ||u||3a(u,)~! (observe that 1) im-
plies that) cannot be an eigenvalue df and hence(u, u) # 0). O

Let (e~*P);>0 be a bounded holomorphic semigroup Bhfor somep €
[1,00). Using a similar proof to that of Theorem 6.2, one shows that the
estimate

d
”e_tBHE(Lp7Loo) <ect 2 forallt >0

is equivalent to the inequality

1—4 a
oo < lullp 7| B%?u||}” for allu € D(BS/?) (6.4)
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for every (or some)3 such that3 > d/p.?
The next result gives a characterization in terms of the Nash inequality.

THEOREM 6.3 Assume that the symmetric semigr@ap‘*);>o is
L°°-contractive. The following assertions are equivalent (heké, and d
are positive constants):

1) [le* | gz 12y < et~ for all t > 0.

2) |Jull 2% < da(u, u).||ul[¥/* for all u € D(a) N LY.

Proof. Assume that 1) holds and letc D(a)N L* be a nontrivial function.
It follows from the equation = e~*4u + [ A/2e~54 A1/ 2uds that

t1
s < e [t—d/4||u|1+ / L, st]
| ; \/EH |
< ol Jully + VEa(u, w) 2]

_4
Assertion2) follows by choosing = a(u, u)_ﬁ ull{F2.
Conversely assume that 2) holds and lgte L? N L' be a nontrivial
function. Setp(t) := 1|le=* f||3. We hare fort > 0

ot =—ale ™ f )
<~ e A et
<~ ()71
This means thatl o (t)"2/? > c||f|l; /" Integration fromo to ¢ yields

assertiorl). a

We quote the following characterization by the Sobolev inequality.

THEOREM 6.4 Letd > 2 be a constant. Assume that the symmetric semi-
group (e~*1);>q is L>°-contractive. The following assertions are equiva-
lent:
1) He_tA||E(L27Loo) < et~ forallt > 0.
2) ||lul|%s < da(u,u) for all u € D(a).

d—2

Assertion 2) applied ta = e~*4 f gives

€74 1) 20 < ext™ 2] f]a

2For moreinformation and details, see Coulhon [Cou92] or Varopoulos et al. [VSC92)].
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This and Lemma 6.1 give 1). The converse holds as in Davies [Dav89],
p. 76, Varopoulos et al. [VSC92], p. 21, or Varopoulos [Var85] (there the
positivity of the semigroup is not needed in the proof). Assertion 2) means
that the operatod—'/2 given by

—1 0o
A2y = F(;) / t12e 7t Ay dt
0

is bounded fromL.2 into L7

Remark. i) As mentionedreviously, the extrapolation result (Lemma 6.1)
holds without theL*°-contractivity assumption. Thus, the previous the-
orems hold as well without this assumption. One only assumes that the
semigroup(e~*4),> is uniformly bounded orL.*.

i) In the above theorems, 2= 1) does not use the fact thats symmet-
ric. This implication holds in the more general situation of honsymmetric
operators.

iii) If we apply the above theorems tote~*4 instead ok ~*4, we obtain
that the bound in 1) fod < ¢ < 1 is equivalent to 2), where(u, u) is now
replaced bya(u, u) + ||ul|3.

iv) The L? — L> estimate in 1) yields by duality the same estimate for
the L' — L? norm. Therefore

le™ | p(pt poey < Ct* for all ¢ > 0,

whereC is a positive constant. This is equivalent to the fact #dt' is
given by a kerneb(t, x,y), that is, a measurable function 66 x X such
that

e A f(x) = / p(t,z,y) f(y)du(y) ae. x € X forallt > 0, f € L?
X

and such that
Ip(t, z,y)| < Ct~%% for all t > 0. (6.5)

We will call the kerneb(¢, x, y) the heat kernel ofi.

The following lemma shows thdt> — L>° estimates of a strongly contin-
uous semigroup can be improved by taking into accdifnt L? estimates.
More precisely,

LEMMA 6.5 Let(T'(t)):>o be a strongly continuous semigroup b such
that

1Tl zz2) < Me ™ forallt >0 (6.6)
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for someconstantsM > 1 andw € R. Assume thaf'(¢) is bounded from
L? into L with norm satisfying

T ()| 22 poey < CE %™ for all t > 0 (6.7)

whereC, d > 0 and« are constants. Then

d/4
1T ()| 2 (r2, 100y < CMet= ™! |1+ max(a+w,0)t|  forallt > 0.

(6.8)

Proof. Of course, we may assume that:= o« + w > 0; otherwise the
conclusion follows directly from (6.7).
SetS(t) := e“*T(t) for ¢t > 0. By assumption,

ISl gez2y < M and [|S(t)| £(z2,ny < Ct 4 forall t > 0.
Clearly, if 5t < 1 then
IS(®)l| 2z2,p00y < Cet™ 4,

Assume now thabt > 1. We have

1
1S(0) ez 1oe) < st
L(L2,1%)

< MCep¥*
= MCet= (1)
< MCet= 41 + t5)44.

L(L2)

Thus, we have proved
IS(t)]l £(r2,poey < MCet ™41 4 5)%4

for everyt > 0. a

6.2 HOLDER-CONTINUITY ESTIMATES OF THE HEAT KERNEL

Theorem 6.2 (and the comments following its proof) shows that the estimate
(6.5) is equivalent to Gagliardo-Nirenberg inequalities. We prove now that
Holder continuity of the heat kernel can also be characterized by inequalities
of similar type. Before we give the precise statement, we need to fix some
notation and assumptions.

Let — A be the generator of a bounded holomorphic semigfeap):>o
on L?(X, ) (here A is not necessarily self-adjoint). We assume that the
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semigroup(e*4),> is uniformly bounded o.? := LP(X, ) for all 1 <

p < oo and it is given by a heat kerng(t, z, y). It follows that (e~*4) ;>0
is bounded holomorphic ofP,1 < p < oo (cf. Section 3.3). Denote by
—A, the corresponding generator &f,1 < p < oo (A2 = A). Letp be
a metric onX. Under these assumptions on the semigr(m‘rf/‘)tzo, we
have the following characterization ofttler continuity ofp(¢, =, y).

THEOREM 6.6 Assume thap(¢, z, y) satisfies

p(t, 2, y) — p(t,a',y)| < Ct~ 273 g(x, 2’ )", (6.9)

forallt > 0,z,2' € X,andp a.e.y € X, wheren € (0,1),C, andd are
positive constants. Then there exists a constdnt 0 such that

f(z)— f(o' 1-3(2+9)
Supy g D T o 15 G40,

o(x,z’)r

1(7]+d)

8 l(m_d
[Ag fllp 7" (6.10)

8
forall p € (1,00) andg suchthat3 > 1 + 4 and all f € D(A}).
Converselyassume that (6.5) and (36.153) hold for sofhandp > 1 with
B>1+ g. Thenp(t, =, y) satisfieg6.9) with ! in place ofy.
The same conclusions hold with= 1 if we assume thate=*4),> is
bounded holomorphic oh!.

Proof. Throughout this proof, we will denote by, , Cs, ... all inessential
constants.
Assume that (6.5) and (6.10) hold with somendp > 1 (3 > g + g ).

Using (6.5) andhe fact that the semigroue—**);> is bounded holomor-
phic onL?, it is easy to see that far> 0,4 mapsL? into D(A™) for
all m > 0. We apply now (6.10) foe—*4 f where f is any function inL!.
We have

5(3+35)

e~ f(x) — e f ()]
_lmyad B 1y d
< Cloe,a)plle flly P Az AT,
From (6.5) wehave
—d(_

le™ 4 flly < Cre = OV £

By analyticity ofthe semigroup,
g _ =B, _t

145 e fllp < Cat 2 fle™2 ],

Hence

et f () — e A ()| < Cit 2 oz, 2') 5| 1.
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This implies(6.9) withg in place ofn.

The same argument shows that if the semigroupg);>, is bounded
holomorphic onL!, then the conclusion holds wigh= 1.

Conversely, assume that (6.9) holds. This implies that for evenydz’

Ip(t,2,.) = p(t,a’, oo < CE2 2 o, 2.
The fact that the semigroup is uniformly bounded &Y implies that
lp(t,z, )| < Cysforallz e X, t>0.
Now the interpolation inequality implies that for alle (1, co)
Ip(t, ;) = plt,a!, )y < Cst ™0 T2 Do, 2y (6.10)
Let now f € LP andt > 0. By Holder’s inequality
45 @) = A = | [ 00000 = . ) ) 0)
< ||p(t7 z, ) - p(t7 xlv )Hq”f”pa
where, + ¢ = 1. Using(6.11) we obtain
n _d_n
e f (@) — eS| < Coolw, 2yt B 5| fl,  (6.12)
8
We prose now (6.10). Suppose first that < 2. Let f € D(A;) with
d .
B> Iﬂ) + 5. Write
A b osa 18 a8
f=etf +/ e 27A, *e 27Ap fds. (6.13)
0

Using (6.12)it follows that

_ 8
< CGQ(xaxl)%SiiiﬁuAp e AA192 fllps
and since theemigroup is bounded holomorphic éf,

_ s

18 8 g . B
14p e 2447 fllp < Crs2 Y| AZ £l

From (6.12), (6.13)and these two estimates, it follows that fogs 2’

o(x,a')»

o ¢ 5
M§C6t_2%_§)||f||p+08/ sg_l_%_%dsnAzngp
0

_n_d B_n_d g
SGolt 2 2| fllp +t2 2 2 || A fllp]-
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2 5 =2
By choosingt = || f|l; |42 fll,° we obtain (6.10).
If 6 > 2, one iterates (6.13) times and writes fon > g

7fnfl
__—tA —tA —1,—tA
f=e " f+tAse f+...—|—(n_1)!Ag e f
1 t 1 —SA n—2 _sSA 4B
+(n_1)'/(; Sn 16 2 Ap 2e" 2 AZde.
Arguing as previously, the desired conclusion follows. O

Holder continuity of the heat kernel can also be characterized by a Sobolev
type inequality. This was proved recently by Coulhon [Cou03]. He has
proved by interpolation methods thablder continuity of the heat kernel is
equivalent to

/
aup @) = 1)
A=

< C'||AB2 |, (6.14)
a#z’ o(x,x’)

for all p andg > g.

Besides thedct that Hblder continuity of the heat kernel implies regular-
ity of the solution to the corresponding evolution equation, it is a very useful
tool in obtaining lower bounds for the heat kernel. We will come back to
this in Chapter 7 and show how Gaussian lower bounds can be deduced from
Gaussian upper bounds andlHer continuity.

6.3 GAUSSIAN UPPER BOUNDS

We now consider uniformly elliptic operators as in Chapter 4. Qdbe
an open subset &3¢, endowed with the Lebesgue meastite Define the
sesquilinear form

d d

av(u,v)—/ [ Z apjDypuDjv +
Q

(b Dgu + cxuDyv) + apuv | dx
k,j=1 k=1

with domainD(ay) = V, whereV is a closed subspace &f!((2) that
containsH{ (Q2). We assume the uniform ellipticity condition (U.EIl), which
we recall again:

(U.Ell) The functionsuy;, by, cx, ap are bounded of?, that is,

ajj, by, e, a0 € L(Q,C) forall 1 <4,k <d, (6.15)
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and thereexists a constani > 0 such that

d
R Y ak(2)€8 = ¢’ forall € CTae.x € Q. (6.16)
gk=1

As in Chapter 4, we denote by, the operator associated with the foam.
In this section we study Gaussian upper bounds for heat kernels of operators
Ay . In order to prove such bounds, we need to show the boundedness from
L'into L*> of e~*4v, with an estimate of the norife "4V | ;11 1) which
depends in a good way on the coefficients of the opet&iar

We have seen in the previous section that— L>° estimates for the
semigroup can be deduced from the Sobolev inequality. For this reason, we
need to assume that

V is continuously embedded into L2 (Q), (6.17)

where2* = d%dz if d > 3,2 =o0if d =1and2* is ary number in(2, co)
if d=2.

If V= H}(Q), where( is an arbitrary domain oR?, this embedding
holds and one has fal> 3

/Q |Vul|? > ¢|lul|3 for all u € HY (). (6.18)

If V = H'(Q), then (6.17) holds provided has smooth boundary. For
example, ifQ has the extension property (i.e., there exists a bounded linear
operatorP : H'(Q) — H'(RY) such thatPu is an extension ofi from
to R?), then (6.17) follows from the embedding &f' (R?) into L2 (RY).

In that case, every closed subspacef H' () satisfies (6.175. Note that
(6.18) for arbitrary open subsgX follows from the same inequality when

Q = R? (one uses the classical fact that for everg H}(12), the function

u which extends: by 0 onR4\ Q is in H'(R%)). The inequality (6.18) with

Q = R4 follows from Theorem 6.4 applied to the Gaussian semigroup, that
is, the semigroup generated by the Laplaciarld(R?, dz).

Note that (6.17) means that

/ |Vu|? —I—/ lul|? > ¢||u||3. for allu € V, (6.19)
Q Q

wherec > 0 is a constant.

There are seeral geometrical conditions di that imply (6.17); see Maz’ya [Maz85],
Section 4.9
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If d < 2,itis more convenient to work with Nash or Gagliardo-Nirenberg
inequalities. Recall that the Gagliardo-Nirenberg inequality is the inequality

—2

1-d4 g2
cllullg < llully > (IVull2 + [lull2)*= forallu eV (6.20)
forall ¢ € (2, 0] suchthatd% < 1.1f V = HYQ), (6.20) holdsif and

only if (6.19) holds (see Theorems 6.2 and 6.4). Asin (6.18),# H}(Q),
the following stronger inequality holds:

9= q=2

cllully < lully T |Vully ™ forallue HY(Q@).  (621)
We will also need the assumption (4.12) BnThat is,
u€eV = (1A|u])signu e V. (6.22)
In the sequeky, denotes the same constant as in Theorem 4.28.

LEMMA 6.7 Suppose thadl’ satisfies (6.19) and (6.22). Assume that (U.EII)
holds and that the coefficients; are real-valued forl < k,j < d.

1) If d > 3, then for everyt > 0, e~*4v is bounded fromZ?(Q) into
L? (Q). Moreover, for every > 0

He_tAVHE(Lz,Lz*) < Cee®tet=Y2 forall t > 0,

where(. is a positive constant depending onlyxni, € and the constant
in (6.19).
2) If d < 2, then for every; € (2,00) and every > 0

_49=2
le ™4V (| £(z2,pay < Cee®tlet™ V50 forallt >0,

whereC. is a positive constant depending onlyxni, ¢ and the constant
in (6.20).
If V = H} (), the estimates in both assertions hold wtk: 0.

Proof. Assume thatl > 3. Note that (6.19) implies that for every > 0,
there exists a constant such that

/|Vu2+€/ 2 > e flu
Q Q

2 forallu e V. (6.23)
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The assumptiofU.EIl) implies:

nHVu]BS%Z/ agjDyuDjudx
kg 7S

:ﬂ%[av(u,u) — Z/ bruDru + cpuDpudx — / aolu\Qdaz]
& Q Q
< Ray (u,u) + Y /Q(m(bk + c)| + [S(ex — be)]) | Dyul|uldz
k

+ / (Rao) ™ |u|*dz
Q

n
< Ry () + 5 5 1Dl + il

wherew = 5 30 [[[R(br + cx) [+ S (e = bi)|[12 + | (Rao) ~[|oo- Using
this, it follows from (6.23) and the expression®$- in Theorem 4.28 that
for everye > 0

Ray (u, u) + (wpe + &) /Q u2de > Cful2 foralluc V,  (6.24)

wherec,. is a constant depending only gnd, e, and the constantin (6.19).
Note that (6.24) holds wita = 0 if V = HJ(Q) (apply (6.18) instead of
(6.19) in the proof).

We now define the semigroup(t) := e~t4ve w2 te=5t, By Theorem
4.28, e t4ve~w2rt s @ contraction operator oh? (Q) (and so isT(t)).
This and (6.24) imply that for every € L?*(Q) N L? (Q) andt > 0

2
5ds

t
LTS3 <. /0 IT(s)f

</ %[avms)f,cr(s)f) T (wne +)(T(s) f5T(s) )] ds

tdq

= [~ ITe)las
0

= 1413~ 1T ()13

<|I£15.

Hence, we have proved

_ 1 _ .
He tAVf”Q* < CTt 1/2€w2 test”sz
€
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and ifV = H}(Q), this estimate holds without the extra teefh.
The proof of assertion 2) is similar; one uses (6.20) instead of (6.19) (or
(6.21) instead of (6.18) i = H}(12)). The analog of (6.24) is

Tig 1—-d42
Ry () + Gt 2l Il = Ll oratt e v

(6.25)
Thus,as previously, if'(t) := e t4ve~wite~¢t then

ct|T(t )fHd(q !

4q
<c HT(s)fHéf‘q’” ds

HT ()7 %[avms)f,T(s)f) T (g +e>|rT<s>f||§} ds
/ T [ V(T 1, T() ) + <wq+a>uT<s>fH%] s
w2 [*
=157 [ T flBas
| [ufr% - rmvn%}

<A1,
This prowes the lemma. O
Define
s(Ay) = inf{Ray (u,u), u € V and |jul|2 = 1}. (6.26)

Clearly, the formay — s(Ay) is accretive. Hencge H(Av —s(4v)) 2y <
1forallt > 0. That s,

le™ 4 || g2y < e AV E > 0, (6.27)
If by = %(av + aj,) denotes the symmetrjzart ofay, then
s(Ay) = inf{by (u,u), u € V and |julls =1},

which is by the min-max principle the spectral bound of the self-adjoint
operatorBy associated withy . Thatis,s(Ay) = inf o(By).
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THEOREM 6.8 Suppose that the assumptions of Lemma 6.7 are satisfied.
Then, for every > 0, e~*4v is bounded fronZ.2 () into L>°(£2) and

d/4
le™ AV || o2, 100y < Cet™ e sV [1 +ant+cagt +et + s(Av)t}

forall t > 0, e > 0, whereC. is a positive constant depending onlyaml,
the ellipticity constant;, and the constant in (6.19),¢ > 1 is a constant
depending only od. The constanta; andas are given by

d

1
a1 := || (Rao) e + Z I = cellSer @z i= =3 IRe.

k=1
If V= H}(Q2), the aboveestimate holds with = 0.

Proof. Using (4.49) and (4.50) one may choose a constant 1 such that
aj + das + s(Ay) > 0. Therefore, by Lemma 6.5 and (6.27), it is enough
to prove the estimate

le™" 4Vl gqra, o) < Ot terter=test, (6.28)
Assume first thad > 3. For everyr > 2, we have by Theorem 4.28
le™ Y || pepry < e for all t > 0.

Using this and Lemma 6.7, we obtain by the Riesz-Thorin interpolation
theorem

le™ AV || (zro paoy < CLerI=Dtewa0tefty=0/2 for all ¢ > 0,  (6.29)

1 1-0
where_ = g+ 1= r’qg 2*+—for06[0]

FiXp € (2,00) and choosé = ]; andr = 2(p — 1). Thus,py = p and
o = p7%. In addition,

2(p— 1)2 +2d/d — 2
(1 = O)w, 4+ Owa < a1 + ag (p—1) ) / = o1 + a2p.

Inserting this in(6.29) gives that
||€_tAVH£(L:D’Lpd/d—1) < CMpeaitea2mtote/pi=1/(2p) for all ¢ > 0. (6.30)
This estimate holds with = 0 if V = H} ().

SetR =S4 1), == THL(2R) % andp;, = 2R* for all integerk > 0. We
have

Ztk_l Zp—k g, ¢ := max 1,Ztk’ypk ,

k>0 k>0 k>0



GAUSSIAN UPPER BOUNDS FOR HEAT KERNELS 169

wherec’ is a positive constant depending only @nApplying now (6.30)
(with p, in place ofp) yields for allt > 0

—tA —ttp A
le "Vl gere, ooy < [T e | oiomn powsn)
k>0
< H Cgl/Pk-eoqttkeOéz’kattketf/pktfl/@?k)tlzl/@pk)
k>0
_ ’
_ Cét d/4eetd/2€a1tec azt’

which gives the estimate (6.28).
Assume now thai < 2. We use assertion 2) of the previous lemma with

q = -2 wheren is anyconstant in(2, o). We have

q—2
e A || pp2.pay < Cet V24127450 cwatels for all £ > 0.

We are in a position to apply the same proof as in the previous caseiwith
in place ofd. We obtain

_ _ 1_gg9=2 2 ’
le™ Y || p2 ooy < Cst n/44(3 =5 In/2 ein/2 gont o ant

_ Cst_d/4€€tn/26a1t€da2t.

This prowes (6.28). O

For complex-valued coefficients,;, one has by Theorems 4.25 and 4.27
the following corollary.

COROLLARY 6.9 Assume thaE?:1 D;Say; € L>®(Q),S(ak; + aji) =
Oforall 1 <k,j <d,and (4.47) holds it/ # H} (). Assume that” sat-
isfies (6.22), (6.17) and théRu)™ € V for all u € V. Then the conclusions
of the above theorem hold witl{Rao) ™ || replaced byj|(Rag — m) ™ ||
wherem is the function given by (4.38).

The previous results applied to the adjoint semigreap“v):~o give an
estimate for the.! — L? norm of (e=*4V);>¢. Thus, under the assumptions
of the last corollary or those of Theorem 6.8 (if tiag are real), one obtains

/2
t
le™ 4V || £t pooy < Cot™ ¥ 2e*AVI ] 4ot 4 s(Av)g +coat|

(6.31)
forallt > 0,e > 0, whereC. is a positive constant depending only on
n,€,d, and the constantin (6.19), and is a constant depending only on
d andn (the precise expression of in terms ofd andrn can be obtained
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easily fromthe proof of the previous theorem). The constaig given by

d d

a = (Rag—m) " lloot D _ l1br—cillZ+ Y (1RO 5 +[|Rexl|Z). (6-32)
k=1 k=1

In particular,a = ||m|| if Rbp = Rep = (b, — ) = (Rag)” =0, 1 <
k < d. Again, (6.31) holds witlz = 0 if V = H}(Q).

The estimate (6.31) implies that*4v is given by a kernepy (¢, z,y)*
such that
¢ /2
lpv(t,z,y)| < Cat™¥2e AV |1 4ot 4 S(Av)§ + coat (6.33)

for all t > 0 ande > 0, where the constants are the same as in (6.31).

Using a perturbation technique due to E.B. Davies, (6.33) can be con-
verted into a Gaussian upper bound. This is possible because of the good
control of the constants involved in (6.33).

We shall first apply the following weaker inequality than (6.33):

lpv (t, @, y)| < Ct~¥2etHe0 for all t > 0,e > 0. (6.34)
We make the following additional assumption Bn
weV=elueV (6.35)

for every real-valued> (R%)-functiony such that) and| V| are bounded
onR4,

Fix A € R and¢ a real-valued bounde@>-function onR¢ such that
|V¢| < 1 onR? Under assumption (6.35), one can define the form

by (u,v) := ay (e’u, e~ *?v) for u,v € V.

The formby has a similar expression as thataf, but with the terms

b — A Z;l:l ar;D;¢ in place ofby, ¢ + A 2?21 a;1D;¢ in place ofc;, and

ag— N2 Y25 .y arj D Do+ A Y _, (b — i) Dy in place ofag. Hence,

if the assumptions of Theorem 6.8 or those of Corollary 6.9 are satisfied,
one can apply (6.34) to the kernel of the semigr@ip) := e *?e~t4v r?
(generated by (minus) the operator associated tith This and the as-
sumption|V¢| < 1 give

b — _ 2
L o) =~ g c 9 .
He AP tAVeAqu (1,15 < O.t d/2€ teﬁ(a-i-/\ )t (6.36)

“This is theheat kernel ofd .
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forallt > 0, e > 0, whereC. is asin (6.31)§ is a constant depending only
ond,n and||ay;||; anda is as in (6.32). This implies that

lpv (t, z,y)| < Ct =2t Dot MDD =0WNHINE for a1 ¢ > 0, > 0.
(6.37)

'tl)'akinoglj A= % and optimizingover ¢ yields the Gaussian upper
oun

|z — gyl

Ipv (t, 2, y)| < C: e exp| 5t

| forallt > 0,a.e. z,y € Q.

(6.38)
We have proved the following theorem.

THEOREM 6.10 Assume that (U.EIl), (6.17), (6.22), and (6.35) hold. As-
sume in addition that one of the following conditions is satisfied:

i) The coefficients,,; are real-valued forl < k,j < d.

i) S0, D;Sag; € L=(Q),S(ar; + ajp) = 0for1 < j,k < d, (4.47)
holds and thaf®u)* € V forall u € V.

Then, the semigroup*4v is given by a kerneby (¢, z, y) which satisfies
the Gaussian upper bound:

_ 22
8] < et e 2]

foralle > 0,t > 0,anda.e. (z,y) € Q x Q. Hereaisas in (6.32)C. is
a positive constant depending only gre, d and the constant in (6.19),6
is a constant depending only gnd and ||a;||co-

If V = H}(Q), this estimate holds with= 0.

Remark. We point out that when we apply the estimate (6.31) to the semi-
group(e *?etv A) -, we can actually obtain a better estimate in (6.36).
Simple calculations show that one can replace the téfinby e(1+<)et for
everye’ > 0 (6 will depend then orx’). Using this, the Gaussian upper
bound in the previous theorem can be replaced by

o 2
py (t, @, y)| < Cot™2efteE Dot oxp [—'x@f' ]

foralle > 0,¢’ > 0,andt > 0. The constant§’., «, ¢ are as in the theorem,
with the additional condition thakt depends or’.

We already know from Theorem 4.28 that the semigr@upv )~ acts
on LP(Q) for all p € (1,00). We deduce from the previous result that the
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same holdgor p = 1. More precisely, using the above remark, we have for
everye, e’ >0

le™ V| ez < Ceerete T for all t > 0, (6.39)

whereC, . is a positive constant andis as above. This estimate holds with
e = 0if V = H}(Q). In addition, the semigroupe—*4v ), is strongly
continuous on’!(Q2) (see Theorem 6.16 below).

As mentioned previously, the assumptionslom Theorem 6.10 are sat-
isfied forV = H}(Q), with Q an arbitrary open set &?. They are satisfied
for V.= H'(Q) or V as in (4.5) if, for examples) satisfies the extension
property. (The fact that (6.35) holds for as in (4.5) follows from the cor-
responding result fof7!(2) and the fact that’ is an ideal ofH!(Q2); see
the proof of Theorem 4.21.)

The following example shows, however, that the previous theorem can-
not hold for mixed boundary conditions whéhis an arbitrary domain (in
particular, it cannot hold for the Neumann nor the good Neumann boundary
conditions on arbitrary domains).

Example 6.3.1 Consider the bounded open set
Q — Un20}272n71; 27271[‘

LetI’ C 99 be a finite set. Fom large enoughl, the functiom,, :=
X]j2-2n—1,2-2n[ DElONGS 1OV := {u)q € C*(R\ F)}H © Indeed, let,, €
C>*(R), be sub thatwv, = 1 on]2727~1 2727 with support contained
in 2727t — ¢, 272" 4 ¢,[. Clearly, if ¢, > 0 is small enough, then
Unjo = un. Whenn is large enoughy,, € C°(R\ T') sincel is finite.
Define the form

ay (u,v) = /Qu'v’d:c, Dlay) =V = {ug € CxR\D)} " .

Eachu, (for n large enough) is an eigenfunction of the operator, with
eigenvalue)d. Thus,0 is an eigenvalue of infinite multiplicity. Hencd;,
does not have compact resolvent. As a consequen¢éy cannot be
bounded from.2(Q) into L>°(Q) (otherwise, it will be a Hilbert-Schmidt
operator and hence compact). This shows in particular that the Gaussian
upper bound cannot hold fde—t4v);~.

We can also arrange to takéto be infinite in this example.

We turn now to another problem. We have assumed in Theorem 6.10 that
the spacéd/ satisfies (6.35). This plays an importadtein the proof of the
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Gaussian bound. Unfortunately, this assumption is not satisfied by several
spaced/; and this reduces the range of boundary conditions to which the
previous theorem applies. f does not satisfy (6.35), one can still prove
a Gaussian upper bound by using another metric that takes into account the
boundary conditions.

Let us say that a real-valued functigne W1>°(R?) is V-admissible if

weV =e?ueVioral)eR.
We denote byl the set of all’-admissible functions such that
¢ € Wh°(RY) and [V¢| < 1.
Now we define a metrigy on {2 by

ov(z,y) = sup{p(z) — ¢(y), ¢ € W},

We can repeat the same proof as previously with mow 1. We obtain
(6.37) with¢ € . We optimize over and obtain (6.38) withy (x, )2
instead ofiz — y|2. Hence, we have

THEOREM 6.11 Assume that (U.EIl), (6.22), and (6.17) hold. Assume in
addition that one of the following conditions satisfied:
i) The coefficients,,; are real-valued forl < k,j < d.
i) Y0, D;Sar; € L=(Q),S(ak; + aje) = 0for 1 < j.k < d, (4.47)
holds, and®u)* € V forall v € V.

Then the semigroup 4V is given by a kerneby (¢, x, %) that satisfies
the Gaussian upper bound

2
py (t, 2, y)| < Cet ™20 exp _ovi@y)”
46t
forall t > 0, > 0 anda.e.(z,y) € Q x Q. Herea is as in (6.32)C:. is
a positive constant depending only gre, d, and the constant in (6.19),
andJ is a constant depending only @ind, and||a;|| -

For everyV as in the above theoremg;, defines a metric ofi2. This
follows easily from the fact thaf’e°(2) C W. In order to prove this in-
clusion, letyp € C°(Q2) andu € V N L*°(Q). By Theorem 2.25, we have
(e? — 1) € H}(Q) and thus(e? — 1)* € HL(Q). The fact thati} (Q)
is an ideal of 71(Q2) implies that(e® — 1)*u € HL(Q) C V. Similarly,
(e? — 1)~ € HY(Q). Thus,e?u € V foru € V N L*(Q). Approximating
u by (k A |u|)sign u® ask — oo, we obtaine®u € V for allw € V and
¢ € C(Q).

5By (6.22),(k A |u|)sign u € V for everyk € N.
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6.4 SHARPERGAUSSIAN UPPER BOUNDS

We assume in this section that the leading coefficiepjsare real-valued
and symmetric. In this case we prove sharper Gaussian upper bounds on the
heat kernepy (¢, x, y). These estimates will be obtained by using (6.31) (or
(6.33)) rather than the weaker estimate (6.34) used in the proof of Theorem
6.10.

Recall the definition o§(Ay ) in (6.26):

s(Ay) := inf{Ray (u,u), u € V and |julls = 1}.

Define onf) the metric

d
ple.y) := sup {¢<m> — 6(y).6 € CX(RY), S ayy(a) DyoDyo < 1}.

kj=1
(6.40)
We have
THEOREM 6.12 Assume that (U.EIl), (6.17), (6.22), and (6.35) hold. As-

sume in addition that,; = a;;, and thata,; are real-valued fol < k, j <
d. Then for every > 0,t > 0 anda.e.x,y € 2 :

2 d
< M2 _play)” | plesy) _
lpv (¢, z,y)| < Mt exp{ y + 2 kg_l || Ry, — Rk || 0o

t+at +

2 + 4t

S T z,y)? 192
(z;lv) p( 7y)5 p(,y) 7} ’

x e~ s(Av)t [1 +et +

where
d

1 _ 1
a=gll(Rao)™ oo + 5m Y (U = enllZe + max([[Rer 3o, 1Rbe]13)),
k=1

d
B=20"2"3 " lan;l|oolbr — ckllo
k,j=1

d
432 Z |ar; || oo max(||Rex || os [|Rbr |0 ),
kj=1

5 d d

—2

v=517" 0 | 2 sl
k=1 \j=1

The constanf/. depend®nly on the constantin (6.19),n, e andd.
The above Gaussian upper bound holds with 0 if V = H}(Q).

2
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Proof. Fix A € R and¢ € C2°(R%,R) such that
d
> apiDr¢Dj¢ < 1ae.on Q.
k,j=1
Define the form
by (u,v) := ay (e u, e *%v).

As already mentioned in the proof of Theorem 6.10,

bv(u,v) / |: Z aijkuD v+ Z bk)\¢Dku v+ ck.Ad,uDkv)
Q k,j=1

+ a07A7¢uv} dx,

where
d d
be g = bk — A Z ag;Djd, cpre =ck + A Z a;xD;o,
j_l j=1
aop 6 = ao — N’ Z ak]DijquZ )D;jo.
k,j=1 7j=1

Using the fact that

nZ 1Didl® <Y arj DigpD;jp < 1

kg

we see that
Roy (u, u) > wA/ lu|?dz,
Q

where
d
wy = s(Ay) — X2 — [\[p~1/? Z 19y, — Reg|oo-
k=1

Theorem 6.8 applied to the semigro(p *?e~t4ver?), (associated
with the formby) gives for allz > 0

|e etV €>\¢||L(L27Loo) < Cot™ Y41 + max(wy + o +&, 0)t] ¥ 4e 0N,
(6.41)
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where
d d

ax = [(Raopg) llootn "> bkrs—crrollietcn™ D I Rer ol
k=1 k=1

Herec > 1 is a constant depending only @k Note that we may take
e=0in(6.41)ifV = H}(Q).

A similar estimate holds for the adjoint semigro(p'?e=t4v e=2%);~4
(now with by, » ¢ In placeof ¢y 4, i 1.6 IN placeof by, » ¢, andag x4 In
place ofag » ). This allows to estimate the! — L2 norm ofe~*¢e~tAver?
as follows:

He*)“ﬁe*tAVe)‘d’HE(Lng) < Cot™¥4[1 4+ max(wy + o) + &, 0)t] ¥ et

(6.42)
with
d d
A =[(Raor ) lloo+17" D ks —chrolZ+¢n D [ Rbk 412
k=1 =1
Therefore,
le etV A 11 oo

< e ez Aver| A3 AV

Ll,L2)||€ L2,L>°)
< C22424=/2[1 4 max(wy + oy + €, 0)t/2]V*
x[1 4 max(wy + o} + &, 0)t/2]¥*e"wt,

Using again the fact thaD,¢|?> < !, we estimate,, as follows:

d
o < [[(Rao) oo + 17 S (e — exlZ + [ Rexl|Z)
k=1
d d
+\Ar[n-1/22\m<bk—ck>uoo+4n3/2 > llakslloollor — cllo
k=1 k,j=1
d
facy Y |akj||oo|mc;€uoo}
k,j=1
d d 2 d d 2
RS IR D DI 23N IRV 9 D ol Z¥( N
k=1 \j=1 k=1 \j=1

5The valueof ¢’ in terms ofd can be calculated; see the proof of Theorem 6.8.
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A similar estimate holds fot, .
It follows from this and the previous' — L™ estimate foe~*?e—t4v A¢
that

le e AVer? || 11 ooy
( ) d/2
Tt at + NBE Nt

(6.43)

S Cécld/Qt—d/Q —wyt 1_|_ t+

whereC! = 2242 anda, 3, and~ are the constants in Theorem 6.12.
Thus, if we letM, := Cgc’d/2 and use the expression o}, the heat kernel
pyv (t, x,y) of Ay satisfies for a.ex,y € 2 and everyt > 0

‘pV(tv z, y)‘

—d/2, —wst A(é(x)—b(y)) s(Av) 2 |
< Mt~ 22NN =W 4 et + 5 ———t+ at + | NSt + Ayt

d
M2 AN AG@—0) oy | 2 4 A S [Rby — Reifloo b
Vi i

A /2
|1 et 4 2 2V)t+ at + N8t + X‘?yt} .
Choosing\ = 7¢() , we obtain
lpv (t, 2, y)|

I 6w | J6() — o) e
cexp { - 1A ZA0E el ;H?Rb el |

s(Av)
2

[9(x) — ¢(y)]
2

ot + B+

6(z) — p(y)]> 1Y?
At 7}

[1+et+

< Mt~ U/2e—s(Av)t

xXr) — 2 X d
% exp{ o |¢( ) ¢(y)| + p;\}ﬁy) Z ||§Rbk _ %CkHoo}
k=1

4t

p(z, y)ﬁer(x,y) y

t+at
ot 2 4t

@;1 v) 2 r/é

[1+5t+
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Optimizing over ¢ yields

pv (t, 2, y)| < Mot~ 2e=sAv)!

X exp{ — p(ﬁty) \f Z || Rb — %Ck”oo}

s(Av) o), ol "
[1 tet+ = tat+ S A+ =y
This estimate holdwith e = 0if V = HJ(Q). O

We make now some comments on the previous theorem, which we sum-
marize in the following corollaries.

COROLLARY 6.13 If b, = Ry, for 1 < k < d, then

2
‘pV(ta x,y)\ é Mst_d/2€_S(AV)t exp {—p($7y) }

at
Ayt 2 _1d/2
L bet o+ S(QV) ott p(xéy)ﬁ N p(fﬂﬁ) 7} .

Theorem 6.12 anthe trivial inequality
[1+2]%% < Cse?® forallz > 0,6 > 0
imply the following corollary:

COROLLARY 6.14 For everye > 0 and every > 0, there exist constants
C:.,s andw; such that

2
lpv(t,z,y)| < Cg,at_d/Ze_(l_‘S)s(AV)tegtew‘st exp {—(1 - 5)p(ﬂzty) }

for everyt > 0 anda.e.x,y € Q. The constantys equals) if b, = Rey, =
(Rag)™ =0andJb,, = Seg for1 < k < d.
The above estimate holds with= 0 if V = H} ().

If we let 1 be a positive constant such that

d

Z arj(2)&E < plé)* forall € € RY, ae. z € Q,
k=1

then we have
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COROLLARY 6.15

by (t, z,y)| < Mt~ 2es(Av)t

Ayt - —y|2y 192
><1+5t+8( V) +at+\:v y!/)’ |z —y|*y
2 2[ dnt
lz—yl* | |z —y
xexp{— Tt + o ;nmbk—mnm .

Again, thebound holds witke = 0if V = H}(Q2).

Proof. Observe that

d
y), Y ariDroD;o < 1}

kJ—l

() = sup {qs(:c) -

>sup{ Z |Drof* < }

=Pl —yl.

Similarly, theellipticity assumption implies

1/2

plx,y) <n e|e—yl

The corollary follows from this and Theorem 6.12. O

Remark. 1) The foIIowing example shows that one cannot get rid of the
termexp{” - y S| [IRb, — Rexlloo } in the upper bound given by Theo-
rem6.12.

Let Au := —u” — o/ acting onL?(R). The heat kernel of this operator is
given by

2 B
p(t,z,y) = (4mt) 2 M exp {_ = 4ty’ - 2 . } .

2) In thecase of real-valued but nonsymmetric coefficients one ob-
tains from the proof of Theorem 6.12 an estimate where the leading term
exp{— 222"} is replaced byxp{— 222} with w = 1+ 32,(3; lax; -
a]k||oo)2; WhICh takes into account the nonsymmetric part of the matrix
(ag;)-
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3) For complex-valued,;, the following elementary example shows that
one cannot obtain a sharper upper bound by using the metric

d
k,j=1
(6.44)
Indeed, leta = 1 + is wheres € R, s # 0 and consided = —aA =
—VaV on L?(R%). In this case, the metricdefined by (6.44) is simply the
Euclidean one. The heat kernel is of course

T —yl?
=t o ()

Therefore,

p(t, 2, y)| = (4|1 + is|t) "% ex eyl

p ) ) y p 4(1 + SQ)t )

from whichwe see that the bound in Theorem 6.12 cannot hold yvitle-
fined by (6.44).

6.5 GAUSSIAN BOUNDS FOR COMPLEX TIME AND LP-ANALYTICITY

The next result shows that Gaussian upper bounds:fof extend to com-
plext. As a consequence, the semigroup is holomorphid(s2) for all
1<p<oo.

Let O be an open set ®? and let(e~*4),>( be a bounded holomorphic
semigroup on the sectdi(vy)) := {z € C,z # 0, |arg z| < ¢} on L?(Q),
wherey € (0, Z]. Suppose that~*4 is given by a kerneb(t, z, y). We have

THEOREM 6.16 Assume that

2
it < Co ¥ exp |-
forall t > 0 anda.e.(z,y) €  x 2, whereC andc are positive constants.

Then for every € [0, ), we have

_ 2
p(z, 2, )| < Cy(R2)"¥2 exp [_Culxyl ]

2|
forall z € ¥(v) anda.e.(z,y) € Q x Q, whereC, and ¢, are positive

constants (depending on. In addition, (e=*4);>( extends to a bounded
holomorphic semigroup on the sec®(:) on LP(Q2) for all p € [1, o).
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In the case of self-adjoint operators, the proof below gives more precise con-
stants in the Gaussian estimate for complex time. This gives, in particular,
precise estimates chre*ZAHE(Lp) in terms ofarg z. Such precise estimates
have several interesting consequences. For example, they allow us to estab-
lish a functional calculus and also to proke properties of the Scidinger
group(e**4),cr. We will turn to these questions in the next chapter.

Proof. Let £ and F' be compact disjoint subsetsRf. Fix f, g € L'(Q) N
L?(2) and define the function

H(z):= (xpe **Xrf;9) = LXE($)(€_ZAXFf)(x)Md$, (6.45)

wherey i denotes the characterisfienction of E.

It follows from the holomorphy of the semigroup @3 (2) that the func-
tion H is holomorphic onx(v). On the other hand, it follows from the
Gaussian upper bound that

[H(8)] < Ot e e fly]lg]y for all ¢ > 0
whereg(E, F) denotes the Euclidean distance frdito F. In addition
|H(2)| < C'(R2)"2||f]l1]lg]l1 for all z € £(v). (6.46)

Indeed, fixv € (v,v) and lete > 0 such that(1 — &)t + is € X(V)

for all t +is € L(v). For everyz = t +is € X(v), write e %4 =

=3 ((1-9)t+is) 234 and use thdact that||e >4 | +(;2) is bounded
(for z € 3(v')) to obtain:

—zA
le™* ”L(Ll,Loo)
< le™24 opz Loy le™ O Loy le™ 24 o pr o)
< C,/tfd/z.

This proves (6.46). '
An application of Lemma 6.18 below gives for all= |z|¢? € % (v) :

HG) < 002 gl exp | <o, P

2|
(6.47)
Since this istrue for all f and g in L*(Q) N L%*(2), we conclude that
xee **xr is a bounded operator froft' (Q2) into L>°(2) and

psin(v’ — |9|)]

Iee e < C"Re) 2 exp | o, PP
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forall z € ¥(v).
In other words, for a.ex,y € Qand allz € (/) :

psin(i/ — |6)

IxE(@)p(z,2,y)xF(y)| < C"(Rz) " ? exp |~ o(E, F) 7]

Choosing appropriat®& and F' we obtainthe Gaussian upper estimate for
p(2, 2, y).

We prove the second assertion of the theorem. It is enough to prove this
for p = 1; the result forp € (1,2) follows then by interpolation, and for
p € (2,00) by duality. Letf € LY(Q), andf, € L'(Q) N L*(Q) be a
sequence that convergesftan L'(Q). Let (22,,),, be a sequence of subsets
of 2 such that?,, has finite Lebesgue measure for eack®?,, C 2,1 and
0 = Up>0f2y,. Using the Gaussian upper estimate foe >(v), we find a
constant\/, such that

lxa, e fulli < M, foralln, z € (v).

Since the semigroup is holomorphic 6A(Q2), it follows that for eac, the
function z — xq, e *4 f, is holomorphic on®(v) with values inL!(Q).
By Vitali's theorem? the limit = — e~*4 f is holomorphic onZ(v) (with
values inL!(12)).

It remains to prove thate=*4f — f|j; — 0 asz — 0 (with z € X(v)).
Since(e—ZA)ZGE(l,) is uniformly bounded ori.} (), it is engough to con-
sider f in a dense subset.

Let f € LY(Q) N L%(Q) with compact support and lé¢ be a bounded
subset which contains su@f) and such that digtuppf,Q2 \ B) =: § > 0.
We write

—zAp _ —zA —2Ap
/Q\e f f!dx—/Q\B!e fdx+/3m\e f— fldz.

Using the above estimate fp(z, z, y) and the Cauchy-Schwarz inequality,

’See Hille andPhillips [HiPh57], Theorem 3.14.1 or Arendt et al. [ABHNO1], Theorem
A.5.
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we obtain

/ e f — flda
Q

—d/2 |z — y|2
<C,(Rz) exp | — ¢y |f(y)|dydzx
O\B Jsupp(f) |2|
+B|Y2|je*A f — sz

gcymz)*d/?exp_ 6”52]// [—c”’x yqu!f(y)!dy

2|z| 2]
+BIY2e f = £

c,02] .
o7 | I+ 1BIY2lle f — fll2,

<C!exp [—

whereC/, is apositive constant independentofFrom this and the fact that
e~*4 is strongly continuous o?(f2), we obtain|e *4f — f||; — 0 as
z — 0. a

As an application of the previous theorem, one obtains under the as-
sumptions of Theorem 6.10 th@t 4V )~ is a holomorphic semigroup on
LP(£2),1 < p < oo on some sector that contains at |€8$f — arctan M),
whereM is the smallespossible constant for which the inequality

|Say (u,u)| < MR(ay (u, u) + w(u;u)) forallu € V

holds for some constani (see Theorem 1.54). In particular,Afy is self-
adjoint, then(e=*4v),>( is holomorphic onX(%) on LP(f2) for all p €
[1, +00).

The following result shows that Gaussian estimates for the time deriva-
tives of the heat kernel follow from the Gaussian estimate. This follows
from (6.47) and the classical Cauchy formula (applied to the fundiion)
given by (6.45)), arguing as in the previous proof. We have

THEOREM 6.17 Under the assumptions of the previous theorem we have
for everyk ¢ N
ak .2
‘atkp(t’xa y)‘ < Cypt ™ Fexp {—C’mty'}
forall t > 0 anda.e.(z,y) € Q x , whereCy, andc are positive constants.

Note that the last two results hold in a more general setting. We do not
use the fact tha® is an open subset &&?. They are stated in the present
form only for simplicity and because the present chapter is mainly devoted
to elliptic operatorsdy, .
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LEMMA 6.18 Letey € (0,7/2] and assume thall : () = {z € C,z #
0,|arg z| < ¢} — Cis a holomorphic function such that

|F(re?)| < a(rcos )" for all re? € (1),

|F(r)| < ar~Pe™™™" forall r > 0,

wherea, b are positive constantg; > 0, and0 < « < 1. Then for every
r>0andf € (—vy,v)

|F(re®)| < a2°(r cos 0) P exp —b?ar_“ sin(y) — 10]) | .
Proof. Fix v € (0,) and define the function
G(z) := 27 PF(1/2) explbe’ 2779 2% / sin(ya)].

Thefunction G is holomorphic on2(¢)). Using the assumptions afi, we
obtain

|G(r)| < aand |G(re'™)| < a(cosy) ™ for all 7 > 0.

In addition, G is exponentially bounded oXi(+). The Phragmen-Lindéf
theorem implies that

|G(re')| < a(cosy)™? for all § € [0,7].
Similar arguments show that this estimate holds alsé for{—~, 0]. Hence,
|F(re®)| < a(rcosvy)™? exp[—br~sin(ya — |f]a)/ sin(ya)],

for all § € [—~,~]. We choose now := (¢ + |0])/2. We have

w10
COS 7y 2> €coS 1 + 5
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We also have the bound
sin[(y — [6])a]

> si -
o) 2snl0 = [ehal
=sin %—@ o
2 2
> 5 sin(y — |9)).
This proves the lemma. O

6.6 WEIGHTED GRADIENT ESTIMATES

Assume that the assumptions of Theorem 6.10 hold. Observe thaafor
e>0

S 1) = [ e = (i (42, 0)

and

e FIA f(y) = eV e £ (y)
( Vf pV( & 73/))
(f3e Y (o (e, ).

Hence,

pv(t+e,.,y)= e*tAva(g, Ly) forallt > 0,e > 0anda.e. y € Q.
(6.48)
This implies in particular that for a.ey, py(t,.,y) € V. C HY(Q) for
all t > 0. In particular, V,py (¢, z,y) (the gradient with respect to the
variable) is inL?(€2). In Theorem 6.17 we obtained Gaussian upper bounds
for the time derivatives opy (¢, x,y). In this section, we prove weighted
LP-estimates for its space derivatives.

THEOREM 6.19 Assume that’ is either H} () (with 2 an arbitrary open

set ofR?) or H'(Q) or as in (4.5) and that the assumptions of Theorem 6.10
are satisfied.

1) There exists a constapt> 0 such that the following estimate holds for
everyp € [1,2] :

1/p
U Vapy (t,a,y) PPV tge | < O3 (171/pl=g et
Q
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forallt > 0,e > 0a.e.y € Q. Herej and« are as in Theorem 6.10.
2) If V = H(Q) andby, = ¢, = ap = 0 forall k,1 < k < d, then

1/p
[/ IVappy (8,2, y)PePPle v/ by | < o 3l-1/e=s
Q 0

forall t > 0 anda.e.y € Q.

Proof. Lete’ > 0. By Holder's inequality we have fgs € [1,2)

/ |prv(t7 x, y) |p€6p|$*y|2/tdx

Q
= [ Wbt el e g
0
/ 2 p/2
= [/ Vapv(t, 2, ) P25+l /tdm]
Q

2
X [/ e_E/p22p|r_y2/tdx]( p)/p7
Q

from which wesee that it is enough to prove the theoremyfer 2.
By Theorem 6.10, we have

lpv (¢, z,y)| < Ot~ 42e=cle=vl?/2 o 0 < ¢ < 1, (6.49)

whereC' and ¢ are positive constants. If the assumptions of assertion 2)
hold, then (6.49) holds for atl > 0.
Let 5 € (0, ¢) be any fixed constant. We want to estimate

li= [ Vapv(t,z,g) e da.
Q
Lety € C°(R?) such thad <+ < 1 and set

L) = /Q Vapy(t, 2, y) 28V g (2) de
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Using (6.48), one obtains tha (¢, ., y)e’l-—¥I*/tp(.) € V. Thus,

d
nh(p) <R > /Qaijkpv(t,:c,y)Djpv(t,x,y)emy%lﬁ(w)dx
k=1

- §RaV<pV(t7 ) y)apV(ta 2] y)€ﬁ|-*y‘2/t,¢})

d
—R Z / aijka (ta Zz, y)pV (tv z, y)D] |:63|I—y|2/tw(m):| dx
k=17

d
R | oeDepy (8,2 y)py (F ) () de
k=17

d
~R>" [ v (t, 2, y) Dy | py (t 2, y)e?l W iy (2) | da
k=19

_éR/Q aopv (tv €T, y)pV (tv €T, y>eﬁ\xfy|2/t¢($)dx
= J1(¥) + J2(¥) + J3(¥) + Ja() + 5 ().

Using (6.48), the first termd, (1)) = Ray (pv (¢, ., y), py (¢, ., y)ePl ¥ /1)
satisfies

J1(0) =R(Avpy (¢, ., y): pv (L, ., y)ell vty

0

= %(—apv(t SY)ipv(t, . y)ell Y by,

From (6.49) and Theorem 6.17, we see that for some conStant
| ()] < Cit~2 L for all ¢ € (0,1]. (6.50)
We want to estimate
d —_— 2
JQ(dj) - _§R Z /Qak]-kaV(t7 x, y)pV(tv Z, y)D] [eﬁxyl /t¢(x)] dzx.
kj=1
We write Jo(v)) = J5(¢) + J5 (¥), where

d
By =R S /Q ars Dipy (t,2,9)py (8,2, )20(x; — y; )t~

kj=1
x PPty (2)da
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and
& -/, N 2
TW)=—R > /aka‘Dﬂﬂ(:C)kav(t,m,y)pv(t,x,y)eﬁ'“‘”y /tdz.
k,j=1" ¢
Theterm J;(¢) is estimated as follows:

d
BI< S ang oot /Q [|kav<t,x,y>||pv<t,x,y>\w<x>
k

J=1

xgﬁ%‘\/; Uil i/t g

d
<MtV /Q | Depy (b, 2, 9) () Ipy (¢, , y) 379/ da,
k=1

whereM is a constantBy (6.49) and the Cauchy-Schwarz inequality
PACI
d
<MCt'?y” / | Dipy (8, 2, 9)lIpv (8, 2, ) 27ty )
k=179

X€ﬁ|$_y‘2/tdx

1/2
< MCt 21, ()12 [ / 1= de2B=)lz=yl/t g
Q

Thus
T4 ()| < Cot =412, ()2 for all t € (0,1]
and hence
| Ja(1h)] < Cot= ¥4 2L ()2 4 JY () for all £ € (0,1].  (6.51)

The term
d —_— 2
J3() = —%Z/Qkakpv(t,x,y)pv(t,x,y)eﬁ'm_y' Iaj () da
k=1

can be estimated as above by using (6.49) and the Cauchy-Schwarz inequal-
ity. One obtains

| J3(h)| < Cst= 41, ()2 for all ¢ € (0,1]. (6.52)
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We estimate
d —_— 2
Ja(y) = —%Z/Qckpv(t,x,y)Dk [pv(t,%y)eﬁlx_y [ () | da.
k=1
We write

d
Ja() == —%Z/QCkpv(tvx,y)Dk[pv(hw,y)eﬁz_yQ/tlﬂ(ﬂf)]dm
k=1
d —_— 2
= _%Z/ﬂCk:pV(taxuy)kaV(t7x7y)€[B|$y /t¢($)d$
k=1
d 2
R [ culov (e )25 — )t M )
k=1

d
R [ Dy @py eV
k=17

As above, using (6.49) and the Cauchy-Schwarz inequality, we can estimate
the first term byt—%/*1,(+))'/? (up to a constant). The second one is esti-
mated by

d
S [ et 2yt P )
k=1

and hence by~%/2-1/2 (up to a constant). We obtain

| Ja(W)| < Cult™ Y4 12L ()2 4 4722 4 () for all £ € (0, 1],
(6.53)
where(C} is a constant and

d
T () = llexlls /g | Dy () [py (¢, 2, y) 2”4 b
k=1
Using (6.49), it is clear that

J5(4) = —R /Q aopv (t, 2, 9)py (6, 2 5) 9 i (2) de

is bounded by
| J5(¥)| < Cst~ %2 for all ¢ € (0, 1]. (6.54)
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We apply the above estimates with; in place ofi, wherev;(z) =
Y(z/§) andy € C(R?), such that) < + < 1, ¢(z) = 1 for |z| < 1.
Simple computations show thdf/(:;) and.Jj (¢;) converge td) asj —
oo. This together with the estimates (6.5@%.54) and Fatou’s lemma gives

nl, < Cltfd/Qfl T Cgt’d/4’1/2ltl/2 + C3t*d/4It1/2
+C, [t—d/4—1/21t1/2 + t—d/2—1/2] + CSt—d/Q‘
This implies that
I, <Ot~ forall t € (0,1]

and proves assertion 1).

If V = H}Q) andb, = ¢ = ap = 0, then we only have/, (1)) and
J2(1) in the proof. In addition, (6.49) holds for all> 0. The above proof
gives in this case

nly < Cltfgfl + Cgtfd/zlfl/zltl/2 forallt > 0,

from which we deduce the assertion 2). O

Notes

Section 6.1 This section follows the books of Davies [Dav89], Robinson [Rob91],
and Varopoulos, Saloff-Coste, and Coulhon [VSC92]. As mentioned previously,
Lemma 6.1 holds without thé>°-contractivity assumption; see Coulhon [Cou92]
and Varopoulos et al. [VSC92]. Theorem 6.2 and other extensions can be found
in Coulhon [Cou92]. Theorem 6.3 is due to Fabes and Stroock [FaSt86] (see also
Carlen, Kusuoka, and Stroock [CKS87], Davies [Dav89]). The implication>1)

2) in Theorem 6.4 was proved byéBilan [Ben78] and the converse by Yoshikawa
[Yosh71]. The equivalence of the two parts was rediscovered by Varopoulos [Var85].
Theorem 6.3 is not limited to polynomial decay. Characterizations of the estimates
le= ™| 21,1y < 6(t) (for more general function8) in terms of Nash type in-
equalities are given in Coulhon [Cou96]. Such estimates can also be characterized
by logarithmic Sobolev inequalities; see Davies [Dav89] and the references there.
Lemma 6.5 is extracted from Coulhon [Cou93]. See also Ouhabaz [Ouh03a].

Section 6.2 Theorem 6.6 is shown in Ouhabaz [Ouh98]. In a recent work, Coul-
hon [Cou03] has proved thatdttler continuity of the heat kernel is equivalent to
certain Sobolev inequalities and also to some embedding of Besov type spaces.
Holder continuity of the heat kernel is intimately related to Gaussian upper and
lower bounds; see Saloff-Coste [SaC95], Coulhon [Cou03].

Section 6.3 Gaussian upper bounds were studied by several authors. For uni-
formly elliptic operatorsA = — 3, - D;(ax;Dy) (on L?(R%)) with real-valued
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coefficients, Gaussian upper and lower bounds were proved by Aronson [Aro68],
see also Porper and EideI’'man [PrEi84]. The subject of Gaussian bounds was re-
vived by Davies [Dav87] who introduced the perturbation technique used here and
proved such bounds for symmetric operators on domains under Dirichlet or Neu-
mann boundary conditions; see [Dav89] and the references there. The Gaussian
upper bounds proved in [Dav87] and [Dav89] for= — Zk,j Dj(a;Dy,) are the

same as those in Corollary 6.14 (but without the terr{4v)?),

Gaussian bounds for second-order operators with terms of order 1, acting on
L?(R%), have been proved by Stroock [Str88] and Norris and Stroock [NoSt91].
Some smoothness of the coefficients is required there.

Gaussian bounds for Laplacians on Riemannian manifolds or sub-Laplacians on
Lie groups have been studied by several authors. We refer reader to the monographs
of Davies [Dav89], Varopoulos et al. [VSC92], Robinson [Rob91] and Saloff-Coste
[SaCO02] for a systematic account and references.

There is a big difference between second order uniformly elliptic operators with
complex-valued coefficients and their relatives with real-valued ones. We have seen
in Chapter 4 that thé.,*°-contractivity property fails to hold if the coefficients are
complex-valued. Also the Gaussian upper bounds do not hold in general in this
case.

For operators with complex-valued coefficients, Gaussian upper bounds were
obtained by Auscher, Mcintosh, and Tchamitchian [AMcT98] in the case where
Q = R? and the coefficients are smooth (see also Auscher and Tchamitchian
[AuTc98] and [AuTc01]). Note that ifi < 2, the smoothness of the coefficients
is not needed. Ifl > 5, a counterexample was given by Auscher, Coulhon, and
Tchamitchian [ACT96]. See also Davies [Dav97a]. The example used in [ACT96]
is taken from Maz'ya, Nazarov, and Plamenevskii [MNP85], who proved that De
Giorgi type result do not hold for operators with complex-valued coefficients.

The situation for uniformly elliptic operators with complex-valued coefficients
on arbitrary domains is more complicated. Proposition 6 in [AuTc01] shows that
the regularity of the coefficients does not ensure the validity of the Gaussian bound
if the operator is considered on a domain and is subject to Dirichlet boundary con-
ditions. The subject of complex-valued coefficients on arbitrary domains is not
very well understood yet.

For operators with terms of order oné,= — 3=, . D;(ax; Dy+c;)+>_, br Dy
+ ag and subject to boundary conditions, Gaussian bounds are studied in Ouhabaz
[Ouh02] where Theorems 6.10 and 6.11 are proved. The proof follows a similar
strategy as in Coulhon [Cou93] and Robinson [Rob91]. Previous results for such
operators but with real-valued coefficients (under Dirichlet, Neumann, or mixed
boundary conditions) were given by Arendt and ter Elst [ArEI97] (assuming some
smoothness on the first order terms), Daners [Dan00], and Karrmann [Kar01].

Note that the results in this section extend to operators of type, where
b : Q — Cis a bounded measurable function with real-part bounded from be-
low by a positive constant. More generally, it is shown in Duong and Ouhabaz
[DuOu99] that Gaussian upper bounds carry over from operatdms mutiplica-
tive perturbation$A.
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Section 6.4 Sharp bounds as in Theorem 6.12 where proved by Davies and Pang
[DaPa89] for symmetric operators. A weaker result was proved previously by
Varopoulos [Var88] in the setting of Lie groups; see also Coulhon [Cou93] and
Grigor'yan [Gri97]. Sharper estimates have been proved by Sikora [Sik96] for a
class of sub-Laplacians on Lie groups. Theorem 6.12 as stated here for complex-
valued coefficients is proved in Ouhabaz [Ouh03a]. Related results in Euclidean
space can be found in Norris and Stroock [NoSt91] and Stroock [Str88].

Section 6.5 The extension of the Gaussian upper bound from 0 to complex

t was first proved by Davies [Dav89]. Lemma 6.18 and its proof are taken from
Davies [Dav95c].

The LP-analyticity result (Theorem 6.16) was first proved in Ouhabaz [Ouh92a]
and [Ouh95] in the symmetric case. It was then extended to nonsymmetric opera-
tors by Hieber [Hie96] and Arendt and ter Elst [ArEI97]. Similar results are also
proved by Davies [Dav95b] and Duong and Robinson [DuR096]. A previous re-
sult concerning analyticity of semigroups generated by some elliptic operators on
L'(Q) was given by Amann [Ama83], who assumed that the coefficients as well as
the domain are smooth enough. According to Theorems 6.10 and 6.16, ho smooth-
ness assumption is needed if the coefficients are real-valued and the operator is
subject to Dirichlet boundary conditions. For Neumann boundary conditions, one
needs some smoothness of the domain (€das the extension property, which
holds for domains with Lipschitz boundary). An example of a donfafor which

the semigroup generated by the Laplacian with Neumann boundary conditions is
not holomorphic on.}(9) is given by Kunstmann [Kun02]. Results on the holo-
morphy of semigroups generated by elliptic operator£0gt2) can be found in
Ouhabaz [Ouh95].

Section 6.6 Weighted gradient estimates as in Theorem 6.19 were proved in the
Riemannian manifold setting by Grigor'yan [Gri95]. For uniformly elliptic opera-
tors with nonsmooth coefficients, results of the same type were proved by Auscher
and Tchamitchian [AuTc98], Duong and Mcintosh [DuMc99b], and Coulhon and
Duong [CoDu99].



Chapter Seven

GAUSSIAN UPPER BOUNDS AND
LP-SPECTRAL THEORY

The present chapter is devoted to applications of Gaussian upper bounds
to LP-spectral theory. Although this monograph is mainly concerned with
second-order differential operators on domains of the Euclidean space, this
chapter is written in a general setting of operators on metric spaces. The
framework includes Laplacians on Riemannian manifolds or arbitrary do-
mains of manifolds as well as some higher-order differential operators on
domains of Euclidean space.

Let (X, p, 1) be a metricr-finite measured space. Denote Byz, r) the
open ball inX for the distance, of centerz € X and radius > 0, that is,

B(z,r) :={y € X, p(z,y) <r},
and byV (z, r) its volume, that is,
V(z,r) = p(B(z,r)).

We shall always assunié(z, r) < oo for everyzx € X andr € (0, 00).

Throughout this chapter, we shall assume tRahas regular volume
growth (or it satisfies the doubling property), that is, there exists a positive
constaniC' such that

V(x,2r) < CV(x,r)forallz € X, r > 0. (7.1)
Note that (7.1) implies easily that there exigts- 0 such that
d
V(z,s) <C (E> V(z,r)forallz € X, s >r > 0. (7.2)
T

Let 2 be an open subset of and letA be a non-negative self-adjoint
operator onL?(Q, ). Assume that the semigroyp=—4),>o has a kernel
p(t,z,y), thatis, a measurable functioft: x @ — C, such that

e Af(x) = / p(t,z,y) f(y) du(y) for every f € L*(Q) and a.ex € Q.
Q

"We agin callp(t, z, y) the heat kernel oft.



194 CHAPTER 7
The mainassumption om(t, z, y) is the Gaussian upper bound:

. C ol . pm(fc,y)>mll}
plt.2,9)] < mx,tl/m)wy,tum)“’{ (5 (7.9

forallt > 0 anda.e.z,y € 2, whereC, ¢ > 0, andm > 1 are constants.
In (7.3), V(z,t'/™) is the volume of the ball ifX and not inQ. The open
subset? is not supposed to satisfy the doubling volume property.

SinceB(x,r) C B(y,r + p(z,y)) forall x,y € X andr > 0, one has,
thanks to (7.2),

V(z,r) <V <y,r(1 + p@;’ y))> <C <1 + M)dV(y,r). (7.4)

Usingthis, it follows that one can replace in (7.3)V (x, t1/™)V (y, t1/m)
by V(z,t'/™) provided one changes the constant€’. In other words,
(7.3) is equivalent to

Ip(t,z,y)| < vc)exp{_c(pm(tx,y))ml} (7.5)

(x7 tl/m

for some positie constantg, C. Similarly, V(z, tl/m) can be replaced by
V(y,t/™)in (7.5).

We describe now some situations where both properties (7.1) and (7.3)
are satisfied.

1) Second-order operators on domains
Let X = R? endowed with the flat metri®) is an arbitrary open subset of
R andA = — ZZFl Dj(a;Dy) be a self-adjoint uniformly elliptic op-
erator with real-valued coefficients and subject to Dirichlet boundary con-
ditions. By Theorem 6.10, the heat kernelAfsatisfies a Gaussian upper
bound. The bound given there coincides with (7.3)foe= 2. Note that in
the present casé(z, t'/2) = cqt¥2.

For other boundary conditions, the Gaussian upper bound holds with an
additional terme** for everye > 0, see Theorem 6.10.

2) Schrodinger operators
The Gaussian upper bound (7.3) holds also for &timger operators A +
V.

If Ve L (R% dzx) is non-negative, the operaterA + V is defined as

loc

the operator associated with the form

a(u,v) = VuVudzr + Vuvdz,
Rd Rd



GAUSSIAN UPPER BOUNDS AND LP-SPECTRAL THEORY 195
- 1/pd 2
D(a) := {u e H'(R ),/ V]ul“dz < oo}
Rd

The semigrour(e—t(—A+V))t20 is dominated by the Gaussian semigroup
(e!®)4>0 (this follows immediately from Theorem 2.24). HenceA + V
has a heat kernel(¢, =, y) which satisfies

1 2yl?
0<p(t,z,y) < Wel W forallt > 0,2,y €RL  (7.6)
™

Now if V' changes sign, we writé = V* — ¥V~ and define-A + V :=
(—A+V*1)—V~ asthe perturbation 6f A + V* by —V . If the negative
partV~ is in the Kato class (see Kato [Kat73] or Simon [Sim82]), the heat
kernel of —A + V satisfies
< <ot O el R? 7.7

0<p(t,z,y) <e W@ ¢ forallt >0,z,y € RY, (7.7)
for some constant. This and other information on Sdidinger semigroups
can be found in Simon [Sim82].

3) Higher-order operators
For higher-order elliptic operators

Hf(x)= Y (~1)*D%aqps(x)D"f(x))
la|=|8]=n

acting onL?(R?), the Gaussian bound, when it holds, takes the form

1
2n -1
’p(t,x, y)| S Ct_d/2n exp {—c <p($,y>> } .

t

This is agin (7.3) withm = 2n andV (z, t'/?") = ¢4t%?". This estimate
holds if the coefficienta,,z are smooth enough ordf < 2n, see the survey
of Davies [Dav97h].

4) Laplacians on manifolds
Let X = Q = M be a Riemannian manifold andl = —A, whereA is
the Laplace-Beltrami operator. Letbe the geodesic distance apdhe
Riemannian measure.

If the manifold has non-negative Ricci curvature, then (7.3) with= 2
was proved by Li and Yau [LiYa86]. See also Davies [Dav89]. The same
estimate holds ifA is considered on an arbitrary domainidfwith Dirichlet
boundary conditions. The reason is that the heat kernel on a domain is
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pointwise dominateddy the heat kernel oA/. This holds as in Proposition
4.23, stated for Euclidean domains.

Note that if the manifold\/ satisfies the doubling condition (7.1) and the
heat kernep(t, x, y) of A satisfies the diagonal upper bound

C
tx,x) < ——— f eM,t>0, 7.8
pltoa,2) < o for (7.8)
then, according to a result of Grigor'yan [Gri97], the heat kernel satisfies
(7.3) withm = 2.

Note that by the symmetry of the semigroup, one has

p(t,x,y) = p(t,y, )

p(t,z, ) =/Mp (;:ry> p (;yw) du(y)
:/M ’p(;>w,y) 2du(y)-

Thus, the diagonal estimate (7.8) is precisely fRenorm estimate:

and thus

t 9 C
Iz, )12 < v v " eM,t>0.
There are many other interesting situations where (7.3) holds, for exam-
ple, sub-Laplacians on Lie groups (see Robinson [Rob91] and Varopoulos,
Saloff-Coste and Coulhon [VSC92]) or Laplacians on some fractals. In the
latter case, (7.3) may hold with some > 2 although the operator is of
second order, see Barlow [Bar98].

7.1 LP-BOUNDS AND HOLOMORPHY

Let (X, p, 1) be as above is an open subset of and A is a non-negative
self-adjoint operator ofi.?(€2, 1) := L?(€, u, C). We assume thaX satis-

fies the doubling condition (7.1) and that the heat kepiglz, y) of A sat-

isfies the Gaussian upper bound (7.3). Under these assumptions, the semi-
group(e~t4);>0 extends ta.?(Q, i) for all p € [1,00). More precisely,

PrRoPosITION 7.1 If (7.1) and (7.3) are satisfied, then for egele [1, oo],
e~ extends fromL?(Q, ) N LP(Q, ) to LP(Q, u) for all + > 0 and

Sup;>( HeftA”L(Lp) < 00.
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Proof. By the Riesz-Thorin interpolation theorem, we only have to prove
the result forp = 1. Since (7.3) is equivalent to (7.5), it is enough to show
that there exists a constaft such that

(z,y) \
exp{—c(~—*)m-1}
su du(z) < K. 7.9
yEQ,F>O/Q V(y, t/m) p@) < (7.9)

Using (7.2), we have

exp { — c(ipm(tx’y) )mll}
d

/Q V(y, tt/m) Kle)

exp{ _ c(pm(ta:ay))m
Aktl/mgp(x,y)g(k+l)t1/m} V(y>t1/m)

e k+ 1)t/m)

< ck 1 (y7(
<2 e V(y,tt/m)

k>0

J

<

k>0

dp(x)

m

<CY e (k4 1) < foo.
k>0

Thisshows (7.9). O

By a density argument, the familly ~*4),~, obtained inL?(Q, ) satis-
fies the semigroup property. It is even a strongly continuous semigroup on

LP(Q, ) for 1 < p < oo. The strong continuity is proved in Corollary 7.5
below.

Our aim now is to extend the Gaussian upper bound fei0 to complex

t.LetCT := {z € C; Rz > 0} be the open right half-plane. Note first that
by the semigroup property,

p(z,7,y) = /Qp (§$U> p (guy> dp(u)

andhence ift = Rz,

Py ‘<</’p 2/2, @, u)Pdp(u )1/2</\p 2/2,u,y)Pdp(u ))1/2

= (/QP(Z/2, z,u)p(Z/2,u, m)dﬂ(u)> 1/2

X (/QP(Z'/Q, u, y)p(Z/2,y, u)d,u(u)> 1/2

= \/p(t, z,x).p(t,y,y).
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Here thesymmetry of the semigroup is used in order to write
p(2/2,2,u) = p(Z/2,u, ).

We have proved that

ip(z, 2, 9)| < Vot 7 2) 0, ¢ (7.10)

ty,y) < .
y9) VV (@, )V (y, t1/m)

The Gaussian bound extends frens 0 to complext. The following result
is more precise than the bound in Theorem 6.16 in the sense that it holds
uniformly onC™+.

THEOREM 7.2 Assume that the doubling volume condition (7.2) holds. As-
sume that4 is a non-negative self-adjoint operator dit(2, ) having a
heat kernep(t, =, y) which satisfies the Gaussian upper bound (7.3). Then
there exist positive constant ¢ such that

1
\/V(x, (ﬁ)l/m)v(ya (%)l/m)

forall z € C*t anda.e.z,y € Q, whee = arg .

Ip(z, z,y)| <

Proof. Itis enough to prove that there exist positive constéhtssuch that

C d/m m T
bl < ii/( %) = )exm—c(p ) cos),
:E m y m z

(7.11)

forall A > 0,all z € C* and a.e.z,y € Q. Indeed, if (7.11) holds, then
choosing\ = (COSL% yields the theorem.

Let us now prove (7.11). Fix €]0,4o0[. If z is such thatRz €]0, \],
apply (7.10) and write

/m
V(x, )\l/m) <C (gé\)d Vi, (§Rz)1/m),

z
which gives
C

VV (@, (R2) ™V (y, (1))

Ip(z, 2, y)| <

< ¢ (A)d/m
T V(@ ANV (y, Nmy \ Rz )
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If moreoverz = t belongs tdo, A[, use (7.3) and write
C/ A d/m m
‘S (t) exp{_c(p (.’L’,y))mll}
VV (@, XMV (y, AL/m) t

If on thecontraryRz > )\, write

Ip(t, z,y)

C
V(z, (R2)™)V (y, (R2)"™)

Ip(z,2,y)| <
V

- C’ < A >d/m .
ex,
TV V(@ AV (y, A/m) \ Rz

and if morewer z = ¢ belongs tg\, +oc,

Ip(t,z,y)|
C

< e U

1t/ d/m m
< C'e (x\) exp{_c(p (%y))ml_l}_
VV (@, XMV (y, At/m) \ T t

Finally, forall z with ®z > 0 and allA > 0, we have

C )\ d/m Rz
Z, T, < — e, 7.12
o) S () (7.12)

and if morew@er z = t belongs td0, +o0|,

Cet/)\ A d/m ,om(a:, y)
’p(t, €, y)| S\/V(x7 Al/m)V(% Al/m) <t> exp {—C( 7 )

3

)
—1
(7.13)

for some constants', ¢ > 0.

If the heat kernep(¢, x, y) is continuous with respect toandy, thenz —
p(z,z,y) is a holomorphic function o™ for everyz, y € € (this follows
from the holomorphy of the semigroup and (6.48) applied(tox, y) and
A). Now (7.11) follows from (7.12) and (7.13) by applying Lemma 6.18 to
F(2) == p(z,x,y)e /" for fixed z,y € Q.

In order to prove (7.11) in the general case, weafixy, € 2 and let
Ey := B(z, \'/™) and Fy := B(yg, \'/™). SinceEy C B(z,2\'/™) for
x € Ey, it follows from the doubling volume property (7.1) that

V (o, \™) < OV (2, \M™) for all z € Ey. (7.14)
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Using this,one obtains from (7.12) and (7.13)

RNz

C A d/m 2e
@z, )X )] < s (ﬁ) 3
(7.15)

and

m () L
Cexp{—c(ip (t ’y))’"*l} <)\>d/m "
e

X0 (@)Dt 2, y) X R, (y)] < YV (0, NIV (o, ATy \ E

t
(7.16)
for all z € C* and allt > 0, whereC, c are positive constants.
Using the last two estimates, we can now repeat the proof of Theorem
6.16, with g, (z)p(z, z,y)xr, (y)e */* in place of p(z,z,y) and apply
Lemma 6.18 to obtain

IxEo (2)p(2, 2, y)xF, ()]
_1
O R/ exp {_C/ (pM(:c,y)) m—1 COSQ}

&

<

d/m
<A> (7.17)

VV (20, XY™V (yo, AL/m) Rz

forall - € C* and (a.e.)z,y € Q, where the positive constant¥, ¢’ are
independent of\. We switchzy andzx in (7.14) to obtain from (7.17)

IXEo (2)P(2, 2, Y) X F (V)]
1
C//€§)‘1‘:z/)\ exp {—c/ <pm(m7y)> m—1 COSH}

B

A d/m
VV (2, X/m)V (y, AL/m) <%z> (7.18)

forall z € CT and a.e.z,y € Q. Again C” is a positive constant inde-
pendent of\. Since this inequality holds for ally andy, and a.e(x,y) €
Q x Qitimplies (7.11). a

The above proof shows a family of upper bounds e, =, y)|. Different
choices ofA in (7.11) yield different bounds. Taking for example= %z,
one obtains

THEOREM 7.3 Assume that the doubling condition (7.2) holds. Assume
that A is a non-negative self-adjoint operator dit(2, ) having a heat
kernelp(t, z,y) which satisfies (7.3). Then there exist positive constants
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" T
Cexp{ — <p (:I,y)> cos @

= VV(w, RV (y, (R2)/m)

C, ¢ such that

Ip(z,2,y)

forall z € C*t anda.e.z,y € Q, wheref = arg .

The pointwise bounds in Theorems 7.2 and 7.3 have the following inte-
grated form.

THEOREM 7.4 Assume that the assumptions of Theorem 7.2 hold. The fol-
lowing bounds hold for alt > 0:

|

,_;H_g
lle™*Hl £z < Ce <§Rz> forallp € [1,+00],z € CT,

(7.19)
where(. is a positive constant which depends=on

Proof. By the semigroup property one has forat> 0 andf € (-3, ),

/ p(re®, 2, )P dyu(r) = /Q p(re®, z,y)p(re=, y, 2) du(x)
=p(2rcos0,y,y).

We then obtain from assumption (7.3) that

e a )P dute) < s (720

Fix & €]0,1[ and letp. €]0, 1[ besuch thatl = 13= + =. Write

1—¢

[ wtre et duto) < ([ e o) duto))
( / [p(re®, 2, )P dp(a >> 7

Using (7.4), itfollows from Theorem 7.2 that

C
ped
/|p wI du(z) < V(Z/»(W)l/m)pa(cosey’ad

X/Qexp{—c/(p(‘”y))m 1cos9}du(m).

r
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From (7.9)with ¢t = W we deduce thestimate
C’ r

ps l/m 1—pe

[ ptre e P (o) < SV (o))

The doubling property7.2) implies that

v (cos f)m—1 -\ cos 6

< C(cos 9)_dV(y, (r cos 9)1/m),

therefore
pa C l/m 1-pe
’p Y[ du(z) < mv(% (reos@) /™) 7P (7.22)
Insertlng (7.20) and (7.22) in (7.21) we obtain
C//
[ e e pldnte) < — s
(cosf) =
that is,

d(1+¢)
2
\Hulwmjwmwwu<w®Q

z

The estimate ofle=*4||,_,, follows now forp € [1,2] by interpolation
with the fact that, sincel is self-adjoint,

le™* £z < 1
and forp € [2, +oo] by duality. O

COROLLARY 7.5 Under the assumptions of the previous theorem, the semi-
group (e_tA)tZO extends to a bounded holomorphic semigroupConon
LP(Q, p) forall p € [1,00).

Proof. The proof is the same as for Theorem 6.16. For each fjked
LY(Q, i) one can approximate >4 f by xq, e *4 f,,, where the sequence
fn € LYQ,p) N L%, 1) converges tof in L'(Q, i), ©, is a nonde-
creasing sequence of subsetdo$uch that(2,,) < co andQ = U, Q.
By Theorem 7.4|/xq, e * f,|l1 < M, for all n and allz € (¢), where
Y € (0, 5) is fixedand,, is a constant depending only gnUsing the fact
that the semigroup is holomorphic dit(2, i), one concludes by Vitali's
theorem that — e~*4 f is holomorphic or(v) with values inL' (€, u1).
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In order to prove the strong continuity @i (2, 1), we letf € L*(Q, u)N
L?(£2, 1) with support contained in a balty = B(xz¢,r). Denote byB the
ball B(zo,r + ¢), for somed > 0. Using Theorem 7.2 we obtain

/ == f () dp(x)
O\B

m m—1
/ / C(cosf)~ exp{ - c(p |(Zx|’y)) oS 0}
O\B /By \/V (cos‘ez)|m 1)1/m)v(y7($)1/m)
x|f (y)|dp(y)dp(x)

§C(cos@)dexp{ ( ) cosa}
/B/ V(e (o 9)m1>l/m>v<y,<$wm>
x| f ()] dp(y)-

As we hae seen in the proof of Proposition 7.1, the term

1
exp { 5 (pm(g;,y)> " COSH}
2 |z
sup

yeQ/ \/V cos@ml)l/m)v(y’( || )1/m)

(cos@)m—1

dp(z)

()

is bounded bya positive constant independent:ofTherefore, there exists
a positive constant” such that

zA o —zA —zA ) — T T
le fflll—/Q\Be f(ﬂf)du(w)+/Bm|6 f(x) = f(z)|du(z)

< C’(cos )% exp {_(2: (T:) " cos 9} I1f 1l
+VuB) e f = flla-

From thisand the strong continuity ef*4 on L?(, 11), we obtain that

|e*Af — fllh — 0as z — 0.

All of this holds forz € X(v) for everyy € (0, 3). O
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7.2 LP-SPECTRAL INDEPENDENCE

7.2.1 Functional calculus

In this section, we give a short introduction to a functional calculus which
will allow us to prove that for a self-adjoint operator whose heat kernel
satisfies a Gaussian upper bound, its spectrufi?iis the same as in?.

Let 8 € Randn € N. A functional f : R — C belongs to the class? if
fis of classC™ onR and for everyk € {1, ...,n}, the derivative of ordek
satisfies:

fO ) =0(<z>F ) as . — oo,

Here and in what follows we denote z >:= /1 + |z|?> for all z € C.
Let f € S for somen > 0 andj3 > 0. Definef : C — C by

n 1 '
= (S o, @29

whereo (z,y) = 7(ZZs) with 7 € C2°(R) suchthad <7 < 1,7(t) = 1
fort e [-1,1]a d:0f0r|t\ > 2.

DEFINITION 7.6 The functionf defined by (7.23) is called an almost ana-
lytic extension off.

Let £ be a Banach space antdlbe an operator oy. We assume that the
following two conditions are satisfied:

o(A)CR, (7.24)

1T = A Mo <C =2 forall - ¢ R (7.25)

Szl
for somen > 0 and some positive constafit Under these two assumptions,
one can define the functional calculfigA) for an appropriate functioff.

DEFINITION 7.7 Assume thatl is an operator on a Banach spade for
which (7.24) and (7.25) are satisfied for some> 0. If f € SfH for some
6 > 0 and some: > «, one defines

of

82( 2)(2I — A) " dady (7.26)

f(A) = -

for z = + iy, where2L (z) := %[Qf +9(z).
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The formula (7.26) defines a functional calculus. We refer the reader to
Davies [Dav95a], [Dav95d]. The following result summarizes the most im-
portant properties of this functional calculus (see [Dav95a])).

THEOREM 7.8 Under the assumptions of Definition 7.7 one has:
(i) f(A) € L(F) and there exists a positive constarguch that

n+1

1f (Dl ) < CZ/ 1f B (z)| < 2 > da.
k=0"’R

(i) (f9)(A) = f(A)g(A) for all f,g € S,y (n>a).

(iii) For w ¢ Rand f,,(z) := (w —z)~! for all x € R, we havef,,(A) =
(wl — A)~L.

(iv) Let f € C"(R), n > «, have support disjoint frona(A). Then
F(4) = 0.

Note also that for self-adjoint operators on Hilbert spaces, the two assump-
tions (7.24) and (7.25) are satisfied (with= 0). Moreover, the func-
tional calculus defined above coincides with the usual one defined in terms
of spectral measures. See HelffedS8fand [HeSj89] or Davies [Dav95a],
[Davosd].

Let us mention that in Davies [Dav95a], [Dav95d] functiohsre as-
sumed to be ir§}; for everyn and somes > 0. The conditionf e Sfﬂ for
somen > « is enough to define the functional calculus and obtain Theorem
7.8.

7.2.2 Interpolation of the spectrum

Assume that X, p, 1) is ao-finite measured space, endowed with a metric
p and satisfying the doubling condition (7.1). L®tbe an open subset of
X. Assume thatd is a non-negative self-adjoint operator bA(€2, ) with

a heat kernep(t, z, y) which satisfies the Gaussian upper bound (7.3). It
is proved in Corollary 7.5 that the semigro(g **);>o, initially defined

on L?(, 1), extends to a bounded holomorphic semigroupaiis2, 1)

for all p € [1,00). Denote now by—A, the corresponding generator on
LP(Q, 1) (A2 = A). In the sequelg(A,) denotes the spectrum of the
operatorA4, on LP(, ). Again, Corollary 7.5 says that A, generates

a bounded holomorphic semigroup on the seét6f) on LP(€2, 1), and
therefores(A4,) C [0, 00) by Theorem 1.45. In addition, the resolvent sat-
isfies the following estimate.
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PROPOSITION 7.9 If p € [1, 400, then for any3 > d|5 — 5| we have

El&
WforallzGC\R

1(Ap = 2D) "Ml gry < C

Hered is the constant appearing in (7.2).

Proof. Setz = re~* and assume thak )0, 7]. Since the resolvent is the
Laplace transform of the semigroup, we can write

w—0

(Ap—2D) P =3 (Ape 3 4 rei T D)

o0 [T T2 itz 4
— e*’LT / efrte efte Pdt.
0
Now weapply Theorem 7.4 to obtain

(A, — 27| < _C /+oo e~rtsing gy
P p—p — (sing)ﬂ 0 )
which gives the desired estimate.dfe [—m, 0[, we changer to —x in the

above argument and argue similarly. O

THEOREM 7.10 Assume thafX satisfies the doubling property (7.1) and
let ©2 be an arbitrary open subset &f and A a non-negative self-adjoint
operator onL?(Q, ;1). Assume thatd has a heat kernep(t, x,y) which
satisfies the Gaussian upper bound (7.3). Th¢A,) = o(A,) for all

€ [1, 00). In other words, the spectrum df, is p-independent.

Proof. We have seen previously thatA4,) C [0, 00) forall p € [1,00). By
Proposition 7.9, we can define the functional calcyfgd,,) for functions

fesl, forn>d} - 5l andg > 0.

Fix p,q € [1,00) and assume that € [0, co) is such that\ ¢ o(A4,).
There existg > 0 such thaiA —¢, A\ +e)No(4,) = 0. Takef € C°(\ —
g, A\+¢e)with f(x) = 1forz € [A\—§, A+ 5]. By assertion ) of Theorem
7.8, f(A,) = 0. Sincee v ¢ = e~tag for all ¢ € LP(Q, ) N LY(Q, p),
the same equality holds for the resolvefits, — 27)~! and (4, — zI)~*
for z ¢ [0,00). This implies f(A4)¢ = f(Ap)¢ forall ¢ € LP(Q, p) N
L9(, p). It follows by density thatf(A,) = 0. Now we prove that this
implies\ ¢ o(A,). Foreachd € R, § # 0, we definegs(x) := ;j;(fl for
x € R. Sincef(A,) = 0, we have

gs(Ag) = (AN +i0)T — Ay~ (7.27)
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Using assertion (i) of Theorem 7.8, we obtain

(A +i6)T — Ag) "l oeray = l9s(Ag) | ()

n+1
<3 [ <ot ta
dx*k
n+1 k
= Z/ dj;k z >F 1 de,
I

wherel. := R\ [\ — 5, A+ §], sincegs(z) = 0forallz € [A - 5, A+ §].
A simple calculatiorshows that the term

>

is bounded independently 6f Thus, || (A+i0) — Ag) ™!l £(1«) is bounded
uniformly with respect t@ for § # 0. This implies that\ ¢ o(A,). O

drgs(x
diL‘k

k—l dx

If no assumption is made on the operator, the spectrubi imay depend
onp. This is shown in the following example.

Example 7.2.1 Consider onLP((0,0),dz),1 < p < oo, the group
(T (t))+er defined by

Tp(t)f(w) := f(e ")
Denote byA,, the generator of7,(t)):cr. Then

1
o(Ap) = {/\EC,SR/\: p} forall p,1 <p < oo.

Indeed, for everyf € LP((0,00),dx) andt € R, | Tp(t)fll, = /P flp-
Thus,A, — %I is the generator of a group of isometries di? ((0, co), dx)

and this implies that (4, — 1) C iR, i.e.,0(4,) C L +iR. Fixp € [1,2)
and assuméhat A € p(A,) with R\ = Il]. SinceT,(t)f = T»(t)f for all
f € LP((0,00),dx)NL?((0, 00), dz), it follows that(21 — A,) "L f = (21—
Ag)~Lf for z > %. By analyticcontinuation and the fact that € p(4,),

this equality holds for: € (3, 3). For z € (3, 1) and everynon-negative
feL*n L, wehavezl — Ay) "1 f = [ e *Ty(t) fdt > 0 and

(2] — Ap) "V f = —(—2l + A) ' f = — /oo e AT, (—t) fdt < 0,
0
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whichshows that the equalityz ] — A,)~!f = (21 — A3)~! f cannot hold
onL? N LP. Thus,o(A4,) = {A € C, R\ = %}. By similar aguments, the
same equality holds fgr > 2.

The generator of the grouff,,(¢) ):cr considered in the previous example
is a first-order differential operator. Taking the squBfe:= Af, one obtains
a second-order operator whose spectrum, as an operaldf{(h co), dz),
depends omp.

7.3 RIESZ MEANS AND REGULARIZATION OF THE SCHR ODINGER
GROUP

It is a classical result that for every self-adjoint operatoon a Hilbert
space,iA generates a strongly continuous groifi“),cg. If A = A

is the Laplacian, then the Sdtfinger group(e™?),cr is not defined on
LP(RY, dx) for everyp # 2. See Hrmander [Hr60]. The next result
shows that appropriate integration of the group yields a bounded family on
LP. More precisely,

THEOREM 7.11 Assume thatX, p, 1) satisfies the doubling property (7.2).
Let Q be an open subset of and A a self-adjoint operator oL (€2, ).

Assume thatl has a heat kernel satisfying the Gaussian upper bound (7.3).

For all p € [1,+00] and everya > d|3 — 1|, the Rieszanean operator

. 2 p
defined by
t
I,(t) == t_a/ (t—s)* e 4 ds
0

fort > 0, and,(t) = I,(—t) for t < 0, actscontinuously on.?(£2, 1)
and one has

[ o ()]l 2(zry < Co forallt € R*. (7.28)

Proof. It relies on the estimate (7.19). Forc C*, consider the operator
T = [ -0t
[0,2]
We are going to show that, if > d|% — ]13 ,

1Ja(2)]l 2(zry < Calz|®. (7.29)

This will imply by strong continuity onZ?(€2, i) that, forz = it, t €
R, i%%1,(t) = Ju(it), which is well defined onL?(Q, ) N LP(2, ),
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extends continuously to a bounded operator@((2, 1.). Finally, (7.29)
yields (7.28).

Because +— ¢4 is holomorphic orC*, J,(z) doesn’t depend on the
path chosen to integrate frotnto . We choose the following path: first,

follow the straight ling0, | z|] and then follow the circle with radiiys| and
center0. Let J! () denote the first integral]?(z) the second one. One has

|2|
o= (Mgt
0
By Proposition 7.1, the assumptions (7.1) and (7.3) imply
le™" | o(r) < M for all ¢ > 0,

for some constamt/ > 0. Therefore
L |2 ol
[Tl cry < M/O |z — 5% Lds,
and ifz = |z]e'?,

1 |2| 0 a—1 1 0 1
I eny < 8 [ [lote® o ds = dajape [ 1 et au,
0 0

Finally
1Ta ()£ < Calzl?,
where
Co = sup / e — u|*~L du.
06[—1 3l
Now

arg z ) ) )
Jg(z):/o (2 — |2[e®)oTe e A4 10 g,

To fix ideas, assume that arg> 0. Using the estimate (7.19), and setting
B=di- f| + ¢, one obtains

arg z ) |Z’
2 ! _ ipla—1
72 e <€ [ 1= 2l 2

argz [gin(282—¥ a—1
sc;\zla/ il ﬁ)] de,
0 (cos¢)
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butthe functionsin is increasing or0, 7 /2] so that
. argz — @ . ™
sin [ ———— | <sin (— - (p) = COS .
2 2
Hence,

arg z [qin (r82—¢\ja—1 arg z _ a—p-1
[ e
0 (cos ) 0 2

™

< / * (sin )1 dp.
0

The lastterm is finite ife is chosen such that < «, which is possible if
a > di - % . This proves that||J.(2)|[,—p < C4|2|* and finishes the
proof of the theorem. O

Theorem 7.11 shows that the Riesz mean operditn) = ¢ [(t —
5)*~ e~ dsis bounded orl?(Q, i) for a > d|5 — ;| and allp € [1, o],
We look now at another family of operators associated with thedgahger
group.
THEOREM 7.12 Assume that the assumptions of Theorem 7.11 hold. For
all p € [1,00] anda > d|3 — 3|, (I + A)~*¢"* extends fom L*(Q2, u) N
LP(Q, 1) to a bounded operator oA? (€2, 1), and

(I + A) ™| pirp) < Ca(l + [t)* forallt €R. (7.30)
In addition, the mapping — (I + A)~“e"4 is strongly continuous on
LP(Q2, p) forp € [1,00) (t € R).

Proof. Let us start by proving the estimate (7.30). fifc L? N LP and
« > 0, one has

) 1 +oo )
(I + A)—aeztAf _ F(a) /0 e—ssa—le(—s—i-zt)Af ds,

wherel is theEuler gamma function. Using (7.19), far> d|1 — 1|, one

can boundhe LP-norm of the right-hand side by 8

dll—L|4e
+o0 2 2 2 p
s a— s“+1t
Ca,stHp/ e %s” 1( ) ds,
0

52

for everye > 0. Then, cutting the integral at= |¢|, we can estimate it, for
e small enough, by

1 ~+o00
i1 dj1_1p ¢ e e
|t|a/ u® l3— 5 Edu+22|2 S35 ' e~ S5 1d8§ C/‘t‘a+cll,
0 t
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which yields (7.30).

SetW(t) := (I + A)~“e™4. We have just seen that for everye R,
the operatodV(¢) is bounded on.?(€2, 1), 1 < p < 4o0. Let us now
prove that the mapping — W (¢) is strongly continuous ol” (€2, 1) for
p € [1,4+00). One can write, fot > 0, s € R, andf € L?,

e CHDA (T A) =0 fme AL+ ) fll, < [W(S) L2l e fll.

According to (7.30), the first factor on the right-hand side is bounded by
C(1 + |s|)*, and the second goes to zero withbecause of strong con-
tinuity of the semigroup orL?(Q, 1), for1 < p < +oo (see Corollary
7.5). Thereforeg=(1H)A(T 4 A)= f tends tae "4 (1 + A)~*f = W (s)f

in LP, uniformly in s € [-T,T], ast — 0". Again by Corollary 7.5,
sincez — e~*4 is holomorphic onLP(£2, 1) on the right half-planes —

e~ (1) A(T 4 A)=« f is continuous fronR to L? (12, 1), for everyt > 0 and

f € LP(Q, n). This implies thatV (s) is strongly continuous ofi? (£, 1).

O

Theorem 7.12 allows one to measure smoothness properties of the solu-
tion to the Schidinger equation

(35
u(0) = f.
If the initial dataf € D(Aj) for a > dli — —y thene* f ¢ LP(Q, 1) and

€™ fllp = 101 + Ap) =™ (L + Ap)* fllp
< Call(I+ Ap)* fllp-

If f € D(Ay) for someB > a > d|} — 1], then
A = (T4 Ap) BT + A,) %I+ AP f

and hence’™ f € D(AS *)forallt € R. In some situationsD(Ag’“) C
W2(B=2)2(Q). In that case, one obtains from the above estimeités <
W2B=a)p(Q).

The above theorem can also be used to prove existence of solutions (in
LP-spaces) to Scbdinger equations with initial datd in the domain of
some power of4,,. It can also be reformulated in terms of generation of
C-regularized groups. We shall not develop this here, the interested reader
is referred to de Laubenfels [deL93].

Likewise, Theorem 7.11 can be reformulated in terms of generation of an
a-integrated group byA. Integrated (semi-)groups have been introduced
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in orderto study Cauchy problems associated with operators that are not
generators of semigroups. A typical examplédson L?(R?, dx) for p #

2. We refer the reader to Arendt et al. [ABHNO1] for a detailed study of
integrated semigroups.

A special feature of the last two theorems is that they allow one to derive
solvability of Schidinger type equations from that of heat equations. These
results can be applied to a wide class of operators, which includes all the ex-
amples discussed in the beginning of this chapter. In particular, they apply
to uniformly elliptic operator with real-valued coefficients on arbitrary do-
mains (and subject to Dirichlet boundary conditions).

The previous theorem can be extended as follows.

THEOREM 7.13 Assume that the assumptions of Theorem 7.11 hoId. Let
€ [1,+ocl. If f € Sg,, for somea > d|5 — ;| andn > d|5 — 4],

then f(A)e*4 extends fom L2(Q2, 1) N LP(Q, 1) to a bounded operator on
LP(€2, 1) and

[ f(A)e 2tAHz: C:(1+ \lf\)C”2 plte forallt €R

for everye > 0.

Proof. As seen previously, by Proposition 7.9, we can define the functional
calculusf(A4,) for functionsf € S5, with n > d|§ — —\ ande > 0. Now

if fis asinthe theorem, thén+\)° f € 5277 Thus, ifa > 5 > dl5—|,
f(A)(I + A)P extends ta bounded operator b (€2, 11). Now we write

FIA)E™ = FA)I + AP (1 + A) P4,
and apply Theorem 7.12 to finish the proof. O

Remark. The results in this section are based on Fieestimate of—*4
which we proved in Theorem 7.4. Itis interesting to notice that if one has a
better estimate

lle _ZA||L (’ ‘) forall z € CT,

for someconstanty, < d|3 — %\, then theresults in this section hold (with
the same proofs) fat > ~,,.

The final observation in this section is that the ordlér— 1 | p in Theorems
7.11 and7.12 can be improved if the open subSehas finite measure and
a Sobolev inequality holds i2. More precisely,
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THEOREM 7.14 Let A be a self-adjoint operator oh?((2, ;1) such that the
semigroup=—*4 is bounded fron.?(9, 1) into L>°(2, 1) with

le | (2 1y < CtY4 for all t > 0, (7.31)

whereC' and d are positive constants. Assume in addition that! ex-
tends fromL?(€2, 1) N LP(€, 1) to a bounded operator ofi? (€2, ;1) with
sup;>g lle | (1) < oo for all p € [1,00]. Assume finally thag(Q2) <
o0. Then:

1) For everyp € [1, ), the Riesz 1mean operatdy (t) acts as a bounded

operator onLP (%, 1) for all a > 4|4 — %| and

2123 ) forallt € R*. (7.32)

d|1l 1|
Ha(®)ll (e < Ca(l + [¢]
2) Forall p € [1,00] and everyn > §[3 — 1|, (I + A)~“¢/ extends fom
L%(Q, 1) N LP($2, 1) to a bounded operator oh? (2, 11), and

(I + A)~ €™ z(1) < Cq forall t €R. (7.33)
Proof. By self-adjointness o?(2, 1), one has

He_ZA”c(Ll,LE) = He_SQZAe_i%ZAHL(Ll,L%
—R2A —iS2A
<|[le™ ez, lle i 22y

< C(Rz)~ Y4,

By the Riesz-Thorin interpolation theorem, it follows that for ale C*
andp € [1,2]

djl1_1
_§|,,,

2 p',

le™* | g(rr 22y < C'(R2)

Using this andhe fact thaj.(€2) < oo it follows by Holder’s inequality that
A ,4|l,l|

le™* M z(ory < Ca(Pz) 227 ¢l (7.34)

HereCy, is a constantdepending onu(2) andC’. Note that the same esti-
mate holds fop > 2 by duality.

The proof of assertion 1) is similar to that of Theorem 7.11. We use (7.34)
instead of (7.19). The family(z) introduced in that proof satisfies

1Ta (@)l c(zr) < Cal2l®.

The proof of this estimate uses only the fact that!4),> is uniformly
bounded onZ?(Q2, 1), which is the case here by assumptions. The term
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J2(z) can beestimated as follows:

2 mes ipja—1 ]
1 Eean < [ 2= lele?] e
o (1l cos )14
_api_1) (S [sin(2EZ=e)a]
<Oz 2 24\1,l| dep
0 (eosg) B

< el Ea sl
In order toprove assertion 2), we write as in the proof of Theorem 7.12

) 1 +oo )
I+ A —aeztAf _ / e—ssa—le(—s—i-zt)Af ds,
A T Jo
for f € L2(Q, u) N LP(2, 1). Using (7.34), we estimate the” norm of the
right-hand side by

+oo —s a—1 4|l—l|
CaHf\p/ e %5 152127 bl {s,
0

which is finitefor all a > §[3 — 11. O

The previougheorem can be applied to uniformly elliptic operators with
real-valued coefficients on bounded domains (see Theorem 6.10). It can
also be applied to the Laplace-Beltrami operators on compact manifolds.
For such manifolds, the Sobolev inequality holds (see, e.g., Chavel [Cha84]
Theorem 7, p. 101) and this implies the estimate (7.31) by Theorem 6.4.

7.4 LP-ESTIMATES FOR WAVE EQUATIONS

7.4.1 The general case

Let (X, p, ) satisfy the doubling volume property (7.1) and denote again
by V(z,r) := u(B(x,r)) the volume of the balB(z, ). Throughout this
sectiond denotes a constant for which (7.2) is satisfied.

Let Q2 be an open subset &f and A a non-negative self-adjoint operator
on L?(, 1). We assume thatl has a heat kerneil(t, , ) which satisfies
the Gaussian upper bound (7.3).

Let f : [0,00) — C be a bounded measurable function. By spectral
theory,

F(4) = /0 " FEL(A) (7.35)
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is well defined and acts as a bounded operatof.&(f2, ;). Here E(A)
denotes the associated spectral measure with the self-adjoint opdrator
Recall also that

1F(Allezz) < 1S lloo-

In this section, we examine the question of extending the opefdtdy
from L2(Q, u) N L' (2, u) to a bounded operator o' (2, 12). In order to
do this, one needs to impose conditionsAand f.
We shall be working with an auxiliary nontrivial functign of compact
support. The choice af that will appear in the statements is not unique.
Let ¢ be aC2°(0, c0) non-negative function such that

1
supp(p) C [7,1] and D @(27"A) =1forall A > 0. (7.36)

In order to see that such a functignexists, lety) € C>°(0, c0) be a non-
negative function with suppostipp(v)) C [1,1] and such thaty(A) > 0

for all A € [3, Z]. We obtainthe functiony with the desired properties by
putting
400 -1
e = ( 3 ve)
k=—o00

The following theorem gives a condition grunder whichf(A) extends
from L1(Q, u) N L%(Q, i) to a bounded linear operator @A (€2, 11). In this
result,C* denotes the classical Lipschitz space of function®dn

THEOREM 7.15 Assume thatX satisfies the doubling property (7.2) and
let ©2 be an open subset &f. Let A be a non-negative self-adjoint operator
on L?(, 1) whose heat kernel satisfies the Gaussian upper bound (7.3).
Letp be a non-negativé’s® function satisfying (7.36). If the bounded mea-
surable functionf : [0, c0) — C satisfies

ap = [le()[f(2") = F(0)]]cs < o0 (7.37)

nez

for somes > d/2, thenf(Ai) extends t@ bounded operator oh! (2, 1)
with norm bounded b¢’(a., + |f(0)|), whereC' is a positive constant in-
dependent of.

2More precisely, C° is the space of functiong’ of class C'*! with all bounded
derivatives f*) for 0 < k < [s] and such that thds]-derivative f(*) satisfies

(B)] _ £(sD
L) = 1Oy
z,y€R,z#y |z — y[s=l]

< oo. Here[s] denotes the intger part ofs.
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Before westart the proof, we first make some remarks.

First, if for all w € L?(Q, 1), we have|le *4ull; — 0 ast — +oo,
then0 can be neglected in the spectral resolutiordofTherefore, we can
consider thatf is defined on(0, o0). We can then ignore the terif(0) in
the theorem.

The second observation is that the sum ovee Z in (7.37) can be
reduced to the sum over > 0. The reason is that one can decompgse
asf = f1 + fo, with f1 having compact support anf} having support
in [1,00). The first termf; ( ¥/A) can be handledirectly by Lemma 7.18
below. The second terrfy( ¥/ A) is treated byTheorem 7.15, but (7.37) for
fo is precisely

S lle() 2%l < oo

n>0

This strategy will be used in the proof of the Theorem 7.19, where we con-
sider wave operators i (2, ).

The proof of Theorem 7.15 will be achieved in several steps. We start by
some simple properties which will be needed latter.

Let f be a bounded and compactly supported function and defe:=
f(/N)e. Since

F(VA) = g(A)e,
it follows thatf( %/ A) is given by a kernef ( ¥/ A)(z, ), thatis,

FVAY@) = [ FCVA) @ )ul)duty)
forallu € L*(Q, 1) and a.ex € Q. The kernelf ( ¥/ A)(z,y) is given by

F(VA) (2, y) = (9(A)e M) (z,y)
=(9(A)p(1,2,.))(y) = (9(A)p(1,.,y))(z). (7.38)

This makes sense becaugel) € £(L?(Q2, 1)) andp(1,z,.) € L*(Q2). The
latter property can be shown as follows:
[ ()Pt = [ 1,000, 2)duto)

=p(2,z,x)
C

V(o V)
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LEMMA 7.16 Assume that the assumptions of Theorem 7.15 are satisfied.
Lets > 0. There exists a constaat> 1 such that the following estimate
holds fora.e.xz € Q) :

A ) P+ o)) i) < o5 e

forall f € H*/?9 with supp(f) C [0,1]. Cs is a positive constant.

Proof. As previously, we defing()\) := f( ¥/\)e. If § denotes the durier
transform ofg, then

FVA) = g(A)e =

G(C)eAdce A, (7.39)
27T R

Hence the kernelf ( ¥/A)(z,y) satisfies
VA ) =5 [ 9w~ iGog)d. (7.40)
T JR

This follows from (7.39) and Fubini’s theorem. Indeed, for evaryc
L2(Q, )

/Q Ip(1 — i, ., y)u(y) du(y)
1/2
< [ [ b —ic,x,yﬂ?du(w} el

1/2
= Jlull [ [ =i+ z'c,y,:@du(y)}
— lullav/p @2, 2).

/ 5(0)] / (1L — iC, 2, y)u(y)|du(y)dC
R Q

can be estimated by

1/2 1/2
lull2 v/ 2xm[/m J+<€“”M} [Aa+&r€”%4 .

The term [, [§(¢)2(1 + ¢?)¥T1/2d( is finite sincef € HY?*¢ for ¢ >

0 (which we can choose to be small enough). Thfislg(¢)| [, [p(1 —

i¢, z,y)u(y)|du(y)d¢ is finite, too, and we can then apply Fubini’'s theorem
to obtain (7.40).

Therefore,
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Using (7.40)one has

1/2
I= (/Q F(VA) ()] (1 + P(x7y)>sd“(y)>

= | F(VA) (@, ) 200,14 p(2,.))*dp)
1 . .
7T/R|§I(C)|||p(1 —i¢, @, )| L2, (14p(2,.))*dp) AC-

We apply how Theorem 7.3 to obtain

J = /Q (L — iC,2,9)P(1 + plz, )" du(y)
<[ e (= 2ep(a, y)™ D (/T4 C2)-m/ -1y
. V( eXp Cp x,y

z, 1)V (y,1)
x (14 p(z,y))°du(y).

By the doubling property (7.2) one has
1 C(1+ p(z,y))*
Viy,1) = V(z,1)

Seta := (y/1 + ¢2)~™/(m=1) and

Uy = {y € QE™ /™ < p(a,y) <

(k + 1m=D/my,

We have
T sy [ exp{=2apt )™ Ny (1 + o) auty)
~V(x,1)? ’ ’

C S [ emltta b

k>0
x(14 p(z, ) du(y)

)(m—l)/m)

x 1 — Z —2ckav

k>0
X(l + (k—i— 1)(m—1)/m)s+d_

Using again(7.2), the last inequality gives

1
J< - (Jixa

V(x,1)
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for some constan®”. Finally, by the Cauchy-Schwarz inequality

1/2
\/ V(1) [/'9 VI )

< [A(W)‘Qdc]m.

This finisheghe proof of the lemma. a

LEMMA 7.17 Assume again that the assumptions of Theorem 7.15 are sat-
isfied and lets > 0. The following estimate holds for every> 0 anda.e.
x €

LD B+ ) o) < G5 e

for all f € C*/?*¢ with supp(f) C [0,1]. C. is a positive constant inde-
pendent off.

Proof. It follows from (7.38) that

1/2
{/Lf xy\mwﬂ < 9(A) o lp(Lz. e

<llgllcollp(1, 2, )ll2
<e|[fllcllp(L, z, )2

It follows from the Gaussian upper bound (7.3) and the fact that self-
adjoint that

umLaw@:lguwwmuwwmmw:p@wm»g

Hence,

V(x,1)

m c
1F (VA @, 2@ < ew/mllflloo. (7.41)

On the othehand, Lemma 7.16 gives

m C
LF (VA (@, ) 20,1405 m) < \f mﬂf“ff6+s/2- (7.42)

The Stein-Weisénterpolation theorer,applied to the operator defined
by f — f( ¥/ A)(z,.), allowsone to deduce from (7.41) and (7.42) that for

3See Bergtand Lofstrom [Bel76], Theorem 5.5.3.
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everyf € (0,1)

m C(0
TR Z\ T ——IC)

m”f”[oocéﬂ/?]w

Here[C?, C5+3/2][9] denotes thelassical space obtained by complex inter-
polation. In particulaf, we have for ale > 0 andé < (0, 1)

- C(0,¢)

VA oo < =)
1F(VA) (@, )2 0,(14p@,))50m) < VD)
whereC'(6, ¢) is a positive constant which dependstande. Sinces > 0
is arbitrary, one can replaceby 7 in the previous inequality, and taking
arbitrary small, we obtain the desired estimate. 0

| fll gsorz+s0+e,

We have proved weightetP-estimates forf ( ¥/ A)(z, .) whenf has sup-
portin [0, 1]. These estimates can be extended to functions with support in
[0, r] for all » > 0.

LEMMA 7.18 Assume that the assumptions of Theorem 7.15 are satisfied
and fixr,s > 0. The following estimate holds for evety> 0 and a.e.
x €

/ FCVA) @) P+ rple, 9) duly) <

V( )H6 fHos/2+s

forall f € C/>* with supp(f) C [0, 7], wheed,f(.) := f(r.) andC. is
a constant independent gfandr.

Proof. Let A’ := r~™A andp’ := rp. Denote byV’(x, R) the volume of
the ball of center: and radiusk for the metricy’. Note first that

V'(z,R) =V (x f) .

In particular,V’(z, R) satisfieq7.2) with the same constan€ andd.

The heat kernet (¢, x, y) of A’ satisfies

m/(m—1)
Cexp(— ({F/{W)

| - \/V/ tl/m)Vl(yjtl/m)'

Hence we can apply the previous lemmaifcandy’ and conclude that

\k(t,z,y)| = [p(r~™t,2,y)

L TN @B+ ) i) < e e (749

“See Bergland Lofstrdm [BelL76] Theorem 6.4.5 and Triebel [Tri83], p. 113 and p. 38.
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for all h with supp(h) C [0, 1]. The constan€. depends only oa and the
constants involved in (7.2) and (7.3). Nowsifpp(f) C [0,r], we apply
the estimate (7.43) th = ¢,.f and obtain the lemma. O

Remark. The previous lemma applied féf(\) := f(A\™) gives

/Q F(A) )P0+ 7™ ol ) dp(y) < 16,0/ F |22

G
V(w,r=t/m)

forall f € C*/?*= with supp(f) C [0, r].

Proof of Theorem 7.1First, we write f(A\) = f(\) — f(0) + f(0) and
hence

F(VA) = (F() = FO)(VA) + FO)L.
Thus, replacing’ by f — f(0), we may assume in the sequel thigd) = 0.
Lety € C2°(0, 00) be a non-negative function satisfying (7.36). We have

+oo +oo
FO) =D 0@ " Nf(A) = fa() forall A >0, (7.44)

where
fa(A) == @(27"A) f(A).
Since
N N
S P < fllse D ©27"A) < [ flloo forallA > 0, N €N,
n=—N n=—N

it follows from the classical properties of the functional calculus that the
sequencé> " f.( ¥/ A))x conveges strongly inL2(, u) to f( ¥/ A)
(see, e.g., Reeand Simon [ReSi80], Theorem VIIL5).

Set

L= / Fnl VA (2, ) da(y).
Q

By the Cauchy-Schwarz inequality, one has

1/2

I < [ NS Z e 2"p<x,y>>25du<y>}
Q

<| [+ 2otan) >dut)] "
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Lemma 7.18pplied forf = f,, andr = 2™ gives

/ | fu( VA) (2, 9) (1 + 2" p(x, y)) > du(y)
C.

< W||62"fn”06+5
C.

= m”‘ﬁ( V@) Eore

Since one hafor s > % (see below)

[+ 2w du) < V2™, (145)
Q
it follows that

In < Cll() f(2" ) lgste
Therefore,

/ N
Q| =

=N

Z I,
<C’ Z () f2" ) los+e,

neZ

and this proves the theorem.

It remains to prove (7.45). More generally, we prove that there exists a
positive constant”’ such that for every > g’, u>0,andr >0

/ (1 + rp(z,y)) "2 du(y) < C'V (x, 1) min(1, (ur)?2%).
plz,y)=u r

(7.46)
Assume thatir > 1. Then

/ 1+ rp(e, 1) dp(y)
p(z,y)>u

<
k>0

< (UT)_QS Z(Qk)_QSV(l', 2k+1u)

k>0

< (ur)™2s Z(Qk)_QSC(QkHur)dV <x, i) ,

k>0

/ (rp(z, )~ > du(y)
2ku<p(z,y) <2k 1y
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where we have use(¥.2) since2*ur > 1. This shows the desired in-
equality.
Assume now thatir < 1. We have

[ ey < [ () )
plzy)>u p(zy)=

=

+ /p | Ldu(y (7.47)

We applythe previous case (with = %) and obtain

r

/p( e %(1 +rp(x,y)) Fduly) < C'V (a: 1) :

The second terqﬁ (<2 du(y) in (7.47) ispreciselyV (z, %). This prowes
(7.46). 0
We apply now Theorem 7.15 to obtait-bounds for wave equations.

We shall consider for simplicity operators with heat kernel satisfying the
Gaussian upper bound (7.3) with = 2.

THEOREM 7.19 Assume thatX, p, 1) satisfies the doubling property (7.2)
and letQ) be an open subset df. Assume thatd is a non-negative self-
adjoint operator on.?(, ;1) with heat kernel satisfying the Gaussian upper
bound (7.3) withn = 2. For everyp € [1,00) anda > d|1/2 — 1/p|, the

operator(I + A)~*/2¢iVA extends fom L2(2, 1) N LP (9, 1) to a bounded
operator onL?(2, 1u). In addition, for every > 0,

(1 + A)‘a/ze“ﬁllzm) < Co(1+ [ty /21 rle,
Proof. Fixt € R and set
FO) == (1 + 2272 for all A > 0.

Lety € C°(R) be such that sugp) C [—1,2], ¥»(\) = 1 on[0,1]. We
write

f=vf+0 =) f=fi+ [
with supp(f1) € [0,2] and supf(f2) € [1,00).
We apply Lemma 7.18 to obtain
Ce
IR )P0+ 200,02 d(0) < sl

C/
< e
= V(.T, 1) Hf1HCS+
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Therefore, bythe Cauchy-Schwarz inequality and (7.46) we havesfr}r%
1/2
L0 It < | [ 16D w000+ 20000 autr)

1/2
X [/ﬂ(l + 2p(x,y))23du(y)]
< fillgste-
Using the expressiofi()\) := (1 + A\2)~%/2¢%, one obtain®
[filles < C+[t). (7.48)
Thus, f1(VA) € L(L'(Q, 1)) and
1AVA) 2y < CLA+ [t24) for alle > 0, (7.49)

whereC is a positive constant depending @n

We consider nowfy(v/A). Since supffz) C [1,00), the sum oven ¢
Z in (7.37) applied tofs, is reduced to the sum over > 0. Using the
expression off, one proves in a similar way as for (7.48) that

() fa(2" ) les < CA + |t]*)27 ™),

Therefore, forx > s > 4,

D lle()f2(2")lles < C'(1+ [t°).

n>0
We conclude from Theorem 7.15 that fer> g
12 (VA |y < CLL+ |t]579) for all e > 0. (7.50)
We deduce from (7.49) and (7.50) that for> &
(T + A)~2e™A| L1y < Co(1+ [t2%°) foralle > 0. (7.51)

The theorem fop € (1,2) follows by interpolation. Indeed, fix > g
and define

F(z):=(I+ A)_Za/2eit\/z.

°A way to prove (7.48) is to consider firtf: || ) and || f1|| o141, Where[s] denotes
the integer part ok. The estimate (7.48) for arbitrary > g follows from the inequality

Ifllos < FIGTH 155 see, e.g., Triebel [Tri78], p. 202.



GAUSSIAN UPPER BOUNDS AND LP-SPECTRAL THEORY 225

Forz = dv, ||[F(iv)|lzz2) < 1andifz = 1+ 4v, the previous proof gives
(7.51) with« replaced by + iv for all v € R. In addition,z — F(z)u
is holomorphic with values id? (€2, u) for all u € L*(Q, 11). By the Stein
interpolation theorem, for eveny € (1,2), F(2 — 1) € L(LP(2, 1)) with

norm bounded byC. (1 + |t|)d(%_%)+€. This prowes the desired result for
€ (1,2). By duality, the same result holds fpre (2, o). O

Consider the wave type equation

L u(t) + Au(t) =0,teR
u(0) = f,
@) =g

Formally, the solution is given by
u(t) = cos(tV/A) f + sin(tvV/A) A"/ 2g,
where

itvV/A —itv/A itvVA _ —itV/A
S nd sn(e/A) = S

One obtains byrheorem 7.19 that

cos(tVA) =

[u(@)llp = 1(I +A)"*( + A)*u@)]
< Ce(L+ )M 4+ A)° fllp + I+ A)* AT 2] ],

forall a > d|1/2 — 1/p| ande > 0.
As explained in Section 7.3 for Sditinger equations, usifig

eit\/Z: (I+Ap)—(ﬁ—@c/?)([_i_Ap)—a/Qeit\/Z(I_i_Ap)ﬁ

for 3> § > 4|3 — 1|, one obtains

A d|l 1
¢™VA(D(AD)) C D(AB=/?) for § > % >3 ‘ ‘ . (7.52)
From this oneecovers regularity properties of the solutieft) from regu-
larity properties of initial datg andg.

®Again, —A, denotes thecorresponding generator of the semigrop **):>o on
LP(9, p).
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7.4.2 Thewave equation inL?(R?, dx)

In the previous section we considered wave type equations in a abstract
setting. Clearly, one has better regularity results for the solutigh =
cos(tv/A) f+sin(tv/A) A~1/2g if the exponenta in Theorem 7.19 is smaller.
In this section, we shall consider the classical wave equation in Euclidean
space. We shall see that in this particular case, the expenean be im-
proved.

Let Abe—A = d% 4+t % on L?*(R%, dz). The operator-/—A
is the generatoof the Poisson ser%igroup, whose kernel is given by

d+1\ _ z
k(Z,.%,y) =T <2> T (@+1)/2 9 d+1 (753)
(2% + [z —yl?) 2

forall z € C*,z,y € R% This precise expression allows one to obtain a
better result than Theorem 7.19. We have

THEOREM 7.20 For everyp € [1,c0), the operator(] + v/ —A) e itvV/—A
is bounded orL?(R?, dx) for a > (d — 1) ‘— - —‘ with norm estimate

(I + vV—=A)" el _AHE(Lp) < Co(1 4+ [t))* forallt € R.
Proof. We prove that ford > 2

d—1
e
lle™*v— ||£(Lp < C’(J;l) forall z € CT (7.54)
and ford = 1
l|le™*V _A“E(Lp) < C€<§|r§7|:> forall 2 € C*, ¢ > 0. (7.55)

Once (7.54) and (7.55) are proved, Theorem 7.20 follows from these two
estimates by the same proof as that of Theorem 7.12.

We shall prove (7.54) and (7.55) fpr= 1. The estimates fop € (1, 2)
follow by interpolation, and fop € (2, co) by duality.

Consider first the casé > 2. We shall denote by Const all inessential
constants.

Using the expression of the Poisson kernel (7.53), we have

1
/ |k(z,z,y)|dr = I‘(d+ ) _(d+1)/2/ %daz
RY |22 + [=[?] 2

o0
< Const/ Ld“dr
0 |22+ 2
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Since|z? + 7?12 = (|22 — r?)? + 4r%(R2)?, we have

d—1

o0 T
\k(z,x,y)]dxﬁ(]onsﬂz]/ dr
/Rd 0 [(22 = )2 + 4r2(R2) T

t4=1dt
:Const|z]d+1/ . -~ , ST
0 [lz]*(1 —t2)2 + 4t2(R2)?|z|?] =

_ Const(2 |z )d+1 /Oo td=1at ‘
Rz 0o [ \Zl) (1 - 2)2 +4t2]%

We splitthe last integral into the SU[f‘lt_lKl + f‘
=3
it — 1| > 3 is bounded by

1> - The integrabver

/ ! dt = C<§RZ> s (7.56)
114 [(52)%(1 - 2)2] g

whereC' is a positve constant. The integral ovgr— 1| < % is bounded by

3\ 32 t
<> / EXIPTEE
2) e (a-epEdp T

Making the changef variablesu := (1 —tQ)%, we see thathe last integral
can be dominated by

1
2l JR (14 u2) T

Using this and7.56) yields (7.54).
Assume now thad = 1. We follow the same proof as above and obtain

1
/ |k(z, x,y)|de < Const/ dt
R \) + 4¢2|1/2

We split again the integral i“tﬁt71|<l +f‘
—2
term by

t-1>1 and dominate theecond

1
[ o
=153 (1= £2)2(52)%[ /2 2

The first inteyral is dominated by

3/2 "
2/ dt.
172 [(1= 2)2(50)2 + 1)1/2
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Using a@in the change of variables := (1 — t2)§% and the olsious in-
equalityl + u? > %(1 + |u])?, we candominate the last integral (up to a
constant) by

51z
Rz [am= 1 Rz 5 |z|
— ——du=—1In(1+-—).
12| Jo 1+u™ H n +4§Rz)
This implies (7.55). O

UsingTheorem 7.20, we obtain as in (7.52) thdt ~2h ¢ WA—2»(R9)
forall h € WAP(RY), p € (1,00) andf > «a > (d — 1)]1/2 — 1/p|.
This allows one to obtain regularity properties of the solution to the wave
equation

L ou(t) — Au(t) =0, teR,
u(0) =,

from regularity properties off andg.

7.5 SINGULAR INTEGRAL OPERATORS ON IRREGULAR DOMAINS

Denote again by X, p, 1) a metric measured space andlebe a bounded
linear operator or.?(X, ;). We shall say thaf is of weak type (1,1) if
there exists a constaét such that

(e [Tu(a)] > ) < < full

for all « > 0 andall v € L?(X,u) N L'(X, 1). The smallest constardt
for which this holds for alle > 0 andu € L?(X, ) N LY(X, ) will be
denoted]THLl(XMHLM(X’M).

By the Marcinkiewicz interpolation theorem, every bounded linear op-
erator onL?(X, ;1) which is of weak type (1,1) extends frof¥ (X, i) N
LP(X, u) to a bounded operator aif (X, i) for all p € (1,2].

The following theorem gives a criterion under which a bounded operator
on L%(X, ) is of weak type (1,1). This criterion is given in terms of the
associated kernel. We shall say tfiahas an associated kerrigle, y), if &
is a measurable function o¥i x X and

Tu(x) = /X E(x,y)u(y)du(y) for a.e. z ¢ supp(u) (7.57)

for everyu € L?(X, ;1) with bounded support iX.
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THEOREM 7.21 Assume thatX, p, 1) satisfies the doubling property (7.1).
Let T be a bounded linear operator ab?(X, ;1) which has an associated
kernelk(x, y) in the sense of (7.57). Lét~'4);>¢ be a strongly contin-
uous semigroup with a heat kernglt, =, y) which satisfies the Gaussian
upper bound (7.3) (foa.e.xz, y € X). Assume that the composite operators
Te~*4 have associated kernels(z,y) (in the sense of (7.57)) and there
exist constant$l” andé > 0 such that

/( )56t/ |k(z,y) — ki(z,y)|du(x) < W (7.58)
plzy)=> m

fora.e.y € X and allt > 0. Then the operatof is of weak typé1, 1) and
there exists a constait, independent of, such that

1T 1 x py—rrw () < CW + T £z2)-

Proof. We shall use the Caldan-Zygmund decomposition for integrable
functions; see Coifman and Weiss [CoWe71].

Let f € LY (X, p) N LA(X, ) anda > || f]l1(u(X))~! (the latter term is
0 if u(X) = o0). There exist a constant independent off and«, and a
decomposition

f=g+b=g+> b

such that the following four properties hold:

(i) lg(z)| < caforae.x € X;

(i) there exists a sequence of balls := B(z;,r;) so that the support of
eachb; is contained inQ; and

/ bi(@)ldp(z) < con(Qs):
X

(&

(i) > m(@:) < ~If[:

(iv) eéchpoint of X is contained in at most a finite numh¥&rof the balls
Qi.

Note that conditions (i) and (iii) imply thah||; < ¢2||f||; and hence that
llglli < (1+¢2)|fll1- We also deduce from this anig) thatg € L?(X, u).

Throughout this proof, we shall denote 6%, C, . . . all inessential con-
stants. We first observe that

pl{z, [Tf(2)] > a}) < p({z, [Tg(2)| > a/2}) +p({z, [To(x)] > a/2}).
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Using thefacts thatT is bounded onL?(X, ;1) and that|g(z)| < ca, it
follows that

pl{z, |Tg(x)] > a/2}) <da™?||Tgl3
<4072 TIZ )l 9113

4de 9
< Tz 22 llglly
C
<4(1+ Cz)aHTH%(m) [alFe

Thus,

40(1+02)||TH%(L2 COHTH%(m)anl
(6
(7.59)
Fix b; and choosé; = r]" (wherem is the constant appearing in the
Gaussian bound (7.3)), whergis the radius of the balD; = B(x;, ;). We

write

u({x,|Tg(x)] > a/2}) < Liflh =

Thi(x) = Te b (z) + (T — Te )by ().
To analyzeTe *4b;(x), we first estimate *4b;. Since (7.3) is equivalent
to (7.5) andh; has support contained @;, we have

. 1 plx,y m/(mfl)
e b)) <0 [ —L—exp d —e 2B ) duty)
x V(x,t;”) t;

¢ pl, )/
= i7my <P {_CO A7)

></ L [0i)|dialy)
B(zi,t,”)

C'e p(w, )™/ (m—1)
< 1/m) exp {—co 1/(m-1) ap(Q;)

]

c’ / ,p(@,y)™/ (m=1)
<———a | exp{ —¢——"—7—— ¢ xqQ,(¥)du(y).
Vi, tt/™) Jx { ¢/ m=1) “

Note that wehave used the property (ii) of the CaldarZygmund decom-
position to obtain the third inequality. Het&,C”, ¢y, and¢’ are positive

constants.
We have then proved

o ok p(l‘ y m/(m—1)
e 1A, (x Soz/ exp{—c/’ xo, (y)du(y).
) < | i e o))
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Let nowu € L%(X, ). Using this inequality, we have
|(u; e~"4y))|

< [ @l o) duta)

<cro | (foyormm oo { -t Juee)

xxQ: () du(y)

<Cia [ ( /. Mexp{ "W}wmndu(m)

xxQ: (y)du(y),

. m/(m=1)
where we hee used (7.4) to estlmat‘gm exp {_c/%} by

m/(m—1

) .
m exp {—c”% } wherec” € (0, ) is a constant. On the

other hand,

1 / " p(x, y)m/(mil)
————— [ exp{ —"——F——  Ju(x)|du(x)
ek { /oD

7

_ o //p(x’y)m/(m—l)
= 1/m Z/ktl/ <o)<k D) l/meXp{ ¢ (/1)
x|u(z)|dp(z)
iy
S —— 7 [u(x)|dp(z)
Vi t;™) \ /™)
+Ze_cukm/<m1>/

=1 B(y,(k+1)t)/™)

udu(e) )

1/m
1 + Z l)t )eicllkm/(mfl))Mu(y)

k>1 (y, 11/m)

<C(1+ Z(k: +1 de_cllkm/(ml))/\/lu(y),

k>1

where

1
Mu(y) = sup g )/(w) lu(@)|du(),

is the Hardy-Littlewood maximal operator.
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It follows from the previous estimates that there exists a positive constant
C1 such that

|(u; e740;)| < Cla(Mu; xq,)-

Since this inequality holds for all € L?(X, 1) and everyi and since the
Hardy-Littlewood maximal operator is bounded @A(X, ) (see Christ
[Chr91a]), it follows that there exists a constantsuch that

| Z XQ;i
%

We use properties (iii) and (iv) of the Cald®rZygmund decomposition to
obtain from (7.60)

_tiAb‘
i

< Cha (7.60)

2

_tiAb'
)

1/2
< c;a(Zu@») < M0y 111

2 7

Using again the fact thaf is bounded o2 (X, 1), we obtain

2
1 ({x, ZTe_tiAbi(a:) > a/4}> <1602 ZTeft"Abi
i i 2

<1607 2T |22 | D e b

7

2

2
< Csa_IHT”%(p)Hle-

Thus,

«({e

We estimate now the terfi >, (1—e~*i4)b;. Denote byB; := B(z;, (1+

S)t Zl/m) the ball with the same center s and radiug1 + §)t; t1/™ where
¢ is the constant in (7.58). One has

«({- 1))

< Z“ )+ Z4a / (T — Te~ )b ()| dp(z).

X\B;

—tiAbi(

z)| > a/4}> < Cya Y TI2 2 Ifll1 (7.61)

S @ - Te Ay (a)

)
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Using (7.1) and property (iii) of the Cald@m-Zygmund decomposition, one
finds a constant’, such that

Zu <C4Zu Qi) < cCaa™ ! flh- (7.62)

Finally, we use (7.58) to control the last term. Sirngds supported in
Q: = B(x;,t/™), we have

7

/ (T - Tet )by () dpu(x)
X\B;

<.
X\B;

< L] [ ) b)) | du
<Wilhl.

[ ke ke, y)bi(y)du(y)’ du(a)

Thus, using (ii) and (iii) of the Caldén-Zygmund decomposition one ob-
tains

S [, 1@ T ldute) < WS < Wl (769

We obtain from (7.59), (7.61), (7.62) and (7.63) that
17N £ (x py— e () < C(1+ W+ ||TH%(L2))' (7.64)

Set

W(T) = sup / k(2 y) — ke, y)ldu(e).
yeX t>0 J p(x,y)>ot1/m

Observe thaW(||T\|;(1L2)T) = ||THZ(1L2)W(T) and apply (7.64) to the
operator||T'|| , LZ)T to obtain
| TN 21 x py— e (x ) < CCIT g2y + W(T)).

This proves the theorem. O

Remark. The fact thate=*4),> is a semigroup has not been used in the
proof. We could replacée—*4); in the previous theorem by any family of
bounded operatorsd; ), such that eacH, is given by a kernel satisfying

the Gaussian upper bound (7.3). Note also that one can weaken (7.3) to
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include situationsvhere one has a polynomial upper bound, rather than a
Gaussian one. For all this, see Duong and MclIntosh [DuMc99a].

One advantage of the previous theorem is that it allows one to prove
boundedness oh?(X, 1) for operators given by singular integrals (in the
sense of (7.57)) without assuming any regularity on their associated ker-
nels. This suggests that the theorem holds for operators actifig(éh 1),
where() is an arbitrary open subset &f, just by extending the kernels by
0 outsidef2 x (2. This is indeed true and we formulate it in the next result.

Let (X, p, ) be as above so that the doubling condition (7.1) holds.
Let ©2 be any open subset of and (e~*4),>( be a strongly continuous
semigroup orn.?(€2, i) with kernelp(t, z, y) satisfying the Gaussian upper
bound (7.3). Againy/ (z, /™) in (7.3) denotes the volume of the ball &f
(and not ofQ)!) of centerz and radiug!/™.

We have

THEOREM 7.22 Assume thatX, p, 1) satisfies the doubling property (7.1)
and let(2 be any open subset &f. LetT be a bounded linear operator on
L?(9, 1) with an associated kernélz, y) (in the sense of (7.57), with in
place ofX). Let(e~*4);>¢ be a strongly continuous semigroup with a heat
kernelp(t, z,y) which satisfies the Gaussian upper bound (7.3). Assume
that the composite operatof&—*4 have associated kernélg(z, i) (in the
sense of (7.57)) and there exist constdtsandd > 0 such that

/( )>6t1/ k(z,y) — k2, y)|dp(z) < W (7.65)
plx,Yy)=> m

fora.e.y € Qand allt > 0. Then the operatof” is of weak typé1, 1) and
there exists a constaliit such that

1Tl @ p)—rprw@p < COW + 1T £22(0)))-

As we already mentioned, by the Marcinkiewicz interpolation theorem,
the operatorT” in Theorem 7.22 extends from?(, u) N LP(Q, 1) to a
bounded operator ob?(X, i) for all p € (1, 2].

Proof. Define

o) — 4 Txeu)(z), =€,
Tu(w) := { e 0, =¢Q.

Itis clear thatT is of weak typg(1, 1) on € if and only iff is of weak type
(1,1) on X. Now we apply Theorem 7.21 to prove tHatis of weak type
(1,1) on X.
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The operatofl” has an associated kerrfgl:c, y), given by

~ L k(w,y) if T,y € Q’
k(x,y) = { 0 otherwise.

We define in the same way; 4, j(t, z,y), Te-T andk(z, y). Clearly,
Te T = Te-tA. The assumptions of Theorem 7.22 imply thatand

Te 1 satisfy the assumptions of Theorem 7.21 (except the factkttdt

is not necessarily a semigroup 8A(X, ) but, as mentioned in the remark
following the proof of Theorem 7.21, the semigroup property is not needed
in that theorem). We then obtain the weak type (1,1) assertiof fom X

and this gives the same result fBron (2. O

7.6 SPECTRAL MULTIPLIERS

Theorem 7.15 gives a condition ghwhich allows one to extend( ¥/A)
from L2(Q, u) N L1(2, 1) to a bounded operator oh! (€2, u). There are,
however, interesting examples of functigfisor which the condition there
is not satisfied. An example is given bf(\) = A\ wheres € R is
fixed. The corresponding operatffA) = A% is the imaginary power
of A. Theorem 7.15 cannot be applied to prove boundedneds’n, )
of A%. This boundedness ab¥ (€2, 1) for 1 < p < oo, will be achieved by
applying Theorem 7.22.

THEOREM 7.23 Assume thatX, p, 1) satisfies the doubling property.2).
Let Q2 be an open subset of and assume thatl is a non-negative self-
adjoint operator onL?((2, 1) with a heat kerneb(t, z,y) satisfying the
Gaussian upper bound (7.3). Denote againgg non-negative’>° func-
tion satisfying (7.36). Lef : [0,00) — C be a bounded function such
that

sup [[o(.) f(t.)]les < oo (7.66)
t>0

for somes > d/2. Thenf(A) is of weak typg1, 1) and is bounded on
LP(Q, p) forall p € (1, 00). In addition,

1f (Dl L1 )Lt @p < Cs[iglg le()f@)lles + [ fFO)]  (7.67)
for some positive constant;, independent of.

Results of this type are called spectral multipliers. Note that = —A
is (minus) the Laplacian oi?(R?, dz), then the operatol’ = f(—A)



236 CHAPTER 7

satisfies

Tu(€) = f(E)a(), € R,
for all u € L%(Q,dx), where” denotes the Fourier transform. Thas,=

f(—=A) can be viewed as the multiplier kf(|¢|?). For this particular oper-
ator, the previous result holds with the condition (7.66) replaced by

sup [[o()f (8 [[we2(r) < 00 (7.68)
t>0

for somes > d/2, whereWW*?2(R) denotes the classical Sobolev space. See
Hormander [Hr60].

Assume thaff is of classC!%/2+1 where[.] denotes the integer part. ff
satisfies

iu};|)\kf(k)()\)| <oofork=0,1,..,[d/2] +1 (7.69)
>

then f satisfies (7.66). Indeed, for evekyj < [d/2] + 1, one has

’(P(j) (/\)tkf(k) (t\)| = ’(p(j) (/\)/\—k| ’(t)\)kf(k) (tN)]
<D NAF[sup |AFFF ()],
A>0

The term|U) (A\)A~*| is uniformly bounded since has support contained
in [%,1]. This showsthat (7.66) holds withs = [d/2] and also withs =
[d/2]+1. Now (7.66) ford/2 < s < [d/2]+1 follows from the interpolation
inequality’

lulles < ullges ™l (7.70)
Proof of Theorem 7.23s in the proof of Theorem 7.15, we writfg\) =
f(A) — f(0) + £(0) and hence

FVA) = () = JO)(VA) + fO)L.

Replacingf by f — f(0), we may assume in the sequel thydd) = 0.
Observe also that satisfies (7.66) if and only if the functioh — f(\™)
satisfies the same property. For this reason, we shall con&id&r) rather
thanf(A).

We have again for allx > 0

+o0 N
FO)= D" 0@ NN = ) fa(N).
n=—oo n=—N

"See Triebe[Tri78], p. 202.
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As mentioned in the proof of Theorem 7.15, this equality implies that the
sequencEf}N fn( %/ A) conveges strongly inL2 (€2, ) to f( ¥/ A). We
shall prove thatzg:_N fn( %/ A) is of weaktype (1, 1) with bound inde-
pendent ofN. This together with the strong convergencelif($, ;1) im-
plies the theorem.

Now, in order to prove a weak typé, 1) bound foanN:_N fn(R/A),
we apply Theoren7.22. We prove that

N

3 [fn< YA ()

n=—N

sup/

wx S p(,y)>u
ARV )| i) < e, (770

where thesupremum is taken for all > 0 andz € (). Here we use again

the notationl’(z, y) for the associated kernel of an operafom the sense

of (7.57).

Let gn(N) 1= fa(W)(1 — e~ @V™) = F)p(27"M)(1 — e (V™). We
have to estimate

L= / lgn( VA (1) du(y).
p(z,y)>u

By the Cauchy-Schwarz inequality,
1/2
= | [ (VA )1+ 200000 Pt

1/2
<[ e )]
p(zy)>u
We apply Lemma 7.18 witlf = g,, andr = 2" to obtain for alls > %

/Q lgn( V), )P+ 2 )P dia(y) < O [[GgngaZose.

V(z,277)
(7.72)
On the othehand, there exists a constatyt, such that
[02ngnlcs+e < Cm sup [o() f(t.)[|gs+e min(L, u2™). (7.73)

Using (7.46), (7.72), and (7.73), it follows that

I, < CY min(1,u2") min(1, (u2”)%75) sup ||(.) f(t)]| gs+e-
t>0

80ne can usagain (7.70) in order to prove (7.73).
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Hence fors > 4

+00
Srscr( 3w ¥ @t )sup et o

u2n<1 u2n>1
= Cesup [[p() f(E)llgate,
>0

where(C: is a positve constant independent of This proves (7.71) and
we conclude by Theorem 7.22 th@nNz_N fn( R/A) is of weaktype (1, 1)
with

| Z Fa(VA) |1 @y p1w (@) < C 1£lloc + sup flo () f(E)lcase |

forall N > 0. This proves the theorem. O

The following corollary gived.P-estimates for imaginary powers of self-
adjoint operators. More precisely,

COROLLARY 7.24 Assume thaf) and A are as in Theorem 7.23. Then
for eachu € R, the operatorA®™ is of weak typg1, 1) and extends from
LP(Q, ) N L%(9, 1) to a bounded operator oh?(Q, 11) for all p € (1, c0)
with norm estimate

. 1_ 1
IA™ (| £(zr iy < Ce(1+ )27 for allu € R. (7.74)

This estimate holds for eveey> 0 (hereC; is a constant independent of
u).

Proof. We apply Theorem 7.23 witfi(\) = \“. We use again the inequal-
ity (7.70) to obtain

sup [[()f(E)llcs < C(1+ |u])®
10
for s > 4. It follows that A™ is of weak type(1, 1) with

Al £ (@) pw () < Ce(1+[ul)2™ (7.75)

for all ¢ > 0. This and the fact that|Ai“|]£(L2(Q7u)) < 1 imply by the
Marcinkiewicz interpolation theorem that* extends to a bounded operator

on LP(Q, ) for 1 < p < oo, with norm bounded by, (1 + |uf)2 =
Choosingp arbitrary close td andapplying the Riesz-Thorin interpolation
theorem, we obtain (7.74). O
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The next result concerns the situation where the volume has polynomial
growth. We assume th&t(z, r) satisfies

CiV(r) <V(x,r) <CoV(r)forallz € X,r >0, (7.76)
whereC', Cs are positive constants and.) is a function such that
V(r)=0@Y asr — 0 and V(r) = O(rP) as r — . (7.77)

Hered and D are positive constants. Of course, (7.1) holds in this situation

and Theorem 7.23 applies with conditien> % in (7.66). Thenext
result asserts that for compactly supported functiens, D /2 is actually
enough. We have

THEOREM 7.25 Let 2, A be as in Theorem 7.23 and assume that (7.76)
and (7.77) hold. Sef := fy + fs With fy supported in[0,2] and f
supported in1, co). Assume that

Sup lo() fo(t)|lcs < oo for some s > D/2 (7.78)

and
max (d, D)

: (7.79)

SUIO) lo() foo(t)||cs < 00 for some s >
t>

Then f(A) is of weaktype (1,1) and extends to a bounded operator on
LP(Q, p) forall p € (1, 00).

Proof. By Theorem 7.23 and (7.79J(A) is of weak typg(1, 1). We only
have to show that if (7.78) is satisfied, thg{A) is of weak type(1, 1).

Let © be as in the proof of Theorem 7.23. Since the supporfyof
contained in0, 2] we have

Zgo 27" A) fo(A Z@ 27" ) fo(A
Therefore the proof of Theorem 7.23 applies once we prove
/ (1+2"p(x,y)) " *du(y) < C'v(z,27") min(1, (u2")P~>)
(zy)2u

forall w > 0 andn < 0.
We show that for alt- € (0,1] ands > £

/ (1 +rp(z,y)) 2du(y) < C'V (x 1> min(1, (ur)P~2%).
(7.80)
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The proofis similar to that of (7.46). liur > 1, then
/ (1+ rp(x,y) > *dp(y)
p(z,y)>u

<

(rp(z,y)) "> du(y)

k>0 /QkUSP(Z':y) <2ktly

< (ru)"> ) (2N 7V (2,25 ).
k>0

Sinceur > 1 andr < 1, we have
k1 k1, 1 prr 1\
V(z, 2 u) =V (2,2 ur— | =0 [ | 2" ur— :
T r

V(x, 28 ) < C(28)P (ur)PV (m, 1>

Thus,

r

which gives the desired inequality. Hr < 1, we write again (7.47) to
obtain (7.80). O

7.7 RIESZ TRANSFORMS ASSOCIATED WITH UNIFORMLY ELLIPTIC
OPERATORS

Let (2 be an arbitrary open subsetRf. We denote bylz the Lebesgue mea-
sure and by(.;.) the scalar product of?($2, dz). Consider the uniformly
elliptic operator

d

A=— Z Dj(ay; Dy) + ao
kj=1

acting onL?(2, dz) and subject to Dirichlet boundary conditions (see Chap-
ter 4). A is the operator associated with the form

d
a(u,v) = Z /akj(x)DkuDjvdx+/aouvdx,
kj=1"4 ¢
with domainD(a) = H} (£2). We assume that

d

ag, ajr = ap € L°(Q, 1, R), Y ag;&eg; > nl¢)* forall € € C7,
k=1
(7.81)
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wheren > 0 is a constant. Under this assumptis a closed symmetric
form (see Chapter 4). Its associated operatds then self-adjoint. If in
addition, ag is non-negative, them is non-negative (or accretive) in the
sense that

(Au;u) > 0 for allu € D(A).

Denote byA'/2 the square root ofl. It is a classical fact that (see the next
chapter)

a(u,v) = (AY2u; AY?0) for all u, v € D(a) = H}(Q).

Let us denote the gradient By. It follows from this equality and as-
sumption (7.81) that

d
alIvallp< > | (o) DyDyuds
k,j=1"

<a(u,u)

= [|4"2u3.
In particular, the Riesz transform operaiérd—1/2 extends to a bounded
operator on(L2(€2, dz))¢. We shall denote by A~'/2 its bounded exten-
sion. The next result shows thatd—!/2 is also bounded ofLP (12, dzx))?
forallp € (1,2].
THEOREM 7.26 Assume that (7.81) holds and that is non-negative on
Q. For eachk € {1,...,d}, DyA"1/? is of weak typg1,1) on Q. In
particular, D, A~'/2 extends to a bounded operator @# (S, dx) for all
p e (1,2].
Proof. We have seen above that, A—1/2 is bounded onL?(9, dz). By
Marcinkiewicz interpolation theorem, it suffices to prove tijtA—1/2 is
of weak type(1, 1). This will be achieved by applying Theorem 7.22. By
Theorem 6.10 the heat kernglt, =, y)° satisfies a Gaussian upper bound,
and therefore it is enough to prove that for some positive congignt

[ syl <w t>0geq (7.82)
lz—y|>Vt

wherek; (x, y) denotes the associated kernelgfA—1/2(I — e~*4).
The operatord—1/2 is given by the formula

1 o0 ds
A2 = / e Ay,
2ﬁ 0 \/g

*This ispy (¢, ,y) in Theorem 6.10.
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Thus,

DkA—l/Q( e—tA)
ds 1 & ds
—sA —(s+t)A @2
_—— D
2f / NN / K Vs

The kernelk,(z, y) is then given by

ki(x,y) 2\F/ Dy 2p(s,x y)(\lf X{s>t} ﬁ)ds, (7.83)

whereDy, .p(s, x,y) is the partial derivative with respect to thevariable,
and this makes sense because of (6.48) and the faetthatL?(Q, dz)) C
H}(Q) forall ¢ > 0.

Using the weighted gradient estimate of Theorem 6.19 (assertion 2)) and
the Cauchy-Schwarz inequality, one obtains

/ ‘Dk,xp<87x7y)’dx
lz—y|>Vt
1/2
< [/ IDk@p(sw,y)|262ﬁlm_y'2/sd4 [/ e~ 2le vl gy
Q lz—y|>V1

1/2
< Os~U/4-1/2 [/ e—25|x—y|2/sdx:|
lz—y|>vt

Heres > 0 andC > 0 areconstants. On the other hand,

/ o281y fs g < Bt/ / o Ble—vl?/s 4oy
lz—y|>vt Rd

1/2

Hence, for allt > 0 ands > 0

/l | \/‘Dk,xp(s,x,y)\dx <Clems 2, (7.84)
z—y|>Vt
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where(’ is a positive constant. Using this and (7.83) it follows that

/ ke, ) da
lz—y|>Vvt

C/ o0

|

1 _
2/ Jo ﬁ_X{”t}Fs—t‘e
bt pids o0 1 1 st
—o" / —%7 / ( _) -5 _1/2d:|
[ 0 <’ S - ¢ Vs—t /s € i

= C”Ul + IQ]

< %s_l/%ls

The first term/; := [ e*%% satisfies

L 5 du
I = e 2u— < 00.
0 u

The second onsatisfies

[ (e )
()1 1 du
_/0 <¢a - m) Vati
Y 1 1 du
_/0 ( ut~H(ut=t 4+ 1) w4 1) t

:/0°°< v(i+1) _vi1>dv'

Thelast term is finite and it is independenttofl hus we have proved (7.82).
O

The above theorem holds also for uniformly elliptic operatarthat are
subject to Neumann or mixed boundary conditions. In this case, one as-
sumes, for example, th& has the extension property (more precisely, one
assumes thatl' (2) satisfies the Sobolev inequality (6.19), which indeed
holds if 2 has the extension property). The result is now reformulated as
follows: for everye > 0, the Riesz transforn, (eI + A)~'/? is of weak
type(1, 1) and extends to a bounded operatoréii(2, dx) for 1 < p < 2.

The proof is exactly the same as the previous one. The Gaussian upper
bound of the heat kernel that we need in the proof is satisfiedhfs the
extension property, see Theorem 6.10.

Let A be as in Theorem 7.26. Recall that the semigréug4);> is
sub-Markovian (see Chapter 4) and let us denote-bly, the generator of
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the correspondingemigroup orL?(Q2, dz),1 < p < co. As a consequence
of Theorem 7.26, for every € (1, 2],

IVull, < C|AY?ull, for all u € D(AL/?), (7.85)

whereC' > 0 is a constant.

If A is subject to Neumann or mixed boundary conditions @riths the
extension property, then (7.85) holds withy replaced by:I + A, for any
e>0.

In order to prove (7.85), lat € D(A;l,/z) and write fort > 0

Ve 4y = VA;l/QA;/Qe_tAu.

The term on the right-hand side makes sense, siméé(LP(Q,pn)) C
L2(,dz) and e *4(L?(Q, dx)) € D(Ay*) for all ¢ > 0. By Theorem
7.26

Ve~ Aull, < Ol Ay % ull,
= Clle™" 4, 2ull,
<O A %ullp.
We have proved that
Ve ul|, < C||AL/?ul|, for all t > 0. (7.86)

This inequality implies that for every> 0, |le™*4u||yy1.5(q) < C’ for some
positive constan€’. Sincee *4u — w in LP(Q, dx) ast — 0, it follows

thatu € W1P(Q2) and one obtains from (7.86) thi¥u|, < C\|A11/2u||p.
When A is subject to Neumann or mixed boundary conditions, the argu-
ments are the same. We only have to replagdy eI + A,,.

Remark. 1) SinceD(A4,) C D(A},/Q) it follows from (7.85) thatD(A4,) C
whr(Q) forall p € (1,2].

2) The results in this section hold also for non-symmetric operataes
— >t =1 Dj(ar;Dy) + Xy b Dy — Di(cx.) + ag with complex-valued
coefficientsay;, by, cx, ag, and acting onL?(RY, dz). We assume that the
heat kernel ofd has a Gaussian upper bound. One has now to repldne
A+M\I for some positive constantin the statments. What is needed in order
to apply the previous proof to the nonsymmetric case is the boundedness of
Di(A+ XI)~'/2 on L?(R%, dzx), which is indeed true as we shall see in the
next chapter.

3) The boundedness assumptiorugfwas not used in the proof of The-
orem 7.26. This theorem holds with< a¢ € L] (). The operato is
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now defined as the operator associated with the form

a(u,v):/ aijkuDjvd:(:+/aouvd:c,
Q Q

D(a) = {u c Hol(Q),/QaOWd:c < oo} .

Similarly, we can replacé&l () by H' () if the latter space satisfies (6.19)
(which is the case if) has the extension property).

7.8 GAUSSIAN LOWER BOUNDS

This section is devoted to Gaussian lower bounds. The aim is to show how
such lower bounds can be obtained from Gaussian upper bound<édet H
continuity of the heat kernel.

We shall assume that the heat kerpgl z, y) satisfies

Cct—n/m

| < WIO(:U’ZE/)W for all ;L‘,:E/’y € X7 (787)
y,

’p(ta z, y) _p(ta $I> y)

wheren andC are positive constants amd is as in (7.3). In the case where
C'rt < V(x,r) < Crefor all z € X andr > 0, Theorem 6.6 gives a
criterion for the validity of (7.87).

The first step needed in order to obtain a lower bound is given in the
following result.

PROPOSITION 7.27 Assume that the doubling property (7.1) holds and as-
sume that the heat kerng(t, , y) satisfies (7.87). Ip(t, z, y) satisfies the
on-diagonal lower bound:

C

t > ¢
Pl 2,2) 2 iy

forallt >0,z € X (7.88)

for some constant > 0, then there exist constants > 0 and 3 > 0 such
that

/

p(t,z,y) > forall t,z,y such that p(z,y) < BtY/™. (7.89)

_°
~ V(y, t/m)
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Proof. It follows from (7.87) and (7.88) that
ct—n/m
7V(y7tl/m)p(m,
S c _ ct—n/m
T V(y, t/m) vy, t/m

(&) _
> 1 ¢ n/m n
V(y,tl/m)[ p(z,y)"]

> 070
2V (y, tt/m)

for p(z,y)" < 1¢7/™, whichshows (7.89). O

p(t,z,y) >p(t,y,y) — y)"

)p(w, y)"

Now we show that the on-diagonal lower bound (7.88) can be deduced
from a Gaussian upper bound and the conservation property.

PROPOSITION 7.28 Assume thatX satisfies the doubling property (7.1)
and letA be a self-adjoint operator oh? (X, ;1) with a heat kerneb(t, z, y)
satisfying the Gaussian upper bound (7.3) fgory € X. Assume also that
[x p(t,z,y)du(y) = 1 forall t > 0 anda.e.z € X.1% Then there exists a
constantc > 0 such that for allt > 0 anda.e. x € X

__°c
V(x, tt/m)’
Proof. Fix a positive constant. We have

/ p(t,2, )du(y)
X\B(z,atl/m)
¢ p
< e — — m—1 d
N /X\B(x,atl/m) V(I, tl/m) P { C( t ) } M(y)

_cgm/m—1 1 c p™(z,y), 1
SC@ 2 /)(Wexp{_2( (t ))m‘l}dﬂ(y)

_c,m/m—1
<(Clem 2%

p(t,z,x) >

For thefact that [y -7 exp{— (22 )75 1y (y) is bounded by

constant, see the proof of Proposition 7.1.

Now for « large enough, the terr@”e= """ is smaller thanl /2.
Thus,
[ ptawdu) =1 plt.z,y)du(y)
B(m,atl/m) X\B(.Z‘,Octl/"L)

>1/2

9This is theconservation (or the Markov) property *41 = 1.
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for « large enough. It follows that

p(2t,z,x) = /p(t z,y)p(t, y, z)du(y)
t/ptwy\W(

i/ Ip(t, 2, ) 2dps(y)
B(z,att/m™)

1 2
> t d
—v@ﬂwm<émwmf“%”“@>
1

> .
AV (x, atl/m)

Using(7.1) (or (7.2)), the last term is estimated from below ( (g)l/m)

for some positie constant. O

In order to deduce a Gaussian lower bound from the Gaussian upper
bound we shall assume th&t has the chain condition: there exists a con-
stantC' such that for every, y € X and every positiver € N, there exists
a sequence of points, 0 < i < n, in X such thattg = z, =, = y and

p(xi, xiy1) < Cp( y) foralli =0,...,n — 1.
n

The sequence;, 1 < i < n, is referred to as a chain connectingndy.

THEOREM 7.29 Assume thaifX satisfies the doubling property (7.1) and
the chain condition. Letl be a self-adjoint operator of?( X, ;1) with heat
kernelp(t, z, y) satisfying the Gaussian upper bound (7.3) and tlidoidr
estimate (7.87). Assume thaltt, z,y) > 0 forall ¢ > 0,2,y € X and
satisfies the on-diagonal lower bound (7.88). Then there exist constants
Cy, co > 0 such that

p(t,z,y) Co exp{ — <0 (pm(m,y)> m_l}
- \/V (a, t1/m)V (y, £1/m) t ’
(7.90)

forall z,y € X andt > 0.

Proof. Fix a positiven € N andx,y € X. Denote byr;,0 < i < n,achain
connectinge andy. Letr := @ and/ be as inProposition 7.27.
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By the semigroup property and positivity assumptiorptf, z, v), we have

p(t,x,y)

oo )l

dp(z1).. dﬂ(zn 1)

e
Frean™ S s? (ot () o (Goner)
> pl=z21)p| = 21,22 ) | = 201,y
B(z1,r) B(xn—1,r) n n

dpa(21)-wdp(zn1).

S\H-

Letzyp = z andz, = y. Clearly,

x, .
p(ziy zit1) < p(@i, Tip1) +2r < (C + 2)p( ny), i=0,.,n—1L

If (C +2)p(x,y) < BtY/™, thenp(z,y) < Bt'/™. In this case (7.90) fol-
lows from (7.88) and Proposition 7.27. We may then assume(that
2)p(z,y) > Gt'/™. We choose: > 2 to be the smallest integer such that

(C’—|—2)'0( ) <ﬁt1/m

’[’Lm

This gives

¢ 1/m
p(zi, zig1) Sﬂ(n) ,i=0,...,n—1.
Applying now Proposition 7.27, we obtain
p(t,x,y)

/ / ¢ dpu(z1)dp(zn)
o) S tensin) V@ VTV (a1, (1)) 2V (2, (D))

By the doubllngaroperty (7.2), we have

V(z, (t/n)V/™) < C <1 + (t/n)l/mi>dV(xi,r), i=0,...,n—1

Using the definition of. one obtains(t/n)l/m% < (' for some constant
C'. Thus,

V(zi, (t/n)Y™) < CC"V (24, 7).

Inserting this in the previous lower estimatepdt, =, y) yields

tay) > C" < sor__ <" 7.91
plt-wy) 2 O = i a9
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for some positive constan€” andc’. By definition ofn, one has

w1 (€Y playm/
— /8 tl/(mfl) ’

This and (7.91pive the Gaussian lower bound:

1

C’0 pm(x,y) m—1
P(taﬂf,y)ZWeXP{_CO(t )

which is equwalent to (7.90) (see (7.5)). O

By Proposition 7.28, one can replace the assumption (7.88) in Theorem
7.29 by the conservation property.

Notes
There are other consequences of Gaussian upper bounds of heat kernels. We men-
tion briefly the following further applications.

It was shown by Duong and Robinson [DuR096] that X, u, p) satisfies the
doubling condition (7.1) and!l has anH*> functional calculus or.?(X, i) and
the heat kernel oA has a Gaussian upper bound, thémas anH > functional
calculus onL?(X, u) for 1 < p < oco. A similar result also holds for operators
acting onL?(£2, i) with Q any open subset of. This was proved by Duong and
Mclintosh [DuMc99a].

Gaussian upper bounds were also used to prove maxithal LY a priori esti-
mates for the solution to the evolution equatig(t) = Au(t) + f(t), u(0) = 0.
Such results have been proved by Hieber anas®{HiPr97] and Coulhon and
Duong [CoDu0Q].

Section 7.1 Gaussian upper bounds for complex time play a central role in our in-
vestigation ofL.? spectral theory. The extension of the Gaussian upper bound from
t > 0 to complext was first proved by Davies [Dav89] (Theorem 3.4.8) in the case
whereV (z, t'/™) is replaced by?/™ (actually,m = 2 in [Dav89]). Theorems 7.2

and 7.3 are proved in Carron, Coulhon, and Ouhabaz [CCO02]. A weaker version
of these results appears in Duong and Robinson [DuR096]. Theorem 7.4 is taken
from [CCOO02], and its proof uses an idea from [DuR096].

Section 7.2 It was first proved by Helffer and 8$trand [HeSj89] that for self-
adjoint operators on Hilbert spaces, the formula (7.26) coincides with the usual
functional calculus defined by spectral measures. Subsequently, Davies [Dav95a]
and [Dav95d] extends the Helfferd&&trand calculus to the Banach space setting.
Jensen and Nakamura [JeNa94] have also used the Helffstr&)d calculus to
study LP-mapping properties of Schirdinger operators. Theorem 7.8 is due to
Davies [Dav95a]. See also [Dav95d].
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Our approacho prove LP spectral independence is due to Davies [Dav95b].
Theorem 7.10 was proved by Davies [Dav95b] in the case where the vélime)
has polynomial growth. See also [Dav95c] for an abstract result. A different ap-
proach was used by Hempel and Voigt [HeVo86] to prpviedependence of the
spectrum for Sclirdinger operators. Arendt [Are94] has proved that for nonsym-
metric uniformly elliptic operators, the component of the resolvent set which con-
tains the left half-plane is the same in &lt-spaces (therefore, for self-adjoint op-
erators the spectrum jsindependent). His approach is similar to that of Hempel
and \Voigt [HeVo86]. Kunstmann [Kun99] extends this result and proves that the
spectrum for nonsymmetric elliptic operators whose heat kernel has a Gaussian up-
per bound isp-independent. For operators with unbounded singular drift terms,
p-independance of the spectrum fois some interval containing was proved by
Liskevich, Sobol, and Vogt [LSV02]. Theorem 7.10 can be applied to the Laplace-
Beltrami operator on a Riemannian manifold with non-negative Ricci curvature. In
the setting of manifolds, a better result was proved by Shubin [Shu92] and Sturm
[Stu93] who only assume that the volume grows uniformly subexponentialy.

Section 7.3 For the Laplace operatdx acting onL?(R?, dz), Lanconelli [Lan68]
has proved that’*2 sends the Sobolev spat8? into L?(R¢, dz) wherea >
2d|5 — |- Equivalently this means thaf/ — A)~*/2¢"4 acts boundedly on
LP(R,dx) for @ > 2d|3 — 1|. Riesz means associatedth the Schédinger
group(e'*®),cr have been studied by@&jtrand [Sp70]. He proved that for integer
k > d|i — 1|, the operatot—* fot(t — s)F~1e?sAds acts as a bounded operator on

2 p
LP(R4, dx), and its norm can be bounded uniformlytin- 0. He also proved that
this is not the case # < |1 — Ilj|. Extensions of Lanconelf’and Sjstrand’s previ-

ously mentioned results were given by Boyadzhiev and de Laubenfels [BodelL93]
and by El Mennaoui [EIM92]. The results are formulated in [BodelL93] in the
language ofC-semigroups and in [EIM92] in that of integrated semigroups. Re-
lated results can also be found in Arendt et al. [ABHNO1] (Theorem 8.3.9) and
El Mennaoui and Keyantuo [EIKe96]. On Lie groups with polynomial growth and
manifolds with non-negative Ricci curvature, similar results have been obtained by
Alexopoulos [Ale94a]. Less sharp results in this setting have been announced by
Lohote [Loh92]. In the abstract setting of operators on metric spaces, Theorems
7.11 and 7.12 are proved by Carron, Coulhon, and Ouhabaz [CCOQ02]. The proof
of Theorem 7.11 uses an idea from El Mennaoui [EIM92]. A more recent result of
Blunck [Blu03a] shows the boundedness of Riesz means’dor p close to2 for
operators whose semigroups satisfy a weighted norm estimate.

Section 7.4 This section is mainly taken from Ouhabaz [Ouh03b]. The proofs
use the same techniques as in Duong, Ouhabaz, and Sikora [DOS02]. A related
result to Theorem 7.15 is proved in an unpublished paper by Hebisch [Heb95].
Theorem 7.19 was proved by Alexopoulos [Ale94a] in the setting of Lie groups
and Riemannian manifolds with non-negative Ricci curvature. Related results for
wave equations with a potential can be found in Marshall, Strauss, and Wainger
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[MSW80], Beals and Strauss [BeSt93] and Zhong [Zha95]. For the classical wave
equation, the sharper result in Theorem 7.20 is due to Peral [Per80] and Miyachi
[Miy80]. Their results even include the limit case= (d — 1)|5 — 3|. Mller and

Stein [MiiSt99]have proved a version of Theorem 7.20 for a sub-Laplacian on the
Heisenberg group. Some of the arguments used in the simpler proof of Theorem

7.20 given here are taken from @and Pyltik [GaPy97].

Section 7.5 Theorems 7.21 and 7.22 are due to Duong and MciIntosh [DuMc99a].
The proof of Theorems 7.21 uses a similar reasoning as in Hebisch [Heb90] and
Duong and Robinson [DuR096]. These theorems have been applied successfully in
[DuMc994a] to prove the existence of &t functional calculus irl.? for operators

acting on arbitrary domains, in Coulhon and Duong [CoDu99] to study Riesz trans-
forms on Riemannian manifolds and in Duong, Ouhabaz, and Sikora [DOS02] to
prove spectral multiplier results. Recently, Blunck and Kunstmann [BIKuO3b] have
extended Theorems 7.21 and 7.22 to the case of operators without associated ker-
nel. They have replaced the Gaussian upper bound in the assumptions by a (more
general) weighted norm estimate of the semigroup.

Section 7.6 Theorem 7.23 is a particular case of a more general result proved in
Duong, Ouhabaz, and Sikora [DOS02]. As mentioned in (7.68), for the Euclidean
Laplacian, Theorem 7.23 holds willi*:2 instead ofC* in the condition (7.66).
This is a well-known result of Brmander [Hr60]. Some conditions under which
one can replace in (7.66)° by a Sobolev spacé’*? are given in [DOS02]. Note
that if no additional assumptions are made, Theorem 7.23 cannot holdWyith

in place ofC* in (7.66). This can be seen by considering the harmonic oscillator
—A + 2%, Thangavelu [Tha89] has proved that, for the harmonic oscillatos
—A+2? in one dimension, the corresponding Bochner-Riesz meand), where
o%(A) = ((1 — £)*)«, are uniformly boundedn all L?(R, dz) only if a > 1/6.

If Theorem 7.23 holds for the harmonic oscillator with®-2 in place ofC*, then

the uniform boundedness of Bochner-Riesz means must hold feralD.

For extensions of Brmander’'s multiplier theorem to sub-Laplacians on some
Lie groups, see Christ [Chr91b], Mauceri and Meda [MaMe90], and the references
therein. Related results to Theorem 7.23 (but not on arbitrary domains) have been
obtained by Hebisch [Heb95] and Alexopoulos [Ale99].

Section 7.7 There are several works on Riesz transforms associated with the
Laplace-Beltrami operator on manifolds; see Strichartz [Str83], Bakry [Bak87],
and the references therein. On Lie groups of polynomial growth, Saloff-Coste
[SaC90] has used Gaussian upper bounds and regularity (with respect to the space
variable) of the heat kernel to prove’-boundedness of Riesz transforms asso-
ciated with sub-Laplacians. Coulhon and Duong [CoDu99] have proved that on a
Riemannian manifold or even on an arbitrary domain, the Gaussian upper bound for
the heat kernel suffices to prove boundednessg®for 1 < p < 2 of Riesz trans-
formsV(—A)~1/2. Their proof was then used by Duong and McIntosh [DuMc99b]

to prove Theorem 7.26. Similar results for divergence form operatoRs'aan be
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found in Auscher and Tchamitchian [AuTc98]. See also Blunck and Kunstmann
[BIKuO3a] and Hofmann and Martell [HoMa03]. In [AuTc98] one also finds re-
sults on the reverse inequalifyl’/?u||, < C||Vu||,. For Riesz transforms oh?

with p > 2, the situation is very different from the cape< 2. An example of

a uniformly elliptic operator for which the corresponding Riesz transform is not
bounded or? for anyp > 2 + ¢ (wheree > 0 is a constant) was given by Kenig
and can be found in [AuTc98]. The recent works by Auscher [Aus03] and Auscher
et al. [ACDHO3] investigate on manifolds the Riesz transformd.®ifior p > 2.

Section 7.8 The results in this section have been proved by several authors in
different situations. We refer the reader to Coulhon [Cou03], Davies [Dav89],
Grigor'yan, Hu and Lau [GHLO3] and Saloff-Coste [SaC02]. Our presentation
follows mainly [Cou03]. Let us also mention that on a complete Riemannian man-
ifold that satisfies the doubling condition (7.1), relationships between the validity
of Gaussian upper and lower bounds, Harnack inequalities/&rloincaé in-
equalities on balls have been established by Grigor'yan [Gri91] and Saloff-Coste
[SaC92].



Chapter Eight

A REVIEW OF THE KATO SQUARE ROOT
PROBLEM

T. Kato asked in the early 1960’s the question whether for a divergence form
uniformly elliptic operatorA, the domain of the square rogt/? coincides

with the domain of the sesquilinear form df The question was solved in
few particular cases but the general case was open for several decades, anc
was known as the Kato square root problem. The problem was solved in
the case of dimension one by Coifman, Mcintosh, and Meyer [CMM82].
The case of arbitrary dimension has been solved only recently by Hofmann,
Lacey, and Mcintosh [HLMO2] for second-order divergence form opera-
tors whose heat kernel has a Gaussian upper bband, by Auscher, Hof-
mann, Lacey, Mcintosh, and Tchamitchian [AHLMTOQ2] in the general case
of second-order operators with complex-valued coefficients. In these arti-
cles, the authors proved that for a uniformly elliptic operatan divergence
form, D(AY2) = H'(R?), and|| A'/?u||5 and|||Vul|» are equivalent.

In this chapter, we shall review the Kato square root problem. We first dis-
cuss the problem in the abstract setting of operators associated with sesquilin-
ear forms. In this general case, it has a negative answer. We then return
to the special case of uniformly elliptic operators and discuss some con-
sequences of the main theorem. We shall not give detailed proofs but we
provide the reader with references.

8.1 THE PROBLEM IN THE ABSTRACT SETTING

In this section we shall consider the square root problem in an abstract set-
ting. We shall follow mainly the papers of Kato [Kat61], [Kat62], Lions
[Lio62], and McIntosh [Mcl72], [Mcl90].

Let H be a Hilbert space with a scalar prodyct). Let a be a densely
defined, accretive, continuous, and closed formibrDenote byA its as-
sociated operator. The square regt? is the unique m-accretive operator
such that A4'/2)2 = A'/241/2 = A. Following Kato [Kat61], [Kat80], the

1This is thecase if the coefficients are real-valued; see Chapter 6.
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square roosatisfies:
2 oo
A2y =2 / A(I + t2A) " udt, (8.1)
T Jo

for u € D(A). Note thatthe term on the right-hand side makes sense.
Indeed, we have

I(I + ¢ A) ™" Au| < || Aull
and

(I +2A) " Aul| =t 2|u— (I +t*A) " ul|
<2t72||ul.

Note also that ifA is sectorial (equivalently i& is sectorial), then for every
u € D(A), we have

A2y = 2 / Ae P Aydt. (8.2)
0

™

Again theterm in the right-hand side makes sense sifide " 4u| <
|| Au|| and||Ae~**Au|| < ct~2||u|| for some positive constaatand allt >
0. The first inequality follows from the fact that the semigrap®“);>o
is contractive onH (see Proposition 1.51). The second one follows from
the Cauchy formula and the fact that the semigroup generatedys
bounded holomorphic oH (see (1.19) and Theorem 1.54).

For self-adjoint operators, one always HagA'/?) = D(a).

THEOREM 8.1 Assume that the formis symmetric, accretive, densely de-
fined, and closed. TheR(A'/?) = D(a) and

a(u,v) = (AY2u; AY%0) for all u,v € D(a).

The first step in proving this theorem is to prove th|tA) is a core ofA!/2
(this does not use the symmetry assumption and holds in a more general
setting, see [Kat61]). Once this is proved, one defines the form

b(u,v) := (AY?u; AY%0), u,v € D(b) := D(AY?).

Clearly,a(u,v) = b(u,v) for u,v € D(A). The domainD(A) is a core
of b (since it is a core ofi’/2) and it is also a core af (see Lemma 1.25).
This implies that the two forma andb coincide.

2See Proposition 1.2 Chapter 1.
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More generally, one can define fractional powgfsof any m-accretive
operatorA, for a € (0,1). Foru € D(A), A%u is defined by:

sin T

A%y = / XA + A) " lud), (8.3)

T 0
The operatord® is m-accretie and one hasl®A? = A%*tF and A** =
A**, See Kato [Kat61] or [Kat80]. It was proved by Kato [Kat61] that
for0 < a < 1, one hasD(A%) = D(A*®) but thatA® and A** do not
necessarily have the same domaié ik a < 1. The casex = % was left
open.

The latter question whea = % was soled in the negative for general
m-accretive operators by Lions [Lio62]. He proved thdtA®) form a com-
plex interpolation family. That i (A%) = [H, D(A)]|,, where the latter
denotes the classical complex interpolation space. He then considered the
operatord := % on L?([0, 00), dx) with Dirichlet boundary condition at
0. The adjointA* is given by —-L with domain D(A*) = H'([0,00)).
Therefore,

D(A%) = [L*([0, 00)), Hj ([0, 00))]fa) = H{ ([0, 00)),
and similarly
D(A™) = [L*([0,00)), H'([0,00))]a] = H([0,00)).

Thus, sinceH§([0,00)) # H([0,00)) for @ > 1, one hasD(A%) #
D(A*®) for a > 1.

The aboe operatorA considered by Lions for which he proved that
D(AY?) + D(A*'/?) is not the operator associated with a sesquilinear
form. Special properties hold for operators associated with forms as the
following theorem shows.

THEOREM 8.2 Letabe a densely defined, accretive, continuous, and closed
sesquilinear form orf. Denote byA its associated operator. If two of the
domainsD(A'/2), D(A*'/?) and D(a) are equal, then all three are equal,
and the forma has the representation:

a(u,v) = (AY?u; A*V%0) for all u,v € D(a) = D(AY?) = D(A*Y/?).
(8.4)

This theorem was proved in Lions [Lio62] and Kato [Kat62]. Note that
in these two articles, the form is supposed to be sectorial. Nowaifis

as in the theorem, them+ <(.;.) is sectorial fore € (0, 1] (see the com-
ments following Theorem 1.52) and by Lemma A2 in Kato [Kat61], one has
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D((A+¢el)'/?) = D(AY?) and(A+-<I)/?u converges tol /2y ase — 0.
Thus, lettinge — 0 one obtains the previous theorem from its analog for
sectorial forms.

Kato's question onD(AY/2) = D(A*'/2) for operators associated with
sesquilinear nonsymmetric forms was solved by Mcintosh [Mcl72]. The
question was again solved in the negative. Mclntosh’s example of a sectorial
operatorA for which D(A'/2) # D(A*!/2) is based on the following idea:

For every integen > 2, there exist bounded self-adjoint operatSysand
T,, on a finite dimensional Hilbert spadé, such thab < S, < 13, S, is
invertible and

3

1
HSnTn - TnSnH£(Hn) =2- E and HSnTn + TnSnHﬁ(Hn) <

Now onedefines onf,, the operatord,, := (S, ! +47},)* and shows that
A, satisfies the properties:
1) A,, is sectorial with|(A,u;u)| < ao|R(Ayu;u)|, wherea > 0 is a
constant independent af
2) A, is invertible.
3) For eachn, there exists an elemente H, which does not satisfy the
inequalities

(n —1)"V2)| A5 20|| < ||AY20]| < (n — 1)V2)| A5 20]].

Finally, defined = @ A,, onH = € H,,. One obtains from the previous
properties ofd,, that A is sectorial, m-accretive with bot4'/2 and A*1/2
invertible and for everys > 0 there exists € D(A'/2) N D(A*'/2) which
does not satisfy the inequalities

BH A 20| < [|AY 20| < B A 2],

This together with the remark following the proof of Theorem 1.50 shows
that the domain® (A'/2) and D(A*!/?) must be different.

The following example shows also how the case % is critical. Con-

siderd = 1 andA = — 4 (a-1). We assuméhata is a real-valued bounded
function such that > 1. In this caseA is self-adjoint with domain

D(A) = {u e H'(R),au' € H'(R)}.

3In the sens¢hat0 < (S,u;u) < |lul|® forallu € H,.
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Now by interpolation,D(A®) = [L?, D(A)];, and one obtains

D(A%) = D((AY?)*) = [L?, H"|po) = H**(R) for 0 < o < %
D(AY?) = H'(R),
D(A*)={f € H'(R),af' € H**"'(R)} for% <a<l.

A proof of the latter equality can be found in David, Jaziand Semmes
[DJS85]. See also Auscher and Tchamitchian [AuTc92].

Summarizing, we have seen thatA®) = D(A**) for a € (0, 3) and
every m-accretive operator. The equalify(A'/2) = D(A*'/?) may be
false even whem is a sectorial operator. McIntosh’s example which dis-
proves the equalityD(A/2) = D(A*Y/2) (or equivalently, the equality
D(A'Y?) = D(a), by Theorem 8.2) is not a differential operator. There-
fore, the problem, as refined by Mcintosh, became whether the last equality
holds for divergence form uniformly elliptic operators. It is this special case
which is now known as the Kato square root problem.

Kato was motivated by applications to wave equations as well as to non-
autonomous evolution equations

du(t)
dt

Another motivation for the Kato square root problem lies in the interac-
tions with other problems from harmonic analysis, elg-poundedness of
the Cauchy integral along Lipschitz curves ([(CMM82]), quadratic estimates,
T'(b) type theorems, ...

F A ut) + f(t)=0,0<t < T

8.2 THE KATO SQUARE ROOT PROBLEM FOR ELLIPTIC OPERATORS

Consider on.?(R?, dz, C) (d > 1) the sesquilinear form

d
a(u,v) = Z / axjDyuDjvdz, D(a) = H'(R?).
kj—17R?
We assume as usual that the uniform ellipticity condition (U.EIl) holds. That
is
d
ary € L°(RYL,C), 1<k, j < d, RO ag(2)G; > nlé]* for all € € CY,

k,j=1
(8.5)
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wheren > 0 is a constant and the inequali®yy "y, . ax;(x)&&; > nl¢|>
holds for a.ex € R

The form a is densely defined, accretive, continuous and closed. It is
even sectorial. Its associated operator is the uniformly elliptic operator in
divergence formd = — Z‘,ij:l Dj(ax;Dy,).

As we have mentioned in the last section, the Kato square root prob-
lem for the elliptic operatod is the problem of identifyingD(A'/2) with
H'(RY), the domain of its sesquilinear form. In contrast to the case of op-
erators in an abstract setting, the answer in this case is yes.

THEOREM 8.3 Under the uniform ellipticity condition (U.EIND(A'/2) =
H'(R?) and there exists a consta@tsuch that

CYAY2u|ly < |||Vulll2 < C|AY?u)y for allu € HY(R?).  (8.6)

This theorem was proved by Coifman, Mcintosh, and Meyer [CMM82]
in the casel = 1, by Hofmann, Lacey, and Mcintosh [HLMO02] for arbi-
trary dimension under the restriction of a pointwise decay of the heat ker-
nel of A, and by Auscher, Hofmann, Lacey, Mcintosh, and Tchamitchian
[AHLMTO2] in the general case stated here.

Other previously known results for arbitrary dimension have been proved
by Coifman, Deng and Meyer [CDM83], Fabes, Jerison, and Kenig [FIK85].
In these two articles, the authors have independently proved the validity of
the Kato square root problem for operatdravith matrix& := (a;j)1<k,j<da
satisfying||€ — 14|l < e(d) for some smalk depending on the dimension
d (14 is the identity matrix). See also Jo@fJou91]. McIntosh [Mcl85] has
proved Theorem 8.3 in the case where the coefficieptsare W multi-
pliers* for somes > 0. The previously mentioned result from [CDM83]
and [FJK85] was extended by Auscher, Hofmann, Lewis, and Tchamitchian
[AHLTO1] in the sense thaf; can be replaced by any symmetric matrix
with real-valued coefficients.

The proof of Theorem 8.3 is very much based on techniques from har-
monic analysis. These techniques have not been developed in the present
book, and therefore in order to give an idea of the proof we shall restrict
ourself to describing the main steps without going into the details. We shall
be very concise; the reader is referred to [HLM02] and [AHLMTO02] for a
detailed proof and for more information.

First, it is enough to prove

|42 fll2 < CHIV£ll2 for all f € C2*(RY). (6.7)

“That is,ar;u € W*? for allu € W*2.
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Indeed, by a density argument this will hold for #llc H'(R?%) and gives
H'(R%) C D(A'/?). Using (8.7) for the adjoint* gives alsoH'(R?) C
D(A*'/%). Now if f € D(A), we write

[V f1II3 <Ra(f, f)
%(Al/Zf;A*1/2f)
<[|AY2 £l A2 £l
<C|IAY2 f|[2[||V £1l2-
Therefore,
IV flll2 < /A2 ). (8.8)

This and the fact thaD(A) is a core ofD(A'/2) imply that D(A'/2) C
H'(R%). Hence D(A'/?) = H'(R%) and assertion (8.6) of the theorem
follows from (8.7) and (8.8).

Using the representation (8.1) in a slightly different form and standard
orthogonality argument of Littlewood-Paley theory, one shows that (8.7)
follows from the quadratic estimate

/OO (I + 24) 1tAfH2dt < c/ Vf(2)’de.  (8.9)
0

Define for aC?-valued functionf” = (f1, ..., f4),
O0u(F) () := —(I + 12 A) " tdiv((ar; (@) x5 F(2))

- Z (I 4 t2A)~"tDy.(an;(z) f;(z))

k,j=1

andq, () theC?-vector with components > "(I + t*A) 't Dyaz;(x),1 <

k
J<d,

y(x) = (- > I+ tQA)ltDkakj(x)> '
1<j<d

k

Thus,0(Vf) = —(I +t2A)"'tAf and (8.9) can be rewritten as

/ 0.V NIBY <o / 1V f(2) 2d. (8.10)
0

Note that onenay assume that the coefficients; are smooth, and hencéf in (8.9)
makes sense. The constants involved in the estimates must however be independent of the
smoothness of the coefficients
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Denote byP; the operator of convolution witln—dp(%) wherep is a smooth
function supported in the unit ball oR? and such thatf,, p(z)dz = 1.
Using the Gaffney type estimatés:

|(I+t2A)_1f|2dx+/ tV (I +t2A) 7 f|?dx < Ce—cdo/t/ | f|2da
o

Fy Eo

for all f with supg f) C Ej,

[t(I +t?A) " divF|?dx < Ce_CdO/t/ |F|2da

Fo Ey
for all F C?-valued function with sup@) C Ey,
one obtains
o dt
| @) (R ~0Rv BT <CIVE @)

Here and inwhat followsu - v := ujvy + - -+ + ugvg for u = (uq, ..., uq)
andv = (vy, ...,v9) € C%. Using (8.11) and the fact th& commutes with
partial derivatives one proves

/0°° ve() - (PPVf) = 0,V f|

Therefore, using th€arleson inequality and (8.12), the desired estimate
(8.10) follows from the Carleson estimate

dxdt
sup 0] / / |ye(z |2— < 00, (8.13)

where the supremuris taken over all cube§) of R?, [(Q) denotes the
sidelength ofp), and|Q)| is its measure.

The proof of Theorem 8.3 is now reduced to proving thatz)|? < is
a Carleson measuferhich means (8.13)). This is the most technical part of
the proof. It relies on ideas of the typ&'(b) theorem” for Carleson mea-
sures. Itis proved by Auscher and Tchamitchian [AuTc98] that if for each
cube@ we have a functiotFy, : 5Q) — C with the following properties:
) fq [VFol2dz < C|Q),

i) AFy € L2(5Q) andf5Q |AFg2dx < Cl(‘%z,

dt
\2 < C|IVf]3. (8.12)

SHereEy, Fy, are ary closed sets oR? anddy := dist(Eo, Fp) the distance betweel,
and Fy. Gaffney type estimates are off diagonal estimates in an average sense. They hold
for general divergence form uniformly elliptic operators with complex-valued coefficients.
These type of estimates have been proved by Gaffney for Laplace-Beltrami operators on
Riemannian manifolds.
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@ dxdt
R R
Q J0 Q

Q)
< Csup/ / | (z) - PV Fg(x)
Q Jo Q

(whereC' is a positve constant), thelhyt(x)\?@ is a Carlesormeasure.
One can also replacky by a finite number (which does not depend on the
cube) of functionsF;, o. It is this type of techniques together with stop-
ping time arguments which have been used in [HLM02] and [AHLMTO02]
to prove the desired Carleson estimate and then obtain Theorem 8.3.

2 dzdt
t

8.3 SOME CONSEQUENCES

We start with the observation that the result of Theorem 8.3 carries over
from operators of the type Zi,j:l Dj(a;Dy) to operators with lower
order terms,

d d
A= — Z Dj(aijk) + Zkak - Dk(ck) + ao.
k.j=1 k=1

The operator is the operator associated with the form

d d
a(u,v) = Z /Rd apjDyuDjv + Z /Rd brvDru + cpuDpv + aguvdx
k,j=1 k=1

(8.14)
with domainD(a) = H'(RY). We assume that (8.5) holds and that the
coefficientsh, cx, ap € L>®°(RY, dx, C).

By adding a positive constantto a, if necessary, we obtain an accretive
form. Its associated operatdr+ \I is accretive and we have

COROLLARY 8.4 The following equalities hold for some constant
D((A+ MI)Y?) = D((A* + AI)Y/?) = HY(R?). (8.15)

Therefore, the normi§ A+AI)/2ul|2+||ull2 and||u|| 71 (ra) are equivalent.

Proof. We follow the same idea as in the proof of Proposition 1 in [AuTc92].
Denote byB = — Zﬁ,j:1 Dj(a;Dy) the principal part ofd, by a; the
sesquilinear form obtained fromby takingc, = 0 for eachk. Denote by
B, the operator associated wih. It follows from the definition of the op-
erator associated with a form thet{ B) = D(B;). From Theorem 8.3 and
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a previously mentioned result of Lions, it follows that

D((B1 + M)Y?) = [L?, D(B1)]j1/2) = [L*, D(B)]jn /o = H' (RY).
(8.16)
This and Theorem 8.2 give

H'(RY) = D((By + AI)*Y/?).

SinceB7 is the operator associated with the adjoint fajrand

d
a*(u,v) = aj(u,v) + Z /Rd ¢ Dpudz
k=1"""

we obtainas in (8.16) thaD((A* + AI)'/?) = H'(R%). We conclude again

by Theorem 8.2. H
Denote again by
d d
k.j=1 k=1

the uniformly elliptic operator associated with the foardefined in (8.14).
The following theorem shows that the Riesz transforms associatediwith
M are bounded oi?(R?, dz) for 1 < p < 2, provided the heat kernel of
A satisfies a Gaussian upper bound.

THEOREM 8.5 Assume that the heat kernél, =, y) of A has a Gaussian
upper bound:

2
|p(t7$a y)| < Ct_d/2 exXp |:_C‘xty‘:| ewt’
whereC, ¢, andw are positive constants. Then there exists a positive con-
stant A such that for eachk € {1,...,d} the Riesz transfornD;(A +
A)~1/2 is a weak type (1,1) and extends fradvh(R?, dz) N LP(R%, dx)
to a bounded operator of?(R?, dz) for eachp € (1,2].

The proofis the same as that of Theorem 7.26. One of the main ingredient
needed there is the boundedness of the Riesz trangham + A1) ~'/2 on
L*(R?, dz), which now holds sinceD((A + AI)'/?) = H'(R?) by the
previous corollary.

A consequence of Theorem 8.5 is tIiiE(tA}/Q) CWhP(RY)for1l < p <
2, where— A, is the generator of?(R¢, dx) of the semigroup induced by
(e=*4)1>0 (See the comments following the proof of Theorem 7.26).

"By Theorem 6.10a Gaussian upper bound holds if the coefficientsare real-valued.
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As mentioned in the notes of Chapter 7, if the heat kernel is not supposed
to satisfy a Gaussian upper bound, one obtains the boundednBg§of+
A)~1/2 on LP(R%,dx) for p < 2 and close enough to 2, see Blunck and
Kunstmann [BIKu03a] and Hofmann and Martell [HoMaO3].

The reverse inequalityA'/?u|| < ¢||Vul|, can be found in Auscher et al.
[AHLMTO2], Auscher and Tchamitchian [AuTc98] and Auscher [Aus03].

Let now A := — ZZJZI Dj(ar;jDy). If the heat kernel ofA satisfies a
Gaussian upper bound

Ip(t,z,y)| < Ct~ 2 exp [—c forallt >0

|z —yf?
t
thenthe semigroup@e*tAl/z)tZO generated by- A'/2 extends to a uniformly

bounded semigroup of?(R%,dz),1 < p < oco. Consider now the Neu-
mann problem

The formal solution isu(t) = —e~t4""? A=1/2f. As mentioned in Auscher
and Tchamitchian [AuTc98], by Theorem 8.5 one immediately has for each
pe(1,2]
1 A1/2
V@)l < el AV2u(@)llp = clle™ " fllp < ¢ f .
Thus

0
sup (12520, + IIvutolly) < Clfl,
t>0

If the operatorA has lower order terms, this estimate holds provided one
replacesA by A + AI for some positive constant
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